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PEEFACE 

THE principal steps in tlie progress of the Calculus of 
Variations during the last thirty years may be characterized 
as follows: 

1. A critical revision of the foundations and demonstra- 
tions of the older theory of the first and second variation 
according to the modern requirements of rigor, by WEIER- 
STBASM, ERDMANN, Du BOIS-REYMOND, SCHEEFEER, SCHWARZ, 
and others. The result of this revision was: a sharper for- 
mulation of the problems, rigorous proofs for the first three 
necessary conditions, and a rigorous proof of the sufficiency 
of those conditions for what is now called a "weak" exte- 
rn urn. 

2. WEIERSTBASS'S extension of the theory of the first and 
second variation to the case where the curves under consid- 
eration, are given in parameter-representation. This was an 
advance of great importance for all geometrical applications 
of the Calculus of Variations; for the older method implied 
for geometrical problems a rather artificial restriction. 

8. WEIERSTRASS'S discovery of the fourth necessary con- 
dition, and his sufficiency proof for a so-called " strong" 
extrernum, which gave for the first time a complete solution, 
at least for the simplest typ of problems, by means of an 
entirely new method based upon what is now known as 
" WEIERSTBASS'S construction." 

These discoveries mark a turning-point in the history of 
the Calculus of Variations. Unfortunately they were given 
by WBIEBSTBASS only in his lectures, and thus became 
known only very slowly to the general mathematical public. 
Chiefly under the influence of WEIERSTBASS'S theory a 
vigorous activity in the Calculus of Variations has set in 
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during the last few years, which has led- apart from exten- 
sions and simplifications of WEIEKSTRASS'S theory to the 
following two essentially new developments : 

4. KNESEK'S theory, which is based upon an extension of 
certain theorems on geodesies to extremals in general. This 
new method furnishes likewise a complete system of suffi- 
cient conditions and goes beyond WEIEKSTRASS'S theory, 
inasmuch as it covers also the case of variable end -points. 

5. HILBERT'S a priori existence proof for an extremum 
of a definite integral a discovery of far-reaching impor- 
tance, not only for the Calculus of Variations, but also for the 
theory of differential equations and the theory of functions. 

To give a detailed account of this development was the 
object of a series of lectures which I delivered at the Collo- 
quium held in connection with the summer meeting of the 
American Mathematical Society at Ithaca, N. Y., in August, 
1901. And the present volume is, in substance, a reproduc- 
tion of these lectures, with such additions and modifications 
as seemed to me desirable in order that the book could serve 
as a treatise on that part of the Calculus of Variations to 
which the discussion is here confined, viz., the case in which 
the function under the integral sign depends upon a plane 
curve and involves no higher derivatives than the first. 

With this view I have throughout supplied the detail argu- 
mentation and introduced examples in illustration of the gen- 
eral principles. The emphasis lies entirely on the theoretical 
side : I have endeavored to give clear definitions of the fun- 
damental concepts, sharp formulations of the problems, and 
rigorous demonstrations. Difficult points, such as the proof 
of the existence of a " field," the details in HILBERT'S exist- 
ence proof, etc., have received special attention. 

For a rigorous treatment of the Calculus of Variations 
the principal theorems of the modern theory of functions of 
a real variable are indispensable; these I had therefore to 
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presuppose, the more so as I deviate from WEIERSTRASS and 
KNBSEE in not assuming the function under the integral sign to 
be analytic. In order, however, to make the book accessible 
to a larger circle of readers, I have systematically given ref- 
erences to the following standard works: Encyclopaedic tier 
mathematischen Wissenschaften (abbreviated J57.), especially 
the articles on "Allgemeine Functionslehre" (PRINGSHEIM) 
and " Differential- und Integralrechnung" (Voss) ; JORDAN, 
Coin's (tf Analyse, second edition (abbreviated J.) ; G-ENOCCHI- 
PEANO, Differ -entialrecJinimg nud Qrundzuge der Integral- 
raclmung, translated by BOHLMANN and SCHEPP (abbreviated 
P.); occasionally also to DINI, Theorie der JTnnctionen einer 
veranderliohen reellen Grdsse, translated by LUROTH and 
SOHBPP; STOLZ, Grundztigv der Differential- und Jniegrcd- 
rechnung. The references are given for each theorem where 
it occurs for the first time ; they may also be found by means 
of the index at the end of the book. 

Certain developments have been given in smaller print in 
order to indicate, not that they are of minor importance, but 
that they may be passed over at a first reading and taken up 
only when referred to later on. 

A few remarks are necessary concerning my attitude 
toward WEIERSTR ASS'S lectures. WEIERSTB ASS'S results and 
methods may at present be considered as generally known, 
partly through dissertations and other publications of his 
pupils, partly through KNESER'S Lehrbuch der Variations- 
rechnwuj (Braunschweig, 1900), partly through sets of notes 
( u Ausarbeitungen^) of which a great number are in circula- 
tion and copies of which are accessible to everyone in the 
library of the Mathematische Verein at Berlin, and in the 
Mathematische Lesezimmer at G-Cttingen. 

Under these circumstances I ,have not hesitated to make 
use of WEIERSTRASS'B lectures just as if they had been pub- 
lished in print. 
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My principal source of information concerning "Wisnstt- 
STRASS'S theory lias been the course of lectures on the Oal- 
culus of Variations of the Summer Semester, 1S7), which 
I had the good fortune to attend as a student in the Uni- 
versity of Berlin, Besides, I have had at my disposal sets 
of notes of the courses of 1877 (by MR. G. SOTIULZ) and of 
1882 (a copy of the set of notes in the "Lesezmmicr" at 
G-ottingeii for which I am indebted to PROFESSOB TANNKK), a 
copy of a few p^gos of the course of 1872 (from notes taken 
by MR. OTT), and finally a set of notes (for which T am 
indebted to DR. J. C. FIELDS) of a course of lectures on I he 
Calculus of Variations by PROFESSOR H. A. SCHWA KZ 
(1898-99). 

I regret very much that I have riot been able to make 
use of the articles on the Calculus of Variations in the 
Encyclopaedie der maihewatischcn Wissenxchafte'ti by 
KNESER, ZERMELO, and HAHN. When these articles ap- 
peared, the printing- of this volume was practically com- 
pleted. For the same reason no reference could be made to 
HANCOCK'S Lectures on the Calculus of V<iri<(/ions. 

In concluding, I wish to express my thanks to PROFESSOR 
Gr. A. BLISS for valuable suggestions and criticisms, and to 
DB. H. E. JORDAN for his assistance in the revision of the 
proof-sheets. 

OSKAB BOLZA. 

THE UNIVERSITY o CHICAGO, 
August 28, 
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CHAPTER I 

THE FIRST VARIATION 

1. INTRODUCTION 

THE Calculus of Variations deals with, problems of maxima 
and nunlma. But while in the ordinary theory of maxima 
and minima the problem is to determine those values of the 
independent variables for which a given function of these 
variables takes a maximum or minimum value, in the Cal- 
culus of Variations definite integrals 1 involving one or more 
unknown functions are considered, and it is required so to 
determine these unknown functions that the definite inte- 
grals shall take maximum or minimum values. 

The following example will serve to illustrate the char- 
acter of the problems with which we are here concerned, and 
its discussion will at the same time bring out certain points 
which are important for an exact formulation of the general 
problem 

EXAMPLE I In a plane there are given tioo points A, S 
and a straight line S. It is required to determine, among all 
curves wJiioh can be drawn in this plane between A. and IB, 
the one lohicli^ if revolved around the line 8, generates the 
surface of minimum area. 

We choose the line for the #?-axis of a rectangular 
system of co-ordinates, and denote the co-ordinates of the 
points A and B by X Q , ?/ and Xi, y< respectively. Then for 
a curve 

y=f(x) 

i The problem of the Calculus of Variations lias, however, been extended beyond 
the domain, of defLnite integrals (viz., to functions defined by differential equations) 
by A. MAYEE, Leipziger Benchte, 1878 and 1895. Compare KNBSER, Lehrbuch, chap. vii. 

1 
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joining the two points A and B, the area in question is given 
by the definite integral 1 



r f '' ;// 
I/AO 



where #' stands for the derivative /'(*') "For different 
curves the integral will take, in general, different values ; 
and our problem is then analytically among all functions 
f(x) which take for r = ;r anc l ' x ^ < r i ^ 10 proscribed valuers 
I/Q and 'tji respectively, to determine tho one which furnishes 
the smallest value for the integral J. 

This formulation of the problem implies, however, a 
number of tacit assumptions, which it is important to state 
explicitly : 

a) In the first place, we must add some restrictions con- 
cerning the nature of the functions /(*') which we admit to 
consideration. For, since the definite integral contains the 
derivative ?/', it is tacitly supposed that /(.r) has n deriva- 
tive ; the function / (;r) and its derivative must, moreover, 
be such that the definite integral has a determinate finite 
value. Indeed, the problem becomes definite only if we 
confine ourselves to curves of a certain cl<tss, characterised 
by a well-defined system of conditions concerning cojntirmity, 
existence of derivative, etc. 

For instance, we might admit to consideration only ftitie- 
tions/(#) with a continuous first derivative; or functions 
with continuous first and second derivatives ; or analytic* 
functions, etc. 

I)) Secondly, by assuming the curves represe.nttible in the 
form y = /(#), where /(#) is a single-valne-d function of #, 
we have tacitly introduced an important restriction, vis., that 
we consider only those curves which are met by every ordi- 
nate between T and Xi at but one point. 

i a being a real positive quantity, i/a will alwayw bo understood to 
the positive valuo of tho square root. 
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We can free ourselves from this restriction by assuming 
the curve in parameter-representation : l 



The integral which we have to minimize becomes then 



where x' == <'(), y'^=\fr f (t), and where tf and /j are the 
values of t which correspond to the two end-points. 

c) It is further to be observed that our definite integral 
represents the area in question only when y 5 throughout 
the interval of integration. The problem implies, there- 
fore, the condition that the curves shall lie in a certain 
region'* of the #*, ^-plane (viz., the upper half-plane). 

d) Our formulation of the problem tacitly assumes that 
there exists a curve which furnishes a minimum for the area. 
But the existence of such a curve is by no means self- 
evident. We can only be sure that there exists a lower 
limit 3 for the values of the area ; and the decision whether 
this lower limit is actually reached or not forms part of the 
solution of the problem. 

The problem may be modified in various ways. For 
instance, instead of assuming both end-points fixed, we may 
assume one or both of them movable on given curves. 

An essentially different class of problems is represented 
by the following example . 

1 Compare chap. iv. Even m this generalized form the analytic problem, is not 
quite so general as the original geometrical problem. For the area in question may 
exist and be finite, and yet not be repre&entable by the above definite integral. This 
suggests an extension of the problem of the Calculus of Variations, first considered 
by WBIBKSTEASS. Compare 31 and 44. 

2 A restriction of the same nature, but from other reasons, occurs in the problems 
of the brachistochrone and of the geodesic , compare 26. 

a Compare E. 1 A, p. 72, and II A, p. 9; J I, No. 25; and P., No. 20. 
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EXAMPLE II Amoiuj all closed plane currcx of (jfrett 
perimeter to determine the one which contains fhe Hia.rtHnuu 
area. 

If we use parameter-representation, the problem is lo 
determine among all curves for trlueh the. definite integral 



f 

Jf Q 



has a given value, the one which maximizes the integral 



Here the curves out of which the maximizing curve is to he 
selected are subject apart from restrictions of the kind 
which we have mentioned before to the new condition of 
furnishing a given value for a certain definite intogrul. 
Problems of this kind are called "isoperimotric problems;*' 
they will be treated in chap. vi. 

The preceding examples are representatives of the simplest 
and, at the same time, most important -typo of problomB 
of the Calculus of Variations, in which arc considered defi- 
nite integrals depending upon a plane curve and containing 
no higher derivatives than the jir&i. To this type* wo shall 
almost exclusively confine ourselvea 

The problem may be generalized in various directions : 

1. Higher derivatives may occur under Iho integral. 

2 . The integral may depend upon a system o f u u k n o w u 
functions, either independent or connected by linito or 
differential relations. 

8. Extension to multiple integrals. 

For these generalizations we refer the reader to (X JOKDAN, 
Cours <P Analyse, 26d., Vol. Ill, chap, iv ; PAKOAL-(HOHKIH), 
Die Variations 'eohnu'tiy (Leipzig, 1899) ; and KNHKHK, Jjehr- 
buch der Variakionsreclmung (Braunschweig, 1000), Ab 
schnitt VI, VII, VIII. 
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2. AGEEEMENTS 1 OONOEBNING NOTATION AND TERMINOLOG-Y 

a) We consider exclusively real variables. The "inter- 
val (a 6) n of a variable x where the notation always 
implies a<6 is the totality of values x satisfying the 
inequality a^x^b. The "vicinity (8) of a point ^=01, 
&z a%, - , jc n --=a n " is the totality of points ^r l9 *r 2 , , t r n 
satisfying the inequalities. 



x l 



H a n 



8 . 



The word u domain" will be used in the same sense as 
the German Bereieh, i. e , synonymous with "set of points" 
(compare E. II A, p. 44). The word " 'region" will be used : 
(a) for a "continuum," i. e., a set of points which is "con- 
nected" and made up exclusively of "inner" points ; in this 
case the boundary does not belong to the region ("open' 1 
region) ; (6) for a continuum together with its boundary 
("closed 75 region); (c) for a continuum together with part 
of its boundary. The region may be finite or infinite ; it 
may also comprise the whole n-dimensional space, 

When we say : a curve lies "in" a region, we mean : each 
one of its points is a point of the region, not necessarily an 
inner point. 

For the definition of "inner" point, "boundary point" 
(front&re), and "connected" (cPun senl tenant} we refer to 
E. II A, p. 44; J. I, Nos. 22, 31; and HUEWITZ, Verliand- 
lungen des ersten internationalen Mathematiker congresses 
in Zurich, p, 94. 

6) By a "function" is always meant a real single-valued 
function. 

The substitution of a particular value OC = XQ in a function 
<(a?) will be denoted by 



reader is advised to proceed directly to 3 and to use 2 *>nly for reference. 
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similarly 
also 



//=//< i 

= <(.*o' //) ; 



Instead we shall also use the simpler notation 



where it can be done without ambiguity, compare <>). 

We shall say: a function has a certain property IN' a 
domain & of the independent variables, if it has the property 
in question at all points of the domain U>, no matter whether 
they are interior or boundary points. 

A function of jr^ ;r 2 , , ;r M has a certain property /// Mr 
vicinity of a point .r^ a^ , ar 2 : a 2 ' ' ^n "- " ^ there exists 
a positive quantity S such that the function has the property 
in question in the vicinity (8) of the point <7 l7 ca, , <7 M , 

If L<f>(h)~Q, we shall say: <j&(//) is an "hcfiiriteslmar'* 

7i=0 

(for /. A == j ; such an infinitesimal will in a general way 
be denoted by (A). Also an independent variable h which 
in the course of the investigation is made to approach %ero, 
will be called an "infinitesimal." 

c) Derivatives of functions of one variable will be denoted 
by accents, in the usual manner : 






For brevity we shall use the following tomiiuology^ for 
various classes of functions which will frequently occur iu 
the sequel. We shall say that a function /(.r) which in 
defined in an interval xtt is 



1 Or, with more emphasis, " throughout. 11 

2 The letters <7, Z> are to suggest "continuous," " rfisooutlituouH ; " tlio 
the order ot the derivative involved, 
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of class G if /(#) is continuous 1 

of class G f iff(x) and /'(a?) are continuous 



I . 

r i 



of class C (n) if /(a?) , /' (a?),- . and/ (n) (x) are continuous j 

with the understanding concerning the extremities of the 
interval that the definition of f(x) can be so extended 
beyond (x<fx$ that the above properties still hold at 
,r and ,%. 

If f(x) itself is continuous, and if the interval (xtfCi) can 
be divided into a finite number of subintervals 



such that in each subinterval/(#) is of class C r (C"), whereas 
f'(x) (/"(%)) is discontinuous at c l5 c 2 , , c n _i, we shall say 
that /(a?) is of class D'(D ff ). We consider class C"(O") as 
contained in Z)'(Z)"), viz., for '>i = L 

From these definitions it follows that, for a function of 

4- 

class D f , the progressive 1 and regressive derivatives f (c v ) 9 

f'(c v ) exist, are finite and equal to the limiting values 2 
f(c v + Q),f(c v 0) respectively. 

(I) Partial derivatives of functions of several variables 
will be denoted by literal subscripts (KNESEB) : 



also 



Also of a function of several variables we shall say that 
it is of class G (n ^ in a domain g if all its partial derivatives 

IE II A, p 61; BINI, Grundlagen, etc., 68: and STOLZ, Gtundzuge, etc., Vol. 
I, p, 31. 

^"E. II A, p. 13. 
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up to the n th order inclusive exist and are continuous in 1 
the domain &. 

e) The letters ;r, y will always bo used for rectangular 
co-ordinates with the usual orientation of the positive axes, 
i. e., the positive ?y-axis to the left of the positive ,r-axifl. It 
will frequently be convenient to designate points by num- 
bers: 0, 1, 2, ; the co-ordinates of these points will then 
always be denoted by ar , y > <T 1? v/i ; ,r 2 , v/ 2 ; - - - respectively; 
their parameters, if they he on a curve given in paratnotor- 
representation, by / , /i, /a, * ' * 

A C'urve 2 (arc of curve) 

will be said to be of cluss C\ C' , etc., if the function /(,r) 
is of class C, C' , etc., in (tr^i). Iu particular, a curve of 
class D r is continuous and made up of a finite number of 
arcs with continuously turning tangents, not parallel to the 
2/-axis. The points of the curve whose abscissa* aro tho points 

of discontinuity C/j, (g, , 
tfn-i of/Cr), - * will bo called 
its corners. At a corner tho 
curve has a progressive and a 
regressive tangent, and, 




\ 



/) The integral 

J 

taken along ike curve 
6: y 



tana=/ x (c) , taiia/^ 
(See Fig. 1.) 



contains boundary points, an. agreement similar to that In tho oane 
of one variable is necessary with respect to these points. 

2 The corresponding definitions for curves in paramotor-roproRontutloti will bo 
given in 24. 
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from the point A(x$ 9 y Q ) to the point B (x l7 y^), ?'. e., the 
integral 



will be denoted by J^ (AS) (more briefly J Q or J(AB)}; or 
by Jpv, if the end-points are designated by numbers: /*, z>. 
#) The distance between the two points P and Q will be 
denoted by \PQ |, the c?'cfe with center O and radius r by 
(0, r) (HABKNBSS AND MOBLBT). The angle which a vector 
makes with the positive a?- axis will be called its amplitude. 

3. GENERAL FORMULATION OF THE PROBLEM 1 

a) After these preliminary explanations, the simplest 
problem of the Calculus of Variations may be formulated in 
the most general way, as follows : 

There is given : 

1. A well-defined infinitude HI of curves, representable 

in the form 

yf(x) , XD^X^X! ; 

the end-points and their abscissae sr , x may vary from curve to 
curve. We shall refer to these curves as "admissible curves." 

2. A function F(x, y, p) of three independent variables 
such that for every admissible curve 6, the definite integral 



= f 

^O 



(1) 
has a determinate finite value. 

i Until rather recently a certain vagueness has prevailed with, respect to the 
fundamental concepts ot the Calculus ot Variations. The most important contribu- 
tions toward clear definitions and sharp formulations of the problems are due to 
Bu Bois-RfiYMOND, " Brl&uterungen zu den Arilangsgrunden dor Variationsrech- 
nunff," Mathematische Annalen^ Vol. XV (1879), p. 283; SCHEEFFEB, "Ueber die 
Bedontmig der Begnffe 'Maximum land Minimum' in der Variationsrechnung, 11 
ibid., Vol XXVI (1886), p. 197; WaiBBSTBASS, Lectures on the Calculus of Variation, 
especially those since 1879. Compare al&o ZEKMEJJLO., Uutersuchungen zur Varia- 
twmrechnung, Dissertation (Berlin, 1894), p 24; K.NESEE, Lehrbuch* 17, and OSGOOD, 
" Sufficient Conditions in the Calculus ot Variations," Annals of Mathematics (2), 
Vol, II (1901), p. 105, 
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The set 1 of values J (s thus defined has alwa\s a low 
limit, K, and an upper limit, (J (finite or infinite'). If fl 
lower (upper) limit is finite, and if there exists an admissibl 
curve S such that 



er 



the curve S is said to furnish Hie absolute HiinnHttut 
mu<m] for the integral _J (with respect to M). For even 
other admissible curve < we have then 

e/,,^^ , ('A5/<J . (2) 

The word "extremum' 1 ' 8 will be used for maximum and mini- 
mum alike, when it is not necessary to distinguish between 

them. 

Hence the problem arises: to determine all admissible 
curves which, in this sense, minimiKO or maximize the inte- 

gral J. 

6) As in the theory of ordinary maxima and minima, the 
problem of the absolute oxtronuim, which is the ultimate 
aim of the Calculus of Variations, is reducible to another 
problem which can be more easily attacked, vise,, the problem 
of the relative extremum : 

An admissible curve <5 is said to furnish a relative mini- 
mum* (maximum) if there exists a ^neighborhood II of the 
Gurm S," however small, such that the curve <5 furnifihes an 
absolute minimum with respect to the totality HJ t of those 
curves of M which lie in this neighborhood; and by a 
neighborhood II of the curve 6 wo understand any region 6 
which contains (S in its Ulterior. 

iBy "net' 1 wo translate lh<> Gorman /'wj/ANfwaigrc, I ho Proav'h cmtGutblC) >l. I 
No. 20 

iiThe upper hunt is -f-oo, if tor ovory proasmtfuod positive <iuatily t thon* 
exist curvoH (? i:'or wluch J ( , > A ; so "K. IJ A, p. i> f 

Du BoiH-EEYJvroN, Mathcvaatische Atmalen, Vol. 3CV, p. 50 1. 

*In tho use of t!.o words u absolute " and "roktivo" 1 follow VOKH in K. If A, 
p. 80. Many authors call the moporimotnc problems " prublonm of rolutlvo muxinta 
and minima " 

' r >For tho doftnition of tho torm u region," HOO p, 5, 
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According to STOLZ, the relative minimum (maximum) 
will be called proper, if there exists a neighborhood II such 
that in (2) the sign > (<) holds for all curves S different 
from (5, improper if, however the neighborhood 11 may be 
chosen, there exists some curve (S different from 6 for which 
the equality sign has to be taken. 

A curve which furnishes an absolute extremum evidently 
furnishes a. fort ion also a relative extremum. Hence the 
oiiginal problem is reducible 1 to the problem: to deter mine 
aU I hose cur res which furnish a relative minimum; and in 
this form we shall consider the problem in the sequel. 

We shall henceforth always use the words "minimum," 
"maximum'' in the sense of relative minimum, maximum; 
and we shall confine ourselves to the case of a minimum, 
since every curve which minimizes J", at the same time maxi- 
mizes J, and vice rn%s<7. 

c) In the abstract formulation given above, the problem 
would hardly be accessible to the methods of analysis; to 
make it BO, it is necessary to specify some concrete assump- 
tions concerning the admissible curves and the function F. 

For the present, we shall make the following assumptions: 

A. The infinitude M of admissible curves shall be the 
totality of all curves satisfying the following conditions: 

1. They pass through two given points A (X Q , j/ ) and 
5(^,7/0. 

2. They are representable in the form 

y =/(#) , .* 5g a: =g #! , 

f (>") being a single-valued function of x. 

3. They are continuous and consist of a finite number of 

1 After the relative problem has been solved, it merely remains to pick out among 
its solutions those which furnish the smallest or largest value for J. Only if the 
relative problem should have an infinitude ot solutions, new difficulties would arise. 
For a direct treatment of the problem of the absolute extremum compare HUMBERT'S 
existence proot (chap, vu) ; BABBOUX, Th&ome des surfaces, Vol. Ill, p. 89; and ZEE- 
MELO, Jahresbencht det Deutschen Mathematiker-Vereinigung, Vol. XI (1902), p. 184. 
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arcs with continuously turning tangents, 'not parallel to the 
y-axis; i. <?., in the terminology of $2, c)J(x) is of class 1)' . 

4. They lie in a given region 1 S of the ;r, //-piano. 

B. The function ff (.*>, y , p) shall bo contimioiw 2 and 
admit continuous partial derivatives of the first, wmmcl, and 
third orders in a domain 3 which consists of all points* 
(a-, y, i>) for which (jc 9 y) is a point of R, and y> has a linite value. 

Under these assumptions the definite integral J ( < tnkoa 
along any admissible curve G is always finite and determi- 
nate, 3 provided we define, in the case of a curve with oornorH, 
the integral as the sum of integrals taken between two suc- 
cessive corners. Since we suppose the end-points A and /> 
fixed and the curves reprosentable in the form ;// /(.r), the 
curves G all lie between the two lines x ~- ,r and ,r ,r l7 
with the exception of the end-points, which lio on tluw 
lines. 

Hence it follows that we may, in the presold case, give 
the following simpler definition of a minimum: An admis- 
sible curve ( //-/(#) minimizes the integral*/, if there 

i Compare 2, a), 

a I lollow here the example oi FAHOAL, loc. at., p. '21, and OHUOOD, toe. eft,, j>, 10:>. 
WEIBKSTRASS, JOKDAN, and KNEBER suppose tho function J^(js, 37, p) to ho mmlijtic, 

311 we interpret p as a third co-ordinato perpondictilar to the* *, ^-pltiun, Ih th*s 
cylinder, infinite iu both dnections, whoso base is tho rogion ^.. 

4 "Point" in the sense of the theory of "point-sets " ("omparo T5. II A, IK 44, 
and J. I r No. 20. 

5 If tho curve has no corners, this followH at onco from olomotitiary thcM>n*niH on 
contmuous functions (J I, Nos. GO, 0(5). Tf the curve has cornorn, tho iutopai J^ ha> 
no immediate moaning 1 . But tho two integrals 



Xi + /**i 

P(je,f(x*),f(x))dx and I 
^ ^^ 



are finite and determinate and equal to each other, and at tho name thmi equal to tho 
sum of integrals mentioned m tho text. Compare DXNX, loc. eit., (>2, 187, 3; UK), 9; 
ana 190, 2. 

oin admitting tho equality fc>ign m the inequality (2), 1 deviate from (.he conven- 
tions generally adopted in the Calculus of Variations and follow HTOUS ((irutuiasttflc 
der Different i alrcchnung, Vol. I, p. 199), whoho definition IH moro conHlHioal with 
tho usual definitjon of absolute minimum. If tho equality Hign woro omitted, It 
could not be said that every curve which furniahos an absolute minimum 
afortiort also a relative minimum, 
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exists a positive quantity p sucli that J^^J^ for every 
admissible curve G 7/=/(.rJ which satisfi.es the inequality 

\y V\<P for o? ^ 03 5 a?! . (3) 

This means geometrically that the curve < lies in the interior 1 
of the strip of the #*, y-plaiie between the two curves 



on the one hand, and the two 
lines *r j" , sr^^'i on the 
other hand. This strip we 
shall call u the neighborhood 2 
(p) of the curve 6," the points 
A. and j5 being included, the 
rest of the boundary excluded. 




FIG. 2 



4. VANISHING- OF THE FIRST VARIATION 

We now suppose we have found a curve S : y =/(#) which 



minimises the integral 



X 

~0 



in. the sense explained in the last section. "We further sup- 
pose, for the present, 3 that f'(x) is continuous in (x&i) and 
that S lies entirely in the interior of the region U. 

From the last assumption it follows that we can construct* 
a neighborhood (p) of 6 which lies entirely in the interior 

of a. 

1 Except, of course, the points A and B, 

2 Compare OBGOOD, lot. c*t., p. 107. 

s Those restrictions \vill bo dropped in 9 and 10. 

* About any point P of & wo can construct a circle (P, r) wluch lies entirely in 
K, smco jP is an inner point ol 3GL Lot pp be the upper limit of the values of r for 
which, this takes place. Then pp varies continuously as P describes the curve G 
(WBIBESTEABS, W& he, Vol. II, p. 201) and reaches therefore a positive minimum 
value P O (compare* B II A, p. 19 and J, I, No 64, Cor.) It wo choose p < PQ the neigh- 
borhood (p) of <s will he in the interior of ft. 
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We then replace 1 the curve S by another admissible curve 

6 ]/=/(*) , 

lying entirely in the neighborhood (p). 
The increment 

Atf= tf =/(*)-/(') 

which we shall denote by , is called the ioial rartalion of //. 
Since <S and S pass through -1 and #, we 1m vo 

o)(.r ) = , o)(.r l ) = () , (t) 

and since S lies in (p), 

|o>(,r)| </> in (JVi) (la) 

The corresponding increment of the integral, 

A,/= Ji?-e/,c , 

is called the total variation of the, integral J , it may bowrittwi : 
AJ= f l \"jP(x,t/ + u, !/'+<*')-#(*, y,i/')\(Js . 

./ PO L J 

Since S is supposed to minim isso */, we shall havo 



provided that p has been chosen sufficiently small. 

For the next step in the discussion of tins inequality two 
different methods have been proposed: 

a) Application of Taylor's formula: If wo apply Tay- 
lor's 3 formula to the integrand of A */, wo obtain, in the nota- 
tion of 2, (I), 

* The process of replacing i* by ft is cnllod. " a variation, of the curve <* ; " tlio HHH 
term is frequently applied to the curve <5 itself, which JH sometimes also cnllcict u t-hti 
varied curve," or " a neighboring curves." 

2 The conditions for the applicability of Taylor's formula arc fulfilled, CCHH- 
pare E. II A, p, 77, and J, I, No. 253. F /y , J? vv it etc,, ar^ synonym ous with //' , f f nto, 

The method hero used was first given by LAaitAMaic. Soo O<"tt>Tc, Vol. I X, p. 2i>7. 
Compare also Du Bois-EiWMOND, Mathcmattsvhe Atmalen, Vol. XV (1H79), p, iMtt, ml 
PASOAL-SCHEPP, Die VanatiomrecJmuny, p. 22. 

Instead of Taylor's formula with tho remainder-term, WcsrnitHTHAHH (/xr. 
tures), KNBHEK (LeKrlweh dcr Vanattonsrechtvunff, 8), and 0, JORDAN (CVmr* 
cK 1 Analyse, Vol. Ill, No. 350), who suppose JP (a? , y , ;>) to be a n a I y t i c , UNO Ta y I o r * a 
expansion into an infinite series. Here, however, tho quontiou of tntOKrattou by 
terms should be eonhiclered. 
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= f \F v u 
J * 



where the arguments of F y and F y > are x, ?/, ?/', those of 
t\y) J^yy't &y'y' ' x i / + #<, y' + Q &' , # being a quantity 
between and 1. 

We now consider, with LAG-RANGE/ special 2 variations of 
the form 

o> = e 77 , (5) 

where y is a function of x of class D 1 which vanishes for 
ir = f r and & = QC^ and e a constant whose absolute value is 
taken so small that (4a) is satisfied. 
Then A J" takes the form 3 

(6) 



where (e) denotes an infinitesimal for /. = 0. 
Hence we infer that we must have 



for all functions y of class D x which vanish at OC Q and 



s, Vol IX, p. 298. 

2 For the purpose of dexivmg necessary conditions, we may specialize the 
variations as much as convenient. It will be different when we come to sufficient 
conditions (compare 17). 

3 Proof ' We suppose first that }' (x) is continuous in (x^) and denote by & and 
&' the maxima of | >?(r) [ and \T\'(X} \ in (x g x{)^ and by g a quantity greater than the 
maximum ol I /'(#) I in. (#0*1)' Having once chosen the function T? (x), we can then. 
determine a positive quantity Ssuch that the point (x^y] lies in the neighborhood (p) 
oi <S and tliat g. < y' < g. for every oc an (a;^), provided that | e J < S. On the other 

hand, the three functions | F yv \ , I ff vv > I , | ^i ! remain, in this domain, below a 
xed quantity 0, Hence, by the mean-value theorem, 



!/>.."' 

K^o 



If VOtf) is not continuous in (a^i)' apply the same reasoning: to the integrals 
taken between two successive corners of i. 
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for otherwise we could make A J negative as well as positive 
by giving e once negative and once positive sufficiently small 
values. 

6) Differentiation ivitk respect to e The same result (7) 
as well as formula (6) can be obtained by the remark, due 
to L/AGRANGE, 1 that by the substitution of erj for 00, the inte- 
gral J becomes a function of e, say J^(e), which must have a 
minimum for e^O. Hence we must have 2 J'(Q) (). If 
v](jr) is of class V in (octfKi), ^ follows from our assumptions 
concerning the function F and the curve 6 that 



is a continuous function of x and e in the domain, 

JCQ^=X^XI, |e|^ , being a sufficiently small positive 
quantity, and therefore the ordinary rule 3 for the differen- 
tiation of a definite integral with respect to a parameter may 
be applied. Hence we obtain 



'=o ai 

= I 
- 



This proves (7) and at the same time (6), since by the defi- 
nition of the derivative, 

A J = J(e) - J(0) = e(j"(0) + (c)) 

If r)(x) is of class D', decompose the integral J in the 
manner described in 3, c), and then proceed as above, 

c) The symbol S: We now make use of the following 
permanent notation introduced by LAGRANGE* (1760). 

Let <f>(%, ?/, /', y" ) ) be a function of oc, y and some of 
the derivatives of ?/, whose partial derivatives with respect 

iQeuvies, Vol. X, p. 400. This method has been adopted by LINDELOF-MOIGNO, 
DIENGEB, and OSGOOD. 

2 Moreover J"(0) must be ^0. This condition will be discussed in chap. ii. 

3 Compare E. II A, p. 102, J. I, No. 83 

* Oeuvres, Vol. I, p. 336. Compare also J. Ill, No. 348. 
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to //, //', //", - up to the n ih order exist and are continuous 
in a certain domain. Then if we replace // by Ij y +>;, 
and accordingly //' by //' y' ~\-er)' , etc., we can expand the 
function 



according to powers of e and obtain an expansion of the form 



. 

where (e) denotes as usual an infinitesimal, and 



The quantities ^> 1? e 2 ^f>>, - are called the. first, second > 
. . . variation of <^> and are denoted by &, S 2 c^ 3 - - respect- 
ively. 

It is easily seen that 



Again, if <f> does not contain e, B k <j> may be defined by 



Similarly, S fc J" is defined as the term of order A', multiplied 
"by fc/, in the expansion of 



= f 

JX 



according to powers of , the possibility of this expansion up to 
terms of order 7c being, of course, presupposed. Accordingly 



"=3? 



18 
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It follows immediately 1 that 
In particular 



We may therefore formulate the result reached above as 
follows : For an e;jrtreM,WHi> if / wccsMtrij tlutl the Jirsl 
variation of the integral J shall rrm/s// for all adwiMible 
variations of the function y. 

d) More general type of variations Foi many investigations 
it is necessary to extend the important formula (6) to variations of 
the following more general type r 



where w(#, e) is a function of # and e which vanishes Identically 
for e~0. We suppose that u(,r, together with the partial deriva- 
tives <v , w fc , w^ e are continuous in the domain 



e () being a sufficiently small positive quantity. 

Moreover, in the case when both end-points aro fixed 

co (,T O , e) = and <o (<x\ , e) = 

for every | e [ ^ . If we denote ^(x y 0) by 17 (j?), fonmila (6j holds 
also for variations of type (5a). This can be most easily proved by 
the method explained under b). 
For th(^ function 



must have a minimum for e-=0, and llioroforW(O) - 0. From th<^ 
above assumptions concerning wf,r, e) it follows that di(!Vr<niiiatio 
ander the sign is allowed and that w t . n exists and in equal !l to ,,< , 

1 Provided always thai tho limitn aro iixcxl and ihftttlioardmnry rnlcHfor tho 

ation of a definite intugral with roMiwct to a r>rnm(ir uro npr^ictiblf 1 * 

2 Such variations wore already considered by LAOKANUK, OetsnrcH, Vol- X, jn 4(K) 

3 Compare E. II A, p. 7.J, 
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Hence we obtain 1 also in the present case 
J'(Q) = i 

which leads immediately to (6). 

For variations of type (5a) the definition of the symbol 8 must 
be modified. In order to cover also the case of variable end-points, 
we suppose that J' and x^ are functions of e which reduce to rr and 
jc\ respectively, for e -0. Putting then as before 

~g = y(jC) + w (^> ) ~y' = i/ f ( x ) + <xC r ? ) 9 

J t > ,//, ==0 

we define w ^ _ a 

and similarly if is a function of x , 



The definition of the symbol S given under b) is a special case 
of this general definition. 

The method of differentiation with respect to e, especially when 
combined with the consideration of variations of type (5a), seems 
to reduce the problem of the Calculus of Variations to a problem of 
the theory of ordinary maxima and minima ; only apparently, how- 
ever ; for, as will be seen later, the method furnishes only necessary 

i For variations of the special type (5) equation (6) may also be written 

e) . (6a) 



-*v 

This formula remains true for variations of the more general type (3a) For from 
the properties of (*?,) it follows that the quotients 

(<o (a? ? e) - w (a?, 0))/e and (^ (x, e) - w^ (x, 0))/e 

anoroach for = their respective limits o> _O,0) and ,,.<, (a?, 0) uniformly for all 
values of * m the interval ( Vl ) (compare E. II A, pp. 18, 49, 52, 65 , J. I, Nos. 62, 78 
and P., Nos. 45, 100). Hence it follows that 



which proves the above statement. 

a Always under the assumption that all the derivatives occurring in the process 
exist and are continuous. 
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conditions, but is inadequate for the discussion of s'ufBeient condi- 
tions, wheieah the method based upon Taylors fonuula, though less 
elegant, furnishes not only necessary but also sufficient conditions, 
at least for a so-called weak minimum (compare $11, if). 

<>) Transformation of 1h<> first rarialton by intMjrahon 

by parfs. 

For the further discussion of equation (^ it in eusiomary 
to integrate the second term of SJ by ]>art 



Since 77 vanishes at ,r () and .r^ this leads to the result that 
for an extremum it is necessary that 



for all functions rj of class I)' which vanish at r<) and ^'^ 

The integration by ]>arts presupposes, however, that not 
only //' but also y" exisls (did is confiHiioiw fit (,r () ,r t ), and 
for the present we shall make this further restricting assump- 
tion 1 concerning the minimizing curve. 

^5. THE FUNDAMENTAL LEMMA AND EULBE\S EQUATION" 

To derive further conclusions from the last equation we 
need the following theorem, which is known as tho Funda- 
mental Lemma of the Calculus of Variations : 

If M is a function of x which is coiituiuottK in (,/Vi), 
and if 

(11) 



C 

'^ 



iThe necessity of this assumption WEH fir.st. omphabissod by Du BoiM-RKywoisri) in 
tho paper referred to on p. 9). If ?/" <!OOH not exist, tho oxiHtoncn of . Wy* bccojn<w 
doubtful. Tho restriction will be dropped m 0. DiwcontimxitioH <^f n' of tho kind 
hero admitted do not interfere with the above results (9) and (lO^miioo "n Itwslf Is 
continuous. For the principles involved iu the integration by partn, compare 1*1 1 1 A, 
p. 99, and J. T, Nos. 81, 84. 
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for all functions rj icliich vanish at r and .y\ and whicJt 
admit a continuous derivative in 



For suppose M (a?') =1=0, say >0, at a point x' of the 
interval (^TQ^I); then we can, on account 1 of the continuity 
of M y assign a subinterval (foi) f (^0^1) containing x r and 
sach that M >0 throughout (f ?i)- Now choose 77 = out- 
side of (|oli) and 7; = ( x - ) 2 (x - &J 2 in (f i) ; this function 
admits a continuous derivative in (#4X1), vanishes at ,r and j\. 
and nevertheless makes 

i Xi 

yMdx > , 

contrary to the hypothesis (11); therefore M (j5')=}=0 is 
impossible. 2 

The conditions of this lemma are fulfilled for equation 
(10); for, since we suppose y" to exist and to be continuous 

in (xtiXi), the function d 

. M^F,- F,,' 

is continuous 3 in (x^x-t). 



1 Compare P , No. 17. 

2 This proof is due to Du BOIS-REYMOND (Mathemattsche Annalen, Vol. XV 
(1879), pp. 297, 300). In the same paper he proves that the conclusion If = remains 
valid even if the equation (11) is known to hold only 

1, For all functions >? having continuous derivatives up to the nth order, inclusive : 
proceed as above and choose, for (oi), 

n = U- )' l+1 ( 1 -*) n+1 : 

2. For all functions having all their derivatives continuous., 

H A. SCHWAEZ goes still farther and proves the conclusion valid if the Vs are 
supposed regular in (#0^), ^. e , developable into ordinary power series $ (x x') in 
the vicinity of every point x' of the interval (aro^i) Lectures on the Calculus of Varia- 
tions^ Berlin, 1898-99, unpublished.) 

On the other hand, the proof given in most text-books, in which 



is used, assumes that (11) holds for all continuous functions 17 vanishing at x , x l , 
or else, if the assumptions of the lemma concerning 17 are not changed, that M' exists 
and ib continuous. This last assumption would, in our case, imply that y'" exists 
and is continuous. 

Also HEINE'S proof (Mathematische Annalen, Vol. II (1870), p. 189) could be 
applied to our case only after further restricting assumptions concerning y. 

3 Compare J, I, No. 60, and P., No. 99. 
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Hence we obtain the first necessary condition for an 
extremnm: 

FUNDAMENTAL THEOREM I. 1 Every function // irhich min- 
imizes or maximises ike 'integral 



J 



" 



must satisfy tJie differential equation 



p , - 
J- - 



This differential equation was first cliscovorod by EULER' 
in 1744, and will be referred to as Enlefs (differential) 
equation? 

(>. DU BOIS-REYMOND'K AND HILBEBT'S PBOOFS OF EULKR'S 

EQUATION 

The preceding method, which was based upon the information 
by parts of 4, fnmibhes only those solutions of our problem which 
admit a continuous second derivative. The question arisen: Do 
there exist any other solutions and if so, how can we 
find them ? 

In order to answer tins question, we return to the oq nation 
J" in the original form (7) and, with Do BOIS-UKYMOND and 
HILBEET, integrate the /ms-/, instead of the second, tenn by />w/. 
Since 17 vanishes at both end-points, we ^et : 

f " V (F v . - f * J<\ djc) dx = . (13) 

/o ^ 

i Wo havt^ proi cd this thoorom only for functions y having ucoiiUmiouH HOCOIK! 
derivative, Tho oxton&xon to functions having only a conthniouH ffrnt ((("rivHUvo 
tollows iii 6, to functions of clay !>' m 9, 

2E0LEE t M&thodus mveniendi Uncas curvntt mairnni m/nhntve fn>fn'icf(t(c, 
gaudentes, chap. 11, art 21; m STAOKBJL'H translation in OHTWAIJ*H Kltmihr tlvr 
e.ntktcn Witisenhcha^ten^ No. 40, p. 54. 

3 KNESEE, HILBEET, and others call it " La&rarw^.s TUquatlon." LA<H{ANO t< him- 
solf attributes it to EULBB. Soo Qeuureftde JjUf/rango, Vol. X, p. 307 : u c^ttti 
st celle qu'EtTLER a trouv4o l 
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This integration by parts is legitimate, even liy" should not 
since it presupposes only the continuity 1 of F y and V . 

We are thus led to the problem : 
If N(oc) be continuous in (x^Xi\ and if 



f \' 

*> 



-for all functions y of class C' wJnch vanish at x\ } and r r M what 
follows with respect to 2V" ? 

The answer is that N must be constant In (ovi). 

a) Du Bois-REYMOND 2 reaches this result by the following 
device . 

Let be any function which is continuous in(*to-*'i) and satisfies 
the condition 



dx = Q ; (15) 

then the function 

*=r 

Jo;* 



is of class O' in (x^Xi) and vanishes for r = r and ^ = r ] , and 
therefore, according to our hypothesis, satisfies (14), that is, 



Thus it follows from our hypothesis that every continuous func- 
tion which satisfies (15) necessarily satisfies (16) also. 

Now let ft be any continuous function of x; and c the following 
constant : 

1 C* 1 
c - 7 I id& , 

Xi TO /aj 

then the function 

C = t-c 

is continuous and satisfies (15), hence it must satisfy also (16), 
therefore 

1 The continuity of F V follows from the continuity (compare the beginning o 4) 
of y' and from our assumption (I?) concerning F; and ij' maybe supposed continuous, 
since (9) must hold for all functions 17 of class D' which, vanish at & Q and ajj, and 
therefore a fortiori tor all functions ? of class C' which -vanish at T and a^ . 

2 LOG. cit , p, 313. 
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C* l gN(Lr= r i UN A) <fcr = () , (11) 

* ; r * 7 <o 

if we denote by X the constant 

_ f ai 

~~ JVQ 

But from (17) it follows by the Fundamental Lemma that 1 

i. e., constant, Q. E. D. 

b) Another, more direct, proof has been given by HILBERT >J in 
his lectures (summer 1899). He selects arbitrarily four values, 
a, /3, a', j8' satisfying the inequalities 



and then builds up a function 3 f\ of class C' which is equal to zero 

in (.Toa); increases from to a posi- 

V. tive value k as x increases from a 

ft' to p ; remains constant, = Ic in (^a ' ) ; 
3 decreases from k to as jr increases 

from a' to /s' ? and finally is equal to zero in (P'Xi): 
Substituting this function in (14), we obtain 



/0 pP 

I r}'Ndx+ y' 

*/a */a' 



17' being positive in the first, and negative in the second, integral, 
we can apply to both the first mean-value theorem 4 which furnishes 



where 0< 0< 1 and 0<0'<1. 

Finally, let p and /3' approach a and ' nxspectivc^y; tium it 
follows, since -ZV is continuous, that 



result is a special case of the xsoporimotno mochflcalion of th< Funcla" 
mental Lomma, soo below clxap. vi. 

2Soe WHITTBMORB, AnnaU of Mathematics (2), Vol. IT (1001), p. 182. 

3 Nothing more than the existence of such a function which w a prior* clour - IH 
needed for the proof: HXLBBRT gives a simple example, BO 

tion. 

4 Compare E. II A, p. 97; J, I, No. 49; and P., No. 101, TV. 
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N(a)=N(a f ), 



^. e., N is constant in 

c) Applying this lemma to (13) we get 



a constant ; or 

F U .=X+ f F,,djo . (18) 

^XQ 

The right-hand side of this equation is differentiate and its 
derivative is F u ; hence the same must be true of the left-hand 
side, i. e.j the function 

F a .(x,y(x),y'(x)}=F v ,[_x] 
ih differentiable in (.ZVA) and 



dx '--, 

Thus we find the important corollary to Theorem I that every 
solution of our problem with continuous first derivative not 
only those admitting a second derivative must satisfy Euler's 
equation. 

From the fact that F u , is differentiable follows the existence 2 
of the second derivative y" for all values of x for which 

^W6e, y(x), y'(x)\3pQ . (19) 

For, if we put 



then, since the theorem on total differentials 3 is applicable under 
our assumptions, and since y' is continuous, we have 

3 HILBEIIT'S proof can easily be extended to the case where JV, while finite in 
(.r^j), has a finite number of discontinuities. For, if a and a' are points of con- 
tinuity, wo can always choose |3 and ' so near to a and a' respectively that N is 
continuous in (/3) and (*'') it follows then as above that N (a) = ^r(a'), *. e., under 
the present assumptions N has the SAME constant value in all points of continuity. 
Hence it follows iurther that in a point of discontinuity, c .* 
!V(c-0) = J!V(c+0) . 

- First pointed out and emphasized by HILBERT in his lectures ; see WHITTE- 
MOKE, loc, Gtt 

s Compare E. II A, pp. 71, 73, J. I, Nos. 86, 127; and P., No. 105. 
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/. \ II II I ' / ' /, V U 

III It' 

where , /3, 7 appioach zeio as h appioaches zoic lienco it follows 
that if (19) is satisfied, 

J^o/l ' '''#" 
exists, and that 

u '> = ?<-Jjjp-J>J^. (20) 

li II' II' 

moreover, (20) siio\\h that /y" is continuous in (.r,^'!). 

7. MISCELLANEOUS BEMARKW CONCERNlN(i- THE INTEGRATION 

OF EULER'S EQUATION 

a) Enler's differential equation (I) is o tlio second 
order* as can be seen from the developed form 

jf F , T/'j^ 1 , //"jy 7 ,, = (), (21) 

its general solution contains, therefore, two arbitrary con- 

stants, 

v/=/(x, a, 0) . (22) 

The constants a, /3 have to be determined 12 by tho condition 
that the curve is to pass through the two points A and B ; 



Every solution of Eider's equation (curve an well as 

1 Unless #*,,/,,< ( ^ , y , Z/ 1 ) should bo identically ssoro, Tn tins ciih<> K u 1 o r'H differ- 
ential equation do^nncratos oithor into a finite equation or into tho idtmtity : 
but neve/ into a differential equation of thejiixt onfc'K 3A)i" if ^, f ' if < ~0, A* inurtt bo of 
the form : Z/(x, y)-f If (j?, ?y) //' ami (21) rcducos to . /^ ^/^ -. . Hoo U!HO bnlow, 
under (i). 

If Eulor's differential oqtitttioii do^:(>uorato,s into a flnito oqutitlou, it in hi 
general impossible to satisfy tho initial conditions whmi the* <ui(i<*pointM ro flxod, 

Also in tho general case "whon T? contauin higher denvativoH, KU!<U''H dUTctr- 
ential equation can never degenerate nito a ditTomitiul <Hj,uation of wld ordor; 
compare FTOBENiiis,Jbwn/iir JWflf//tcmai/fc,Vol.LXXXV (1878), i,2(KI,and HutMCti, 
Mathemahschc Aimalen, Vol. XLIX (1897), p, 50. 

2 This determination may bo impossible ; in this caw* there caistH no Holutiou of 
the problem, which, is of class O' and lies in tho Interior of U. 
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function) is called, according to KNESER, an extremal] there 
is then a double infinitude of extremals in the plane. 

In the special case token F does not contain x explicitly, 
a first integral of (I) can be found immediately. 1 For, if F 
does riot contain x explicitly, we have 



and therefore every solution of (I) also satisfies 

F- y 'F {i> = const. (24) 

Vice versa, every solution of (24), except y=^ const., also 
satisfies (I). 

6) EXAMPLE I (see p. 1): 

JF 
Hence 



and E u 1 e i ' s equation becomes : 

T/l+y"- f*- " Jyf =Q . (I) 

^ J dXl/l + y'* V 

or, after performing the differentiation, 

" 



'lj 
By putting -y^, ~p, the integration of this differential equation 

ctjc 

is reduced to two successive quadratures, and the general integral 

is easily found to be 

&-/3 

y = a cosh - . 
a 

The extremals are therefore catenaries with the x-axisfor directrix. 
Since F does not contain a?, a first integral could have been 
obtained directly by the corollary (24); 



l Noticed already by EULBK, Zoc cit, p 56, in STJLG^EL'S translation. 
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If a =j= 0, this leads to the same result as above, for a = wo obtain 
y=Q, which, however, though a solution of (24), is not a solution 
of Buler's equation. 

The general solution of (I) being found, the next step would bo 
so to determine the two constants of integration thai, the catenary 
passes- t-hiough the two given points. 1 

c) Through a gtrcn point a, b in ihe interior of the 
region 2 & one and but one extremal of clew C' can bed mint 

in a given direction of a wplt tit <1 <>*<*>(* ^)> l )r(wi(l( ^ f/iaf 



where 6' tan <*>. 

For, if we solve (I) with respect toy", wo obtain for //' n 
function of r, y, y f which, according to OUT assumptions ( B), 
is continuous and has continuous partial derivatives with 
respect to y, y f at all points of the domahr of which satiHfy 
(25). Hence the statement follows from CAUCHY'H general 
existence theorem 4 for differential equations. 

iFor this interesting problem we icfer to LlNDEL-OP-MotGNO, /or. r/f., No. I Oft; 
DIENGEB, loc. cit , pp. 15-19; TODHUNTEU, Researches in the Ctcuhta of y<tritilton*, 
pp G5-58 , CARLL, A T't catise on the Gait utlua of Variations, Nos, 60, (il. For Ben w A it/'s 
solution &ee HANCOCK, "On the Number oi Catenaries through Two Fixed PoinW 
Annals of Mathematics (1), Vol. X (1890), pp 159-171.,, 

2 See 3, c) - ^See U, //}, 

* "Suppose the functions/, (* , y { , y a , - , j/ H ) and their first partial donvativos 
with respect to y l , 2/2 1 ' " '/* ^ continuous in the domain 

1 x - a | SP , I V, - &! I 5 ,--, I '/ - '> 1 S> i 

let If be the maximum of the absolute valuob of tho ftiuctions f f in this doinuiu, and 
let I denote the smaller of the two quantities p and r'M . 

Thon there exists ono, and but one, system of functions //, (,r), //,>( },'-, // I r) 
which in the interval | % - a \ < I aio continuous and difforonliublo, hUttsiy ihiulilToi 
cntial equations 

^"AU^pVai ".//n) . ('' = 1,2,- , )i) 

and tho mequalitios | y^ (vc) 6 f J ^r, and take for it = a the values 
^-^,^--^,-",^-.^ . n 

Compare E. II A, pp. 193 and 190, and J. TJI, Now. 77-80; also PIOASD, 7Va/V 
tf&nalyse, Yol. II, chap. aci. 

In order to apply the theorem in tho prosoxxt oao roplacc* ilit) by Uio o<iuivalont 

system. 
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If, therefore, 

*>(> &'J =+=0 

for every finite value of p y one extremal can be drawn from 
(a, 6) in every direction, except the direction of the #-axis 
A problem for which 

*W(*, tf,i>)=l=o 

at every point (x, y) of the region JS, for every finite value of 
j>, is called, according to HILBERT, a regular problem. 

<f) We consider next the exceptional case in which Eider's 
differential equation degenerates into an identity. 

Suppose the left-hand side of (21) vanishes for every system of 
values or j y, //',//" Then, binee y ' does not occur m the thiee first 
terms, it follows that the coefficient of y" must vanish identically, 
so that we must have separately 



for every x, y, //'. From the fiist identity it follows that F must 
be an integral linear function of y' > say 



Substituting this value in the second identity, we get 

M u = N x , 

the well-known integrability condition for the differential expression 

Mdx + Ndy . 

Hence we infer : If M and N and their first partial derivatives are 
single-valued and continuous in a simply-connected region & of 
the x, '//-plane, then there exists 1 a function V(x, y\ single-valued 
and of clans C' in and such that 

-rr ___ TUT Y N 

V x '" i y {/ -iv , 

and therefore 



Hence if S : y~f(ti) be any curve of class C' drawn in # between 
the points A(x^ 3/0) and JB(xi, yi) our integral Ji has the value 



iSee PIOARD, TraiU & Analyse, 2d ed., Vol. I, p. 93. 
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r '~J* 



y, 



and is therefore independent of the path of integration (5 and 
depends only upon the position of the two end-points. 

On account of the continuity of F(*', #), the result rommns 
true foi curves & with a finite number of corners, as is at onee soen 
by decomposing the integral J in the usual manner* 1 

Vice versa If the value of the integral /<? is independent of 
the path of integration S as long 1 as 6 remains in the in to nor of a, 
region & contained in U, then the function F must bo of the form 
M(XI y}+N(<r, y)y'> where M V N X , for every point (r, ;?/) in the 
interior of & for which # ^E *' -*'i 

For let (oL'z , 2/2) be any inner point of whose abscissa ,r 2 lies 
between ,r u and K\ and ^ 2 ', ya" two arbitrarily pi*eciibed values; 
then we can always draw in a curve Q: f y = /Or), ^ class C f< which 
passes thiough (x ( >, ?/ ), Gr J? //j), (j3 2j //a), ^id for which /'(.r a ) = ///, 

f"(x*)-yi'* ' 

According to our hypothesis, A J must vanish for every admis- 
sible variation of 6, whence we infer by the method of $4, 5 that 
y=f(x) must satisfy Buler ? s differential equation. The left- 
hand side of the latter must therefore vanish for the arbitrary 
system of values x = <r 2 , y = ^ 7 2/ x = 1/2% 2/' f ^ 2/a' ? which proves the 
above statement. / ? , ' - ' i, , ; ' ' ' 

We thus reach the result : 2 

In order that the value of the integral 

F(x, y, 

may be independent of the, path of integration it newtfsari/ <wid 
sufficient* that JSuler's differential equation degenerate into an, 
identity. 

It is clear that in this case there exists no proper 1 oxtremum of 
the integral J. 

e) We conclude these remarks by considering 1 briefly the inverse 
problem : Given a doubly infinite xi/stem of curves (functions) 

y-f(x 9 *,P) , 

1 Compare p. 12. 

2 Compare J. Ill, Nos, 862, 363, and KNBSER, Lehrbuch, 51. 
8 Sufficient only if the region is siraply-conjaoeled, 

* Compare 3, &). 
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to determine a function F(x> y, y') so that the given system of 
carves shall be the extremals for the integral 



J 



= f ' F(x,y,y f ) 

^ 



This problem has always an infinitude of solutions which can 
be obtained by quadratures. 1 
For if 

y"=Q(x>y,y') (26) 

is the differential equation of the second order 2 whose general 
solution is the given function 2/=/(#\ a > ?) (with a, p as constants 
of integration), then we must so determine the function F(x,y,y') 
that (26) becomes identical with Euler's differential equation for 
jP, i. e., according to (21) 

Fv-JF^-fny'^GFw . (27) 

If we differentiate (27) with respect to y' 9 we get for M=F V ' V > 
a linear partial differential equation of the first order, viz., 



If 

a = 4>(x,y,y f ) , P 

is the solution of the two equations 

y=f(x, a, fy , y' 
with respect to a and 0, and if further 

(,., =/ ff ^ /( -- 

and 



1 DABBOXJX, TMorte des surfaces, Vol. Ill, Nos. 604, 605 For the analogous problem 
ia tho more general case when .F contains higher derivatives, compare KIESCH, Mathe- 
mattwhe Annalen, Vol. XLIX (1897), p. 49. 

2 Obtained by olimmatwiff * I 8 between the three equations 

y^/Ca?,*^) , y'=f^,a^} , V'-jr^Cw^.W ? 
compare, for in&t., J I, No. 166. 
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the general integral of (28) is found io bo, according 1 io the gcn<M-al 
theojy 1 of linear paiiial differential equations of the first ouloi, 



where * is an aibitiaiy function of and V- 

After the function If has been found, F is obtained by two 
successive quadratures fiom the differential equation 



Finally the two constants of integration X,/u (which a re functions 
of .r and ?/), introduced by the latter process, must be so determined 
that jP satisfies the ouginal partial differential equaiion (27) horn 
which (28) was derived by differentiation. 

EXAMPLE:^ To determine all functions V for which tlm ex- 
tremals are straight lines 

y = o.r 4- ft - 

The differential equation (26) becomes, in this case, 

//" = <> , 
Accoidingly, we obtain 



Hence 

AT = *(#',// -.*#') > 
and theiefore 

(^' - f) 4> (t, if - jcf) (it + ij 'K (,r , //) + /A (,r, 
The condition for x and A* becomos in this 



_ 

a,r ~ a// " 

The most general expression for X and ^ is therefore 

8v 8v 

^ = 8 ^i M = g- , 

where v is an arbitrary function of .r and //, 

1 Compare, for mst,, ,T. ITT, No. 242. 

2 Compare DAKBOUX, lo<\ clf n No. C06, 
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8. WEIEBSTRASS\S LEMMA AND THE E-FUNCTION 

Before proceeding to the consideration of so-called 
discontinuous solutions, we must derive a lemma, due to 
WEiERSTBASS, 1 which is of fundamental importance for many 
investigations in the Calculus of Variations. 

Suppose there are given, in the region 3J, an extremal 
of class 2 C" y=r-f(jr), and a curve 6 of class C' // f(,r), 
meeting @ at a point 3 2 (.r 2 , ?/ a ). Besides there is given a 
point (.r , y^ on @, before 2, that is, ,T O 2 . Let 3 be 
that point of ( whose abscissa is ^-fA, h being a positive 
infinitesimal, and select arbitrarily a function ?? of class C f 
satisfying the conditions 
?; = T? (<r ) = , 770 = 7? (ar 2 ) % 0. 

Then we can so deter- 
mine e that the curve 

g. =Wei7, FIG 4 

which necessarily passes through the point 0, also passes 
through the point 3. For this purpose we have to solve the 
equation 

f(X, + h) + i (X, + h) = f(x, + h) 

with respect to e. Since f(oc^) =f(&z)i we have 

f(x% + h) - /(.r 2 + h) = (&' - -z/2 ) 7i+ h (h) , 

where y %=/'(&$)) y=f' (#2) and (ft) is an infinitesimal for 
Lh=0. Hence we obtain 




proposed to compute the difference 
= JM ( J 02 + J 23 ) 



i The lemma here given is a modification of the corresponding 1 lemma given, by 
"WBIEKSTJRA8S in his lectures (1879) for the case of parameter-representation, see 28. 

2 This assumption, must be made on account of tlie integration by parts which 
occurs bolow , compare 4,. 

s For the notation compare 2, e). 
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the integrals /, J, J being taken along the curves <, (S, 6 
respectively, from the point represented by the first index to 
the point represented by the second 
A,/ may be written 

A J = I**' (F -JF)dv+ C* (F- &) djr , 

Jt () X .7*2 



where J^,F,JP or ^[^J.^H'-^W stand for 
J 7 ^, //(>), jr'W), -F^', #(H #'(.r)) respectively. 

The first integral, treated by the method of 4, becomes, 
since 6 is an extremal, . 



To the second integral we apply the first moan-value 
theorem and obtain, on account of the continuity of /' T [,rJ 
and F[x], 

(t i >+^ ,- M , 

(F - P) <l.r = /* [F [.rj - A 7 [urj + (/*) J . 

Collecting the terms, we reach the result 
J - U + /*,) = A j (SJa - t/i ) ^V M + ^ W ^ /7r D^l + W j * 

Similarly let 4 be that point of G whoso absciHHa is 
/rj./i, and determine e r so that the curve 



passes through 4. Then we obtain by the same process 

jK+3-J*=<rJ>\(ti-y{)M x d^ - 

to-f3^(T/ ? -rJ^ 

If we put for orevity .'/,--& 

^(.r, //, p) - F( f r, ;//, 2>) - (p - p) *\>&, II , P} 

= E(x- ; yi y,p) , (29) 

^> }J*>PiP being considered as four independent variables, 
the preceding results may be written : 
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Jw - (/ + /H) = - A B (JTJ , y, ; i/ 2 ' , ^' ) + (ft) j . 1 

i /" (oU) 
'' 



We shall refer to these two formulae as Weierstrass's 
Lennud. The function E(*r, y\ p,p) defined by (29) will 
play a most important part in the sequel ; it is called Wcier- 
strass'x E-f unction. 1 

The same results (30) hold if the curves 03 and Oi are of 
the more general type (5a). 

27 =/(.r) + <*>(.*, e) , 

where the function o>(>, e) vanishes identically for e^O, has 
the continuity properties enumerated on p. 18, and satisfies 
besides the conditions: 

<o(.r , e) EE foi every e, and o> e (,r 2 , 0) =(= 
For the determination of e we have, in this case, the equ atiou : 

to + '*> e ) /to + >0 = o 



The resulting value of e is of the same form as above. 
This follows from the theorem 2 011 implicit functions; for i 

i Compare ZERMELO, Dtssa tatwn, p. 66. 

-" Jf f(j( , y) is of class C in the vicinity of (o^, y ) and 



tb.n a positiv< k quantity A, being chohcn arbitrarily but sufficiently small, another 
Dositive quantity h^ can be determined such, that tor every or In the interval C^o~~ h^t 
r () +/</ v ) the equatiOD/( n , y] =0 has one and but one solution y between 2/ k and 

2/0 f fcl - 

Th< bin^le-valued function y-^(n) thus implicitly defined by the equation: 
/( t , j/ 1 s= 0, is ot class O' In the interval Gr^ Ti^ , -JQ+^fc) and 



whore Z. a = " 

(Compare E. II A, p 72; J. I, No 91, P., No 110). 

It /(x, ?/) is regular in the vicinity of (, y Q ), also the function y -= \ft (JT) is regu- 
lar xn the vicinity of rr . (Compare E. II B, p. 103, and HARKNBSS ANDMORLEY, 
Introduction to the Theory of Analytic Functions, No. 156.) For tbe extension of the 
theorem to a system of m equations between m+n unknown quantities, see the re- 
erences just given. 



3(5 CALCULUS OF VARIATIONS (Chap J 



we denote the left-hand side of the preceding equation by 
F (It, e), this function is of class C f in the vicinity of h - 0, 
6T..O; farther: _F(0, 0) = and finally 1^(0, ())=j=0. 
Incidentally we notice here the formula 



/*^2 /Tjj 

J; u - j u = I < ^ - ^) <fcr + 

yx u *'ij> 



winch holds for negative as well as for positive values of //. 
Hence it follows that if the arc 02 of the extremal (S mini- 
mizes the integral /, the end-point being fixed while the 
end-point 2 is movable on the curve S, then the co-ordinates 
of the point 2 must satisfy the condition 



( u Condition of trdnsvcrsaliii/S'* compare the detailed treat- 
ment of the problem with variable end-poiuls in ^2*J.) 

9 DISCONTINTOUS SOLUTIONS 

We must now free ourselves from the restriction 1 imposed 
upon the minimizing curve at the beginning of ^4-, vbs., thnl 
y f should be continuous in (^V't)? auc ^ wo propose to del er- 
mine in this section all those solutions of our problem which 
present corners so-called ^diwonthntoHti $olnlfontf." 

a) In the first place, the theorem holds that <d#o 
tinitous solutions must Mitixft/ Jn,l<>r^ (Itff'erwitutl 

Suppose for simplicity 2 that the minimising curve (S has 
only one corner 0(#2> 2/2) between A and B. According to 
3, c) the integral J (l is then defined by 



iTho assurnpfcion that the curve shall lie entirely in the intoriorof 
it will still bo retained in this section, 

2 The results can bo extended at once to the case of sovwal cornmtt. 
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FIG. 5 



the notation indicating that )]'(^ is defined in the first 
integral by y' (x t 0), in the second by #'(^2 + 0). 

The theorem in question is most easily proved by the 
method of partial variation, which is very useful in 
many investigations of the Cal- 
culus of Variations: 

We consider first such spe- 
cial 1 variations ADC of type 
(5) as leave the arc (7J5 un- 
changed and vary only -,4 C. 
To such variations all the con- 
clusions of ^4-0 can be applied, and it follows as before 
that for the interval (,r , JT> 0) Euler's equation must 
hold. The sam^ result follows for (j^ + O, Xi) from the 
consideration of variations which leave A C unchanged; 
hence it is true for the whole interval (JV^i)- 2 

b) A discontinuous solution with one comer is therefore 
composed of two extremals involving in general different 
constants of integration: 

V = f(x, a n &) in (#u, <r a - 0) , 
y = f (x , oj, , ft) in (iT 2 + , xj . 

For tlie determination of ;r 2 and of the constants of integra- 
tion we have in the first place the initial conditions 

2fo= /(**( %> A) > 



further the condition that y is continuous at #y 
/(jr a , a 1? A) =/(jr a , 03, A) ; 

and finally two further conditions which are furnished by the . 
following theorem due to WEIERRTBASS and EKDMANN. S 

1 Compare the remark on. p. 15, footnote 2) 

2 With, the &ame understanding as in (31) concerning the meaning of y' at the 
corner. 

a WElEKSTKASS,ec/wres at least as early as 1877; ERDMANN, Journal far Mathe- 
iaf/fc, Vol. LXXXIT (1877), p 21. Another demonstration has been, deduced by 
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THEOREM: At crery corner of <i mnnmizintj enrre the 
two limiting values of F y > (ire equal l 



and likewise 

To prove (32) consider a variation A (j B of type (5) for 
which the function y is of class C' in (x^) and 7; (,r )=}=<). 
The integral A J" breaks up into two integrals taken between 
the limits (;r 0? ar 2 0) and (,r 2 I 0, <x\) respectively . Apply- 
ing to each of these the methods of 4 we find that also in 
this case SJ"^0, and further we obtain 2 from (9), since (T) 
is satisfied: 

3 J = er/ (o? 2 ) (F u . [<r 2 0] Z^t [,r 2 + 0]) , 

where ^/[' r ] stands again for /^'(.r, /(^))/ / (^ ; ))* Hinee 
SJ~ 0, (32) is proved. 

The proof of (38) follows from Weierstrass^n Lemma 
(30) if we identify the arcs A C and OB of Fig. 5 with <he 
arcs 02 and 21 of Fig. 4, respectively, and, consider suc- 
cessively the variations 031 and 04231 of the arc 021. Tho 
corresponding values* of the total variations AJ an* given by 
the two equations (30), the values of y/ 2 ', T/$ being in tho 
present case 

Hence it follows that for an oxtrenmm it is necessary that 

WHITTHMORK, loc fit, from Hubert's proof of TCulor'8 equation: By mount* of 
the extension ol* tho loin ma of 6 to discontinuous functions (HOC p, 25, foolnoto 1) it 
can bo bhown that equation (18) holds with tho Hamovalno of then constant A for both 
segments Cr^ , o^ 0) and (a*2"i~0, u*^). Honco follows Kulur'H otiuatiou an w<Ul i^ 
equation (32) This nn^thod can bo applied to (UhContimutioH of a much mow com- 
plex character and even to tho cane of an infinitude of points of discontinuity; H<W 
WHITTBMOEB, loc. cit. 

1 For th notation compare 2, 6). 

2 Tlie integration by patts is logitimato since by tho method of fi tho oxfHtoxico of 
"T- J^ y is ohtablishod for each of tho two sogmonLs (,t* , a" 2 0) and (j* a j 0, r,) . 
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E(^2,#2 , #/ fe) = ; 

and on account of (32) this is equivalent to (33). 
c) EXAMPLE 1 III : To minimize the integral 



Here 



Hence a first integral of Euler's differential equation is 

4^' 8 +8y' 9 +2y / = const , 
therefore 



?. f ., f/ie extremals are straight lines, and the line AB joining the 
two given points is a possible continuous solution. 

In order to obtain all discontinuous solutions with one 
corner, we have to find all solutions j>i, p z of the two equations 



- 3p{ - 4p! - rf = - 3p^ - 4rf -pi , 
where 

jpj = ^ r (c 0) and p 2 = y ' (c -f 0) and 

Dividing out byjpi ^ and putting 

Pi + P* u > JPi + JPiPa +P2 = w 
we get 

t + 1 = 

+ 4?0 + w = . 

These equations have one real solution, u 1 , w = + 1 , from 
which we obtain 

Pi = , p 2 = 1 , 
or 

P! = 1 , p 2 = . 

i A special case of the example given by EBDMANN, loc. cit., p, 24. 
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Ecenj discontinuous solution inmt therefore be compoMd of 
straight Inieswaking the angles or 3v/4.withth,(>.poM<fiw ,r-a,n*. 
If the slope m = (i/i //i>)/(-A ~ *o) of the line AB lies between and 
- 1, there aie indeed two such solutions, A C\ B and A CJ1 with on<^ 
_f corner and an infinity with ;/ j^2 

cornei s 

Since /^ = //' a (//'+D J , ihee 
discontinuous solutions furnish 
for J tin? value zero and there- 
fore the absolute '. 




d) In many casorttlio impos- 
sibility of discontinuous solu- 
tions can be inferred from the following 

Coroll(irj) " //'(^ ?/;>) /i> a corner of d minimizing curw\ 
tlicn the function 

van Mi for spme Jinife value of p. 
For the function 



is a continuous function of y) admitting 1 a finite dorivativc 
for all finite values of j>; further, if wo put 



we liave j^^/^, and, according to (32), 

^(B) = <l>(lh) - 

Henco by R olio's Theorem the derivative 
4>'(j)) = /^ /v (,r 2 , ^,j/) 

must vanish for some value of p between pi and p*. 

If therefore the problem is a u regular problem,' 1 / r, ? if- 

^v(^yJ?04=0 
for every point in the interior of U and for all finite values 

1 The minimum Is, howovoi", u lmpropor" (oomparo 3, ft)K bocatihD in v<ry 
noighborliood ol A C l (or A O 2 B) broken linos can bo drawn, Joining A uud #, who.se 
segments have aliernafcoly tho slopes an<l 1. For Much u curvo A */ a. 0. 

2 Compare aho WHITTBMOEE, Zor. c^,, p. 136. 
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of />, we infer that no discontinuous solutions are possible in 
the interior of H. 

EXAMPLE I (see p. 1): F= ij V\-\-y'\ H is the uppei half -plane 
(//^O), 1 Heie 



is =3pO in the interior of 5R, and conbequently no discontinuous 
solutions aie possible in the interioi 2 of &. 

10. BOUNDARY CONDITIONS 

In all the preceding developments it was assumed 3 that the 
minimizing curve should lie entirely in the interior of the region 
2J, Bui- theie may also exist solutions of the problem as formulated 
in 3 which have points m common with the boundaiy of2J. To 
determine these solutions is the object of the present section. 

Foi this investigation it is convenient to make use of the idea of 
a jtoint by point variation of a curve which played an important 
part in the earlier history of the Calculus of Variations. 

Between the points of the two curves 

S y=f(sc) , 

tlttd S . y 



we may establish a one-to-one correspondence by letting two points 
correspond which have the same abscissa x. And we may think 
of the second curve as being derived from the first by a continuous 
deformation in which each individual point moves along its ordinate 
according to some law, for instance, if in 

7/ + ttA|/ 

we lot. a increase from to 1. 

A point of S whose abscissa is x' 7 is called a point of free 
variation if &y(x') may take^anysufficiently small value; other- 
wise, a point of unfree variation. 

For a curve G which lies entirely in the interior of & all 
points except the end-points are points of free variation, 4 and this 
freedom was essential in the conclusions of 4 and 5. 

i Compare 1, c). 8 See the beginning of 4. 

2 Compare the next section. *In our formulation of the problem, 3, 
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This is not true for a curve which hah points in common with 
the boundary. Foi simplicity let us suppose that the houndaiy of 
U contains an ai c representable in the form 

=./ > 

/(a 1 ) being* of class C" . Iu oulor to fix the ideas suppoho that 1 
lies above 5. Then if 6 has a point P in common with C, ihe 
variation of P is unfree and restucted by the condition 




Suppose the minimizing curve 0231 has the wynieitt. 2,t in, rom- 
w<w with the boimdanj. 

Then the method of p a r t i a 1 v a r i a - 
tt ion applied to 02 and to 31 shows that 
these tiro arctt must be, twt rentals 

Consider next a variation of type (5) 
which leaves 02 and 31 unchanged and 
vanes only 23. Since Ay/ 77 must be 
gO, 17 cannot change HI#II and if we 
choose ??==;:() then mu#t be 1<tk(>n posi- 
tive; hence we ean no longer infer from 
(6) that W-0, but only that 



After the integration by puts of 4 wo obtain therefore 



for all functions 17 of class D' which vanish at .ra and ,* and satisfy 
besides the condition 



The lemma of 5, slightly modified, leads iu th<^ present case 
to the 

i Moreover at the ond-pomts 2 and 3 tho following condition must bo Hntinfled : 
E(^2>^2; yaSSfj')* ; BC^aiZ/a? Zfy f i0V)" 0, 

The proof follows easily from Wolo rhtraB T H Lorama (sioft Fi#?. 7), <1omparo nlno 
tli treatment of the problem in parametor-roprtwntafckm, 211*., TJio <iti<wfciou of 
st^C4ent conditions /or <>n-iide{Z vanVjf^'ows has roecnUy bpuconHi<low><l by BLIHH in 
a paper read bdforo the Chicago section of tho Amoxlctux Mathomatieal Hioloi,y, Ho 
finds that tor a foe-called regular proUewi (7, cs) tho arc 28 of tho curve <T furuiuhoB a 
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Theorem: 1 If the minimizing curve has a segment 1 2% in 
common tuith the boundary of *&, then along this segment the 
following condition must be satisfied.- 

FU^- F v . ^ , if R lies above 23 , (36a) 

doe 

F y -^~ F v , ^ , if R lies below 23 . (36b) 

djo 

smaller value for the integral J" than any other curve of class D' jonunsr thf* two 
points 2 and 3, lying in a certain neigbborhood of the arc 23 and sattsfytng the condi- 
tion A ?/ 5= , provided that the condition 

^-s*v >0 

is, fulfilled along the arc 23. 

The proof is based upon the construction of a "field " (see 19, 20, 21) oi extrem- 
als each one of which is. tangent to the curve Q and lies entirely on one side of <T. 

i Of the properties specified above. 



CHAPTER IT 

THE SECOND VARIATION 

11. LEGEND BE 1 H CONDITION" 

THE integration of Euler\s differential equation and the 
subsequent determination o the constants of integration 1 
yield in general a certain number 2 of curves 6 atf the oiih 
possible solutions of our problem; that is, if there exist at 
all curves which minimize the integral /, they must be con- 
tained among 1 these curves. 

We have now to examine each one of these curves sepa- 
rately and to decide whether it actually fiirnishes a minimum 
or not. 

We confine ourselves in this investigation to curves which 
lie entirely in the interior of the region U and have no 
corners. 

((} de-ne'}' (ill ties concern unj f/ie second wtrhtfioH. 

We suppose then we have found an extremal 

* y = / (**<) 9 *o ^ .** 5E JCi ( I ) 

of class C' which passes through the two points A and />> 
and which lies entirely in the interior of the region U, 

Then we replace, as in 4, thocurvo <S by aneighbormj^ curve 



and apply to the increment A/ Taylor's formula; 1 

iBy tho initial condbtions (28), tho corner comliiioiiM (32) and (,%'{), and fln> 
boundary conditions. 



nximber may be infinite (soft Example TtT, p. 40) ; but it wwy ulho I>o injixi 
Mble so to determine tho constants aa to atwfy tho comlitioiw imposod upon tfunti 
this happens, for instance, in Example I for certain poriitiouuof th(^ two tfivtm iH>inih 
see the referoiacos griven on p. %& { 

3 If .Fis an analytic function, regular in the domain Q[,Qximnit!on into an infinit 
series may be used instead. 

44 
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however, at the terms of the third order. If we put for 
brevity 

& m (/o (),/' (*)) = ? 

(2) 

and remember that SJ^O, since @ is an extremal, we obtain 
A J = -i \ l (p<J + 2e<a/+ Jfto' 2 ) dx + l* l (u, <o') 3 dx , (3) 

*/XQ t/o-,) 

((, <0 ') 3 being a homogeneous function of dimension three 

Of CO, ft)' . 

Considering again special variations of the type (o = rj and 
reasoning as in 4, we obtain 



A J = * 2 1> ^ + 2< ?W + -R>?' 2 ) dx + (.)] , (4) 

where (e) is again an infinitesimal. 

Hence we infer the theorem: 

For a minimum (maximum) it is necessary that tlw 
second variation be positive (negative) or zero: 

8V ^0 (^0) (5) 

for all functions tj of class D r winch vanish at ,r and jr L . 
For according to the definition given in 4, e), 



(5a) 

The same result can also be obtained by the method of differ- 
entiation with respect to , explained in 4, 6); see p. 16, 
footnote 2. 

Prom our assumptions concerning the functions F(x, y,p) 
and /<>(#) it follows 1 that the three functions P, Q, R are 
continuous in the interval (x$Ci). We suppose in the sequel 
that they are not all three identically jzero in 

i Compare J. I, No, 60, and P., No. 99. 
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h) Le(/e)idre's condition. 

For the discussion of the sign of the second vaiialion, 
LEGENDBE 1 uses the following artifice* He adds to the second 
variation the integral 



r^ 

c I (2y}r) f w-\-^(r f )(ix , 

/l ( , 



where /r is an arbitrary function of .r of class ( ir In (,-iv'i)- 
This integral is equal to zero;" for it is equal to 



and 77 vanishes at .j' and ;/*j. 

He thus obtains S 2 ,/ in the form 

[(P + /( /) ^ + 2 (tf + /r) W ' + toy'* I </,r 

i~ i 

And now he determines the arbitrary function ?r by Ihe con- 
dition that the discriminant of the quadratic form iti ?;, rf 
under the integral shall vanish, i. e., 



This reduces 8*J to the form 

04~,r V ^ ^ ( ^ 



from which he infers that R must not chatig(^ sigti in 
and that 8*J has then always the same sign as R. 

These conclusions are, however, open to objections. For, 
as LACIBANOE^ had already remarked, Legcndre^H trans- 
formation tacitly presupposes that the differential equation 



"M6moiro sur la tnaru^ro do dwtingmor IOH maxima ct<*s mimmn 
dans lo calcul dos variations, 11 MPmoir&t dv VAcculfinuc ties /SV^wra, 17H(>? in 
STA< I KBJL'H traixslaticm in OBTWALJD'S J hunker der ejrwtvH Wmsetnu'lMften, No, 47, 
p, ,")<> 

nTlas holds triK 3 ) also whon 17 has discontixiuitioH of tlio kind which w<^ hnvo 
admitted (3, r)); compare p, 12, footooto5), autl romomhcr that ^ aa<l ?/' tiro con- 
tmuous lu (a* () rj). 

'Un 1797; s(o Oeuvres, Vol. TX t p. 1503 
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(G) lias an integral which is finite and continuous in the 
interval (jv^), and that R does not vanish in (x&\). 

Nevertheless, by a slight modification 1 of the reasoning, 
the first part of Legendre's conclusion can be rigorously 
proved, v. e , the 

FUNDAMENTAL THEOKEM II: For a minimum (maximum) 
it is necessary tltat 

R (x) = *>, (or , / (x) , ft (x)} g (^ 0) in (x^) . (II) 

For, suppose .R(cj < for some value c in (av*i) ; then we 
can assign a subinterval (| ^i) of (^0^1) for which the follow- 
ing two conditions are simultaneously fulfilled: 

1. E(x) < throughout (^ij ; 

2. There exists a particular integral w of (()) which is of 
class C f in (lofi)- 

For, since J5(#) is continuous in (^0^1) and jR(c)<0, we 
can determine a vicinity (c &, c -[- Sj of c in which J2(x) < 0. 
Hence it follows that if we write the differential equation (6) 
in the form 

-, (6a) 



, 

the right-hand side, considered as a function of jr and w, is 
continuous and has a continuous partial derivative with 
respect to w in the vicinity of the point ;r r, ?r = w ^o 
being an arbitrary initial value for u\ 

Hence there exists, according to CAUOHY'S existence 
theorem, 2 an integral of (6) which takes for r c the value 
ir- ?r , and which is of class C' in a certain vicinity (c S' ? 
c~\ S f ) of c. The interval (? ?i) i n question is the smaller 
of the two intervals (c &, c + S) and (c S', c + S'). 

This point being established, we choose for 17 a function 
which is identically zero outside of (oi) 5 an( i equal to 

1 The proof in the text follows WBIEKSTEASS'S exposition, Lectures, 1879 

2 Compare p. 28, footnote 4. 
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(# ) (# fi) in (tfofi). Tlie funetiou 7; thus defined fur- 
nishes an admissible variation of the curve < , since* it is of 

class 1)' in (.JV(), and vanishes 
^ ^ at ,r<) and ,i\. 

* *> Xi For this particulai function 

Fm " 8 ,/ SV beoomos 



= 2 f ' (I 

*^( 



To this integral Legendre's transformation is applicable. 
Accordingly 



The function y' + -~~Tj is certainly not ideniieally y,ero 

JKi 

throughout (^i)? f r it i B different from zero for ,r f and 
a3 = fi. 

Hence if ~R(o) were negative, a variation of ($ {) could In* 
found for which SV< 0, which is impossil)Io if t? miniiui>5( v s 
the integral J. Therefore R(j-)^() in (^rj, ( t ). K. T). 

Leaving aside the exceptional case 1 in which /(.r) has 
zeros in the interval (,iv*i) < we assume in tlu k B( k <pu k l that for 
the extremal the condition 

je>0 in (A^) (IT) 

is fulfilled. 

A consequence of this assumption is that not only y|J(<r) 
but also/o'(#) is contimious in (x^'i), as follows immediately 
from equation (20) at the end of ^0. Hence we infer thai 
not only the functions P, Q, R thc^inselvcw but also their 
first derivatives are continuous in 



1 (see p. 27): J^ T = // / 1 + // >5J ; heuce 



1 An, example of this exceptional cano is corisiclftrod, by KttOMANM, JSeifuc 
MathemaUJs und Phystk, Vol. XXIII (1878), p. 309, vi?s M 

Ji' 7 BS y |2 COM 2 ^ and a' < !J < ^ , 

2 All the square rooti arc to be taken posKivo, HCO p. 2, footnote* i, 
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^,,,, = , F, ni , = -^ y 



rl + y' 2 

Fin t her 

,r 
U 



X-PQ *>__ /i,2'**' 



hence 

P = , Q = tanh * ~.^ , J2 = a /cosh 

Since we b up pose #>0, it follows that a u >0 and therefore 
for every ,r. 

r) Jacob? s form of Legendre^s differential equation. 

We have now to examine the second part of Legeiidre's 
conclusion, viz., that, if R > throughout (XQ.^), then S 2 J"^0 
for all admissible functions i]. 

The conclusion is correct, as follows immediately from 
the preceding developments, whenever there exists an in- 
tegral of the differential equation (6) which is finite and 
continuous 1 throughout (T(>TI) ; it is wrong, as will be seen 
in 16, if 110 such integral exists. 

It is therefore necessary to enter into a discussion of the 
differential equation (6). For this purpose JAOOBI 2 reduces 
the differential equation (6) to a homogeneous linear differ- 
ential equation of the second order by the substitution'* 

u' /0 

w = Q -R , (o) 

which transforms (6) into 



We shall refer to this differential equation as Jacobi's 
differential equation and shall denote its left-hand side 
by ^(V): 

1 Since 2?=}=0, the continuity of w implies the continuity of w\ compare (6a). 

2 " Zur Thoorie der Vanations-Rechnung uncl der Dift'erentialgleichungen," Joui - 
nalfiir Matheniatilk,*Vo\. XVII (1837), p. 68, also Ostwald's Klassi~ker, etc., No 47, p. 87. 

Notice that also the derivatives of Q, R exist and are continuous, as shown 
above. 
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(10) 



If we write (9) in the form 

cPu , % J2' du . Q'P n 
^ + __ + __ = (>, 

the coefficients are continuous in (.fVi). Hence it follows, 
according to the general existence theorem 1 on linear dif- 
ferential equations, that every integral of (10) IK oon- 
tiimous and admits continuous first and second derivatives 
in (,/v*j). 

Hence we can infer that if the, condition: /> in pv,) 
/,s Mttftijied and if the differential equation, (U) has <in 
'integral t( which ?,s different from zero 1hron</hot(t (r (> ,r,), 
then, 3 2 ,/>() /or evert/ (tdwwsible finicfiou ?; //o/ identically 
zero. 

For if vc is such an integral, then (8) furnishcM an Inte- 
gral w of ((>) of class (!' in (^0^1)3 an( l tlu^refon* 8-/^(). hi 
order to show that the equality sign must IK* excluded, we 
introduce H instead of ?r in (7), and obtain 



This shows that $*J can b(^ equal to ssoro only when 
?;'^ 9y// x = throughout (^Tt), '/. ^., when ^~ ('Oimi. //, 
which is impossible since 77 vaniHhes at .T O and ;r t , and n, 
does not. 

If, on the contrary, every integral of ({)) vanisheK at U^int 
at one point of (tftfX'i), Legendro's tranformuiiou IH not 
applicable to the whole interval. Wo shall HOO (in 
that in this case SV can, in general, bo made negative, 



i Compare E, II A, p 194, and PXOAM>, TraiM & Awilyxtit Vol. ITr t pp.91* 2, lit 
J^ arid consequently also P, <i>, K arc analytic fuoctionH, tho existence th(K>roiiiK 
for analytic difiorontial equations may bo tinod ixiHtoacl. For Huoar diiTonuti'ial 
equations in particular, see SoKLBBXNQifiB, JHfaud/wc/t Aw Theorh tt&r linearen 
etitialgleichungen, Vol. I, p. 2L 



SECOND VARIATION 51 



12 JACOBI\S TEANSFOKMATION OP THE SECOND VARIATION 

The proof of the statement made at the end of the pre- 
ceding section is based upon a second transfoimation of 
S-,/ due to JACOBI. 1 

a) Let (f i) be either the interval (J>TI) itself or a sub- 
interval of (jvj), ail( i * et V he identically zero outside of 
(folri), aad in (^ O fi) equal to some function of class C" which 
vanishes at and ffj. 

Then if we denote by 2O the quadratic form of -rj , 77 ' : 



and apply E tiler's theorem on homogeneous functions, we 
ma write S 2 J in the form 



The second term can be integrated by parts since 77" is con- 
tinuous, and we obtain 



r 

1 17 

L 



><a? /it/ Mathematik, Vol. XVII (1837), p. 68 JACOBI derives (8) as well as 



5 2r = 8 



the integration of (10) from the remark that 5 2 J r = 8 (2J), hence 

o ( r 

5 2 J = e 4 T,5 
( L 



But 

aj 

Jacob iN paper, which is not confined to the simple case which we are lie re 
considering, but which, also treats the case in which the function F contains higher 
derivatives of y of any order, marks a turning point in the history of the Calculus of 
Variations. It gives, however, only very short indications concerning the proofs, 
the details of the proofs have been supplied in a series of articles by DELAUNAY, 
SPITZEK, HESSE and others (see the list given by PASCAL, loc. cit.^ p 63). Among 
these commentaries on Jacobi's paper, the most complete is that by HESSE 
(Journal f tit Mathematik, Vol. LIV (1857), p. 255), whose presentation we follow in 
this section. 

J a c o b i ' s results have been extended to the most general problem involving 
simple definite integrals by CLEBSCH and A MAYER (see the references given in 
PASCAL, loc cit., pp. 64, 65, and C. JORDAN, Cows tf Analyse, Vol. Ill, Nos S73-94). 
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But T? vanishes at f and | t , and 

^..'^.^(P-e'),-; 

9^ c/.r cfy " 

Hence we obtain JACOBI\S Mpresxton for the ,svrom/ 



which leads at once to the following result: 

// Mm' cmfe a/& integral it, of the differential 
(9) which vanishes at two point* & w' & / 
^O, viz., by choosing 
in 



__ 
77 "~ "j outside of 

ft) In the sequel we shall need an nrtcHsioH, offonintla 
(12} io the eaxe when 17 / of c.lw* D" . Lot r,, r 2 , * % r,, !K 
the points of discontinuity of rf or ??". Thcn tho inte^nd 
for 8 2 r/ must be broken up into a sum of integrals from f 1o 
c l5 from ci to r 2 , etc., before^ the lategraiion by parts Is 
applied. Hence wo obtain iu this caso 



or if we substitute ior n its value and remember that 7;, 

cfy 

^, J2 are continuous at r,, r 2l , r H : 

^ <v) ^'^^ > "" r/(/v+ 0> 



, 

*' 

o) From (12) a second proof* of (11} can be derived; thin 
proof is based upon tho following properly of the diflVron- 

ilt will bo soeu later on that it follows from thiHrostult thai, in tfmioral, tlwm can 
be no cxtromutti m this caao, <s 8^14 arid 1(5, 

2Due to JACOBT, ho-o tho roff ronoos on r>. Ji^ footuoto t, in particular to UHHM& 
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tial operator W- If u and r are any two functions of class 
V", then. 

><*(v)~r*(u)=~~E(uD'~-ii'i*) . 
Hence if n satisfies the differential equation 



we get 



and if we put 



j) being any function of class C", and multiply by p, we 
obtain 



But since 



we obtain from (14): 



r t (14) 



Now suppose moreover that u is different from zero 
throng hoid (loli)* Then we may substitute in (15) for the 
arbitrary function p the quotient 



and since ^ vanishes at fo and f^, also jf) will vanish at 
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and &, Hence, on integrating (15) between the hnuls 
fo and f l5 and substituting for 4; its value, we obtain 1 

^,,,. (Ha) 

' 



13. JAOOBI 'S THEOREM 

By the developments of the last two sections, the decision 
regarding the sign of the second variation is reduced to 
the discussion of Jac obi's differential equation (0). It is 
therefore a theorem of fundamental importance, discovered 
by JACOBI 2 in 1837, that the general solution of the differ- 
ential equation ^(n)=^() can be obtained by mere processes 
of differentiation, as soon as tho geneial solution of Killer's 
differential equation is known. 

a) Assumption*** c.oiice ruin;/ flu* </ener<tl solution f(<v, a, /3) 
of JS'tile^s different ift I equation. 

We suppose for this investigation that tho extremal (S () Is 
derived from the general solution by giving tho constants 
#, /3 the special values a , Ab > S() that 



Further, we suppose that tho function /(,r, a, /3), its first 

i Notico that iu tho prosont prod wo havo to suppose 17 to Iw <*f rlusn C"' m ($,/ 1 ). 
It can, howov<^r, bo oa.sily provtul that tlu^ lomilt H truci ulno for functiojm >; of class 
C' and ovon D', in accordaiico with tlu^ results of lt ( , r), Tliis follow^ from tli fact 
that p" doos not occur m tho icUiutity C^^) and that y u (tju \ Itu' ) i^ coul UUUHH <*u k n 
at thcs points of discontinuity of V or n". 

-Sfto tho roforouco on i>, 51, footuoto. 

> J If tho mtorval df^i) w siiiHcl( v ntly small, thow nsHumpt>U>im uro a rouso- 
quouce ol out* previous anmiiu i>t unm coticortiiu^ tho function A 1 * (p. l|i^ th<* 
oxtromal t^ (p. 44) and tho function ft (p. -IB). This follows from tho thoowms con- 
coming' tho dependence ol tho gouoral tolution of a nystcnu of diftorcmtiul tHiuuiJotH 
upon the constants of integration; compare PAINLKVI^ in K II A, pp, JtM and 2(K), 
and tho rofox-oneos thoro KIVMI to FICARD, BKNMXHON, PJUNO, NK'OLKTTI, and 
v. EacHEKXon; also NIOOLKTTI, Alti tlclla It, Ace, <U"i Ltnccl Kmtlhonti^ 18U5, p. Hid 

For tho caso whon. ^ w an analytic function, comparo K, JI A, p, *J)'J, an<l 
KNEHKE, Lchrbush, 27. 

For cortam special invoHtigatioxw concoriunw tho u conjuatt> polntn," tho addi- 
tional assumption is necessary that ulHo/ aai f^fftft wcint nnd iiro contiiuionn in A; 
compai 1 p. 59, footuoto l t and p. 02, footnote L 
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partial derivatives and the cross-derivatives f xa , / a|S are con- 
tinuous, and that f^ exists in a certain domain 

A A r ^ X ^ X l , | a a () | ^ d , | ft I ^ d , 

wlieie -X" <.r , JY" X >^ and cZ is a positive quantity. 

From these assumptions, together with our previous 
assumptions concerning the function _F, the assumption that 
C% lies in the interior of the region. t& and the assumption. 
that JR (#)>() in (.*Vi) it follows: 

1. That 1 also the partial derivatives/^ , f^ exist, are con- 
tinuous and equal to/ Ta ,/ l/3 respectively, throughout A, 

2. That if we replace in the first and second partial deriva- 
tives of F the arguments y, y' by /(>, a, @),f x (f, a, 0), 
these partial derivatives are changed into functions of ,r, a, j8 
which are continuous and have continuous first partial deriva- 
tives with respect to a and /3; 

3. That 2 

(16) 



the last two statements being true throughout the domain 
A provided that the quantity d and the differ- 
ences ,T O X , Xi Xi be taken sufficiently small, 

4. The quantities d, X Q JT , JTi Xi being so selected, 
it follows further from equation (20) in 6 that also the 
partial derivatives f xx , f xxa , f x ^ exist and are continuous 
in A. 

h) The general integral of Jacob Ss differential equa- 
tion (9) can now be obtained according to JACOBI (Joe. eif.) 
as follows ; 

If we substitute in Euler's differential equation for y 
the general integral /(x, , /S) we obtain 

1 Compare E. II A, p. 73, and STOLZ, Grundztlge der Differential- und Integral* 
rechnung, Vol. I, p. 150. 

2 Since R O) has a positive mininitim value in (x^v^ and F U ' y > (x , / (x , a , ) ^ 
f (<* ,a^)) is tiniformly continuous in A- 
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f(,r,a, ft), M.i,a,#) 



an identity which is satisfied for all values of ,r, a, ft in tin* 
domain A and which may therefore bo differentiated with 
respect to a or /3. On account of the preceding assumptions, 
the order of differentiation with respect to ,r and a (or fi) 
may be reversed 1 and we obtain 



(17) 



where the accents denote a<jain differentiation with respect 
to ,r. 

If we give in (17) to a, ft the particular values a a , 
~j8 and remember tlu v dofiuition of 7\ ^, /? in ^11 
equation (2), we obtain 

JACOBI'S Theorem- If 

y=f (*,*,$ 

/,s the general solution of Knler^s diff'erenflfd <><in(iti<>n, Ilien 
{he differential eqntdion 

V(n) = (P Q')t< ' (/^e') = 

admits the two ^xtrticuldr inie<jr<i'ls 

n =/(.*, < A) s 

r a =//i(.r, a , A.) - 



Corollary? The I wo parlieular inie(jr<il$ r\ <tn<l r<* <tre, 
in general^ linearly independent. 

For, in order that v\ and r 2 may be linearly independent, 

iFrom the existence and ooniiaulty of - (/'V^/'/a^^ an ^ /'^Vy' ^ ^ t)WM ^'l 10 
existence and continuity of / aiw on account of (16). 
3So PASCAL, JOG. ctt n p 75, 
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it is necessary and sufficient that their u Wronskian deter- 
minant"" 1 

D(f)[} = ll ' f \ ?2 '/J 
ri (x) r a (x) I 

be not identically zero 

On the other hand, since /(,r, a, ft) is supposed to be the 
general solution of Euler's differential equation, it must 
be possible so to determine a and ft that y and y f take 
aibitrarily prescribed values y, and y% for a given non- 
singular A'alue of ;r , say ;r 2 . 

The two functions/(sr 2 , a -> P) and/^f^, a, ft) of a, ft must 
therefore be independent, and consequently 2 their Jacobian 

) /a ff* 



8 (a, ft) 



fta 



fxp 



cannot be identically zero for all values of a , ft But for 
a a , /3-=~/3 , this Jacobian is identical with the determi- 
nant D (.*'), since fax~fva.ifp x fxp'* an( ^ therefore r^ and r 2 
are linearly independent, except, possibly, for singular sys- 
tems of values a , yS 0j 2. <>., for singular positions of the two 
given points A and B. 

We exclude in the sequel such exceptional cases and 
assume that r and r 2 are linearly independent. Then the 
general 'integral of Jacob? s differential equation is 

w = C>, + CA , (19) 

Cij ^'2 being two arbitrary constants. 

14. JAOOBI'S CEITERION 

"By Jac obi's theorem the further discussion of the sign 
of SV is reduced to the question: Under what conditions is 
it possible so to determine the two constants C?i, O 2 that the 
function n = C$\ + C^ shall not vanish in 

1 Compare E. II A, p. 261, and J. Ill, No. 122. 

2 Compare P., No. 122, IV and J. I, No. 94. 
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In order to answer this question, we construct the expres- 
sion 1 

A O , ,r u ) = i\ (.r) r a (,r,,) - r a (.r) i\ (,r) , ( 20) 

it is a particular integral of (9) and vanishes for ,r -,r ; if 
it vanishes at all for values of ,r >.r , lot .r ' be Hie ^ero next' 
greater than r , so that 

A (# , r () ) 4= for '<'o < ,r C ,r,' , (21) 

Then it follows from a well-known theorem on homo^ene- 
ous linear differential equations of the* second order duo io 
STURM 3 that every integral of (0) independent of A (,r, ,/* ) 
vanishes at one and but ono point betwc^en ,r and ,/'. 

We have now to diptingtiish two ca^cw : 

Case 1 .i'o ^ r/l "i 

Then every integral of (9) vanishes at some point ot (,r (> r,) 

and we obtain according to 12, (7) the 

Theorem. 7/,rdS,ri, */ /s possible- to wttke S-J /;// </ 
proper choice of the, function r;, 

i Compare HKSHK, toc.eit,, j, 258, and A. MAYKK, Jow nal filt* Mittktmttlik, Vol. 
LXIX (1868), p. 250. 

2 u lf Wp 1{ 2 ar<" two Uunuly indoj>^ud<uit lut.otfralK ot 

fZ 8 , (iw , 



whcro ;> and # are functious of or, thon bntwotnilwo conscuttve acroh of HJ thon is 
containod ono and but one zoro ot u.}, provkUid that tluwo swron ur< oompristwl in ua 
interval in which ?> and q are contunious." S<M) STUHM, u Mftmoii o SUP l<^ AiuutwiH 
ditt'^rontiollos du socoml oiclro" (JowjwtZ de f^ow^'Ue, Vol. f (t.'n, p, t.'JI); U!MO. 
STUKM, Cowrsdt'^lwaZ^c, 32ih o<l M Vol. It, No* 009, Tho th(owm follown <iiKily from 
the woll-known formula 



whoro Cis a constant 4=0. From tho hunio foimula It JtollowH ihnt KI uucl ^,j cannot. 

ff-Wj 

vanish at tho same point, arid that i and ^ caixnot vaniHh ntllu^ mnw poini* 

Compare also DARBOXHC, TMone des Nurfacc** Vol. TIT, No, 62H, and Hocm.it, 
Transactions of the Amci tcan Mathematical tfocittf'y, Vol. U ( tHOl), pp. xr>0, 42H, 

It scorns that WEI BB8TBAHH WHS tho first who used Hturm'H thoorom in this 
connection, HESHE (tor at*, p. 257} roaehoa tho saino roHultt* in. a IOHH oloffani wy 
by making use of tho relation, (22). 

!$ Cloniparo Addenda at end of book. 
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For instance, by taking 77 = A (x , X Q ) in (JC^TQ) and identi- 
cally zero in (#o*i)- 

Hence JACOBI inferred that an extremum is impossible if 
J-Q^XI ; for, SJ" and &J being zero, the sign of AJ" depends 
npon the sign of 8 3 J* which can be made negative as well as 
positive by choosing the sign of e properly. This conclusion 
is, however, legitimate only after it has been ascertained 1 
that the particular variation which causes S 2 J to vanish does 
not at the same time make B^J=0. 
Case II: XQ >#*i or else O?Q non-existent. 

In this case the particular integral 

A (x , ,T!) = n (a?) ?- 2 (a?!) - r a (x) n (x,) 

of (9) is linearly independent of A(;r, x ) since A(jt ,ar ) = 0, 

whereas 

A (fip , Xi) = A (id , # ) =(= . 



Hence it follows from Sturm's theorem that Afr, 
for XQ^X^XI, and therefore also (on account o the con- 
tinuity of A(ur , Xi) ) for <r SEgx < *r 1? S being a sufficiently 
small positive quantity. Now choose r between SC Q $ and 
#0 and so near to X Q that 2 X^<x Q <x Q : Then we can apply 
Sturm's theorem to the two particular integrals A (,r, x^ 
and A (x , a; ) = TI (x) r 2 (03) 
r 2 (#) r a (#) and obtain ..** 
the result that *" Xfl > \ \ 

A(x,x,) ^(x.z 8 ) A(x,a-) 

A (x, eT) 4= i n ( x o^i) FIG. 9 

iThe value of S 8 J for this paiticular function 77 has been computed by EKDMANN 
(Z&twhnft fdr MathemaUk und PhysiTe, "Vol. XXII (1877), p. 327) He finds, in the 
notation of 15 /OQ\ 

6 J= e JB (ify') tf>y (#(/, 70)^77^0'' ^o) ? \^"j 

J? (a? ') and<^ ' (&', y ) are always dift'erent from zero , and y7 (a? ? , 7 () ) is also different 
from zero except when the envelope ot the set (28) has a cusp at A' or degenerates 
into a point. With the exception ot these two cases then, JACOBI'S result is correct. 
Compare also 16. 

2 See 13, a). On account of (16), KU)>0 and, therefore, r^(j?) and r 2 (r) are 
continuous not only in (a^j) but also in the larger mterva 1 ' ^ v ^ 



CALCULUS OF V T ARI<VTIONK [Ohap.ll 



We obtain, therefore, according to 11 0), the 

Theorem. JfR>Q throughout (.Vi), ft"<l fitter .rrOo 
or ,r<; non-existent, fhen &J is povifire for all admissible 
functions 7). 

Hence JACOB: inferred that in this case a minimum 
actually exists, and this was generally believed until WJSIBU- 
STKASS showed the fallacy of the conclusion (1S79) (BOO 17). 

The above two theorems constitute u jACOBi\s CRITERION." 
The value ,r ' is called the coujufjate of 1he value ,r () ; and the 
point A' o the extremal @ whose abscissa is jr<>', the con- 
j tf (/(tie of the pohit A whose abscissa is ,r . 

15. GEOMETRICAL INTEKPRETATION OP THE CONJUGATE 

POtNTtt 

JACOB! 1 has given a very elegant geometrical intcrpreta- 
of the conjugate points, which is based upon ihe con- 
eraticm of the. set of esfmnals Ihrouyh the pond A. 



tion o te conugae pons, wc s 
sideraticm of the. set of esfmnals Ihrou 
a) This sot is defined by the two e 



The second equation is satisfied by a a () , /3 /3 {) ; and 
at least one of the two partial derivatives 

fa (.TO , , , A) = n (n) and /^ (,r () , a () , /3 (l ) -r r g (,r u ) 

is 4=0 since ri(,r) and r 2 (#) are two independtuit integrals of 
(9) and JB(x )4=0 (see p, 58, footnote 2). According to th< 
theorem 2 on implicit functions we can therefore solve (25) 
either with respect to a or with respect to & But we 
obtain a more symmetrical result if wo express a and fi in 
terms of a third parameter 7. 
If we choose, for instances 



i.Loc. at,, and Vorlcsunycn 'fiber JDynawr/fr, p. 40; also IIBBHU, fw, <"/f M p, 25H. 
2 Compare p. 35, footnote 2. 
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y =/*(*, a, 
and denote by 7 the value 



we can solve 1 the two equations (25) and (26) with respect 
to a and /3, and obtain a unique solution 

a=a( y ) , P = P(y) , 

which is continuous in the vicinity of the point 7 ==70 an( l 
satisfies the condition 



Moreover the functions a (7), >8(y) admit, in the vicinity of 
of 7 , continuous first derivatives. 
Hence it follows that if we put 



the function <J>(JT, 7), its first partial derivatives and the 
derivatives 2 ^ r , < zv will be continuous in the domain 

A r =i r ^ Xi , | y 70 =g d x , 

rfj being a sufficiently small positive quantity. Further- 
more, the equation 

, = *(*,,y) (27) 

is satisfied for all sufficiently small values of j 7 7 . 
The equation 

!/ = *(*,y) (28) 

represents, therefore, the set of extremals through A in a 
certain vicinity of the extremal @ , the latter itself being 
represented by 

Si,: y = *(*,?,,). (29) 

By differentiation with respect to 7 we get 

1 All tho conditions of the theorem on implicit functions are fulfilled at the 
point a = a () , j3 , v = Yo- ^ n Particular, the Jacobian of th two functions 
f OT O , a , ft ) - 2/0 and f x (x$ , a , ^) - y with respect to a and is 4= f or a = a , = ^ , y -= y , 
its value being D(x n ) =r l (x Q ') r a '(ar ) -r 2 (ar ) rf (a: ), which is ^ different from zero, 
bince rj , r 2 are linearly independent and # is a non-singular point of the differential 
equation (9). 

2 Also <j> yy will be continuous if / aa , f a p,fpa. are continuous in A. 
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and therefore, on putting 7~-7o, 

Zl!ll^ll^ 

^ Y ^' 7o) ~~ n Uo)r a >o) - r* (;*' ) n '(,r ) * 

The functions < y (,r, 7o) and A(,r, ,r () ) differ, therefore, only 
by a constant factor. 1 



and consequently the conjugate* value ,r () ' w<7// 
defined' 1 as the root ne,H (/reafer than, >^of 1lie e<fuafion 

<l> y (j, y) = . (0a) 

From (30) and the properties'* of A(,r, ;r () ) it follows further 
that 

<y c (-n , To) * <#> y , (,r ( ; , y ( ,) 4: (31) 

h) Ac<^ording to the prec(*din^ reanlts, Ihe eo-or(Unat(\s 
X 'j t/Q of the conjugate point A' satisfy the two equations 
* (.!'', y, 7o) = <#> (-r,,', yo) - //,> -- , 
<fey(,*o', /y,,' , TO) ^ <^v(' r '^ y<>) = () > 
and the determinant 



is different from zero for ;r ~ir ( (, l/^^y^ 7 7o, its value 
being ^ (fr , 7o). Hence we obtain, according to the theory 
of envelopes/ the following (jeometriml interpretation: 

1 The .same rcsultn concerning $ (*r, y) hold if, inHtoud of the* particular puruimv* 
t<n" 7 chosen above, wo introduce awotlwr pa ram tor y'connoctod with y by n rolutiou 
ol tho torru 

yX(y') 1 

wlierc x (y) and its first dorivafcivo are continuous iu th< vicinity of y () , and ^'(yy) t 0. 

2 Compare EBDMANN, Zeitschnft /r Mathematik uwtPhi/m^ Vol. XXII (1877), 



tf Compare p. r>8, footnote 2. 

4 Compare TC. Ill I), p. 47. Tho proof proHUpposnH ilw continuity o^ 
4> ar i 4> // ' *y ' 4 V *y// 1 *yy ' ni the vicinity of tho point .r = ,r' , ?/ -* |/' (> , y y ( , , Thono 
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Consider the extremal 

e : 2/ = <0>yo) 

and a neighboring extremal of the set (28) : 
G y = *(*,yo + &) - 

Then if \k\ be chosen sufficiently small, the curve @ will 

meet G at one and but one point P in the vicinity 1 of A'. 

And as A" approaches zero, the 

point P approaches A' as lim- 

iting position. Hence we have 

the 

Theorem. The conjugate A' 
of ihe point A is the point where 
the extremal @ meets for the 
first tune the envelope of the set of extremals through A. 

d) EXAMPLE IV: F=g(y'\ a function of y 1 alone. 

The extremals are straight lines ; the set of extremals (28) is the 
pencil of straight lines through. A ; hence there exists no conjugate 
point. 

The same result follows analytically: The general solution of 
E u 1 o r ' h equation is 

y = a 
henco 



conditions are satisfied. in our case provided that # ' lies in the interval 

and provided that we suppose that not only the derivatives mentioned on p 53, but 

also / aa , f a p , /$3 are continuous in A (compare p. 54, footnote 3). 

i This means If wo choose a positive quantity $ arbitrarily but sufficiently 
MII all, and denote by M^ and Jf 2 the points of (? whose abscissae are x^ 6 and 
/ ~| 5 then anothei positive quantity <r can be determined such that every extremal 
05 for which j & | < <r meets (? at one and but one point P between M 1 and M% . 
Compare p. 35, footnote 2. 

II, on the contrary, a* 2 be any value in the interval (XQ^^ for which 



then two positive quantities 5' and o-'can be determined such that no extremal e for 
which | & | O 1 meets % between the points whose abscissae are x% - S' and a- 2 -j- 8'. 
For in this case the difference 



where < < 1 is different from zero for all sufficiently small values of I ft | and [ fc I 



04 
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11( 1 . / v % 

EXAMPLE I (seep. 27): From tho general solution of Euler's 
equation 

y = a cosh 

we get 

A (, r , ,r ) = sinh t" cosh r sinh r () cosh r + (r t' ) sinh v sinh r , 
where {r _ p n . Tn fi M 



Hence we obtain (if T O =j= 0) foe the deternnnation of <r ' the tran- 
scendental equation 

coth v v = coth r r . (32) 

Since the function coth r r decreases from +co to -co as r 
increases from QO to 0, and from + to -co as r inereas<\s fiom 
to + oo , the equation (32) has, besides the trivial solution r - - ?' , 
one other solution f ' , and r and r ( ,' have opposite signs. 

Hence if ?' > 0, i. e., (f A //> OM ^A awndhiy branch of ike 
catenary, there exists no conjugate point * A Or, ,r,,) =j= for eve,ry 
a* > a? The same result follows for r () - . 

If, on the contrary, r < 0, L e^ if A lies on tho descending 
branch of the catenary, there always exists a conjugate point A ' 
situated on the ascending- branch. It can bo determined geomet- 
rically by the following propeity, discovered by Liwielflf: 1 The 
tangents to the catenary at A and at A' meet on the. ;r-a,m\ 

For the abscissae of the points of intersection of these two 

tangents with tho ;r-axis are 



and 

V"' 




ri-o,, coth 



FIG. 11 



and they nn c^qual on account 
of (32). 



O, l<x\ c/t, p. 2()9, and LXNDB^OF, M<tf hew attache .innaten, 
Vol. II (1H70), p. 160. Compare also the references givou on p. 28, footnoin I 
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NECESSITY OF JACOBINS CONDITION 

It lias already been pointed out that the two theorems 
of 14 which constitute Jac obi's Criterion, though giving 
important information concerning the sign of the second 
variation, contain neither a necessary nor a sufficient condi- 
tion for a minimum or maximum. 

But at least a necessary condition can be derived from 
the first of the two theorems by a slight modification of the 
reasoning: If # ' < r 1? then 2 J~ can be made not only zero 
but even negative. 

This was first proved by WEIEKSTEASS in his lectures ; 
the first published proof is due to ERDMANN/ The fol- 
lowing is essentially Brdmann's proof : 

i Zeitschriftfur Mathematilc und Physilc, Vol. XXIII (1878) , p 367. SCJEEEFFER'S 
proot (Math&matische Annalen, Vol. XXV (1885), p. 548), i^ not essentially diftereiit 
Irom ERDMANN'H. 

WEIERSTRASS writer the second variation m the form 



/"^i ) 

-'3 dji-k I tfdj. \ , 
Jx () 



tc being a small positive constant, and applies to the first integral Jacobi'a traos- 
iormation : 

S 2 J = t ' 2 
where _ 

Then lie shows that there exist admissible functions 17 which satisfy the differ- 
ential equation (77) = For such a function >? , S 2 J is evidently negative 
H. A. SCHWARZ (Lectures, 1898-99) uses the following function ^ : 

<< 
C 

where fc is a small constant and w is a function of class C" which vanishes at a* u and jc l 
but not at a? '. The corresponding value ot 6 2 J is of the form : 



which can be made negative by a proper choice of k, (Compare SOMMERFELD, 
Jahresbencht der D&utschen Mathematiker-Veremiqung, Vol. VITI (1900), p, 189 ) 

AH these proofs presuppose x^'<x l ; for the case X Q '=X I , so far as it is not cov- 
ered byErdmann's formula (23) for 6 a J, compare KNESER, Mathematische Annalen^ 
Vol. L (1897), p. 50, and OSGOOD, Transactions of the American Mathematical Society, 
Vol. II (1901), p. 166. This case will be treated in parameter-representation in 
chap. v> 38. 
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Take j-> so that 



A (JCJ , 'A>) =t= () > 

and put 

76 = A (,r , j- ) , 

r = pA(,r, a-/) , 

where p ~~ 4 1 or 1 ; w and v are particular integrals of 

( ( ,)j and linearly independent; hence the relation (22) holds 

and takes the following form for the differential equation (9). 

R(no'-u'v) = K , (33) 

Jv" being a constant different from ssero. 

We choose p so that jKT>() ; this is always possible^ for, 
if r is replaced by T, JvT is changed into AT. 

Further, since also /A and ?fc v; are linearly independent, 
it follows from Sturm's theorem (see p. 58, footnote 2) that 
u r vanishes for one value of ir, say ir r, between ,r and 

(r) = r (r) . 

Now define 77 as follows: 
( u in (,r () r ) , 
r; = -j n in (c ,r 2 ') , 
FIG. 12 ( in (r/.r,) , 

This function i) fulfils the conditions under winch llu* 
formula (12a) for SV holds, and siiu;e "^(r;) for <uch of 
the three segments, formula (12a) becomes: 

8*J = fR(uu'-w')\ f , 
which may be written, since n(o)==v(c): 

3V = - ^(wt/- w'v) f = - c a AT , 

and this is negative according to our agreements concerning 
the sign of r. 

Thus we have proved the 

FUNDAMENTAL THEOBEM III: The third WMmry con- 
dition for (i 'minimum (maximum) is lhat 
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A(jr, jc lt ) 4^0 (III) 

for (til rallies of ,r ni tJie open 'interred J" <J" < f r 1 . 

(^oroHartj. Tlie same condition may also be written 

'**! ^ *'u' , or else ,r (J ' non-existent , (III) 

/ r., v/ iJte end-poi'nf B lies beyond the eonjnc/cite point A.' ', 
there is no minimum or -maximum. 

We shall refer to this condition as JAOOBI'S condition. 



CHAPTER III 
SUFFICIENT CONDITIONS 

17. SUPPICIENT CONDITIONS FOE A "WEAK MINIMUM" 1 

WE suppose henceforth that for our extremal ( () the 

conditions 

R>0 (IT) 

A (jc , r ) =(= for ,r u < ,r ^ .r , <J (111') 

are fulfilled, and we ask: Are (h<w> condition** SUFFICIIKNT 
for (t 'inmi'HitiHi? 

a) It seems so, and until rather recently it was Amor- 
ally believed to be so: For the reasoning of ^11 nhoww thai 
after an admissible function 77 has been chosen, A,/ will be 
positive for all sufficiently small values of | e | ; honce within 
the set of curves with parameter e: 

U = (j + *>? ( 1 ) 

the curve does furnish a minimum. On the othor hand, 
every curve may be considered as an. Individual of such a 
set, and therefore it seems as if we must actually have a 
minimum. 

But a closer analysis shows that the conclusion is 
wrong. For all we have proved so far is this: After a 
function 77 has been selected we can assign a positive 
quantity 3 p^ such that A,/>() for every |e </>,,. And if 

i Compare for this section HOUHMFKKH, "Uobor dm Itadcutuiitt dor lJ<wifl< 
Maximum und. Minimum in dor Variationsrochixunff," Muthcniat/ttc/tc Annalcn^ Vol. 
XXVI (1886), p, 197. This paper IUVH IXH*U of tho ioat<wt wnportuuoo iu oloarin^ up 
the fundamental conooptiont* in the Calculua of Variationa* 

'^Notice the equality sign which diHtmgmHhos (HI 1 ) from (ITI); for tho mho 
af t =far ', which we omit hero, com pa to the roforouoos on p* <J5, fdotuoio. 

Tho notation p^ indicates that p clopondn on tho function 17; conipar<i K IL 
MOORE, Transactions of the American Mathematical MtcU'ty, Vol. I (liKK)), p. 500,' 

68 
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we denote by m, } the maximum of | rj [ m (.r,^) and put 
A,-- ?)/,/>,, we have 

[A0|<*, 

for all curves of the set (1) for which | j < p^ ; and rtce 
versa, if we draw in the neighborhood fa) of & any curve of 
this particular set, the corresponding e satisfies the inequality 
] e < p-n and therefore AJ"> 0. 

Now consider the totality of all admissible functions 77 ; 
the corresponding set of values A%, has a lower limit fr jg 0. 
If it could be proved that A" > , then we could infer that 
AJ> for every admissible variation 7/ for which | A^ | < A* , 
and we would actually have a minimum. But it cannot be 
proved that A' > and therefore we cannot infer that 
minimizes J". 

It is even a priori clear that the method which we 
have followed so far can never lead to a proof of 
the sufficiency of this or any other set of con- 
ditions. 1 

For, if we apply Taylors expansion (either infinite or 
with the remainder term) to the difference 



and integrate, we can only draw conclusions concernig the 
sign of A J" from the sign of the first terms, if not only \ Ay | 
hut also | A?/' | remains sufficiently small, or geometrically: 
if for corresponding points of ( and S not only the distance 
but also the difference of the directions of the tangents is 
sufficiently small. 

b) If there exists a positive quantity k such that A,/ ^ 
for all admissible variations for which 

| Ay | < A? and \&y'\ < k ,. 

KNESEB (Lehrbuch, 17) says that the curve @ furnishes a 
" Weak Minimum" from which he distinguishes the mini- 

i First emphabized by WEIEBSTEASS. 
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mum as we have defined 1 it according to WBIEKSTEASS, as 
">8tran<j Minimum" If a curve furnishes a strong minimum, 
it always furnishes a fortiori also a weak minimum, but not 

rice versa. 

If we adopt temporarily this terminology, we can enun- 
ciate the following 

Theorem: An extremal @ /w /r/m*// ihe conditions 

>0 (IT) 

/ \ i / \ j.* . ^ nr >, t \ T I ' v 

are fulfilled, furnishes ((t /m,s7 <( u weak 'nunununi" for the 
integral J. 

The first proof of this theorem was given by WEIEKSTRAKH 
(Lectures, 1879), the first published proof by HOIIKBPFKK 
(loc. </., 1886). The following proof is duo to KNKSKK r 

We return to equation (3) of ^11 which wo write in, the 

form: 

Ci /*' r * , 

(Poo' 2 + 2 ^oxo' + jKv'*) d'X + I I (/W + :V<o 2 ) </,r , 

where GO --.A//, and J/, A" are infinitesimals in the following 
sense: corresponding to every positive quantity <r another 
positive quantity p^ can be assigned such that. 

| L | < <r , | 2V | < <r in (^..r,) , 

provided that 

| CD] < /v and |<D'| < po- iu (.**.*'i) . 

By Legendre's transformation,' 1 the first integral may 
be thrown into the form: 



i Compare &3, ?>). 

^ JahresbGr icht, der Deulschcn M(*thematiker~r(r$hufjunfh Vol. YC (t809), p, flJi. 
The theorem carx also be proved "by moans of WoiortraHH'fi Thoorom (20) ; com- 
pare KNESEE, Lchrbuch, 20-22. 

a Compare 11, b). 
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Since the conditions (II') and (III') are fulfilled, there 
exist 1 solutions of the differential equation 

dw (Q + irf __ 



which are of class C" in (jVi); hence it follows 2 that, pro- 
vided the constant c be taken sufficiently small, there also 
exist integrals of the differential equation 

- fi *-'. 



which are of class C' in (avy); let w be such an integral, and 
introduce 



instead of co r . Then AJ" takes the form 



where X, /A, v are infinitesimals in the same sense as i and 
jV. But this may be written 



and since X, /i, v are infinitesimals, we can choose a positive 
quantity k so that R + v>Q and c 2 + X ff/(R + v)>0 in 
(./Vi), and consequently A J> 0, provided that o> | < i and 
|o>' </c, Q. E. D. 

Remark We have given this theorem chiefly for its 
historical interest: It marks the farthest point which the 
Calculus of Variations had reached before WEIEESTEASS'S 

iThis follows from the connection between Legendre's and Jacobi's> differential 
eqxiations; see eq.uation, (8) in 11, 6). 

-* According to a theorem due to PorarcARiS (Mgcamque celeste, Vol. I, p. 58; 
compare also E. II A, p. 205, and PICARD, TraiU, etc , Vol. in, p, 157). A similar 
theorem was given by WBIBRSTRASS In his lectures in connection with his proof of 
the necessity of Jacobi's condition, see p. 65, footnote, 
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epoch-making discoveries concerning the sufficient condi- 
tions for a u strong mini mum. 1 " 

After these discoveries, only a secondary importance 
attaches itself to the u weak minimum;" 1 ' for tlie restriction 
imposed upon the derivative in the u weak minimum" is 
indeed a very artificial 1 one, oidy suggested and justified by 
the former inability of the Calculus of Variations io dis- 
pense with it. 

e) The terms "weak"' and "strong" are sometimes also 
applied to the variations. A variation conhrininy a pdrtnu- 

etei' e 

A# = 6>(j;, ) 

is called trcak if not only 

L w (,r , ) = but also L ^ (,r , e) = 

6=0 *=0 

uniformly in (.JV'ih xtroiifj if this condition is not satisfied. 
The variations of the form 

A y = 77 > 

as well as the more general variations which we have men- 
tioned in 4, <7), are weak variations. 

WEIEBSTBASK gives the following example a of a strong 

variation , 

x ,r () 



n a positive integer; here the condition 



1 Especially if wo think of geometrical problems, for iuHtuncr, thcs problom of th<v 
shortest ctirv<^ on a givtm snrfnco botwo(u two pointH. 

For the moro general problem, liowovor, where higher dorivfttivos occur umlor 
the integral sign, such rontrictions are of groatcir importance; compare SSuttMffiLo, 
J)is$ertatian, pp. 20-31. 

2 The following modification of WEIBRHTEASH'B oxamph JUIH the advantage of 
vaninhing at both end-points . 



1 /(**" ^(|)W W TTV 

am ( - I 

m \ ^ - JT O / 



wi and n being positive i 
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is satisfied, but not the condition 



Other examples of strong variations will occur in 18 
and 22. 



1S. INSUFFICIENCY OF THE PEECEDING- CONDITIONS FOR A 
STBONG MINIMUM, AND FOUETH NECESSAEY CONDITION 

From the introductory remarks of the previous section, 
it follows that we have no reason to expect that the con- 
ditions (I), (II'), (III') are sufficient for a minimum in 
the sense in which we have defined it according to WEIEB- 

o 

STBAR8 (a "strong minimum" in KNESEE'S terminology). 

a) As a matter of fact the three conditions (J), (II') and 
(Jir) are NOT sufficient for a strong minimum, and it is 
easy to construct examples 1 which prove this statement: 

EXAMPLE III 2 (see p. 39): 



e (&, is the straight line joining the two given points A and 

B, say 

(So * U MX + n . 

Further : 

R = 2 (6m 2 + 6m + 1) , 



henoo .* ' ; non-existent. Let mj , m 2 be the two roots of the equation 

6m 2 + 6m + 1 = , viz., 



1 The first example of this kmd was the problem, of the solid of revolution of 
least resistance , already LEG-ENDEE had shown that the resistance can be made as 
small as wo please by a properly chosen zigzag line ,* see LEG-ENDBE, loc. cat, p. 73, in 
STACKER'S translation, and PASCAL, toe. eat, p. 113. 

2 Compare BOLZA, u Some Instructive Examples in the Calculus of Variations," 
Bulletin of the American Mathematical Society (2), Vol. IX (1902), p, 3. 
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then JR > if w > in\ 01 ni <T Wa , 

j?<0 if >0/ <^i 

In the foimer case, the first three necessary conditions foi a- mini- 
mum, in the latter foi a maximum, are satisfied. Nevertheless, if 

- 1 O// < , 

neither a maximum nor a minimum takes place. Foi, in this ease, 
if any neighborhood (P) of (So be given, however small, wo can 

always join A and B by a broken 
line (S made up of segments of 
" straight lines of slope and 
I, and contained in (P). But 
for such a broken line J---0, 
whereas foi (, the integral J 
is xx>sitivo. This proves that 
(So cannot furnish a minimum. 
FIG. 13 That it cannot furnish a maxi- 

mum will bo seen later, in 18, <*). 
EXAMPLE V: To minimize* 




the given end-points having the co-ordinates U g u? //<)" {0, OK 
(^.y,) = (l,0). 

The extremals are straight lines, and (Jo is the segment (0 1 ) of 
the ,r-axis. Further, 

J? = 2 

j\ *j , 



Hence the conditions (I), (II'), III') for a minimum are satisfied. 

Nevertheless AJ can be made 

negative. For, if we choose for 

G the broken line APB, the co- A ' 

ordinates of P being (1 p > g) 9 

where <_p < 1 , and q > 0, we 

obfcain 



FIG. 14 
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Any neighborhood (p) of @ () being given, choose q < p ; then j> can 
always be taken so small that AJ"< 0. 

6) The insufficiency of the preceding three conditions 
being tlms established, further conditions must be added 
before we can be certain that the curve G minimizes the 
integral J. 

A. fourth necessary conch t ion was discovered by WEIER- 
STKASS in 1879 and derived by him in the following 
manner : 

Through an arbitrary point 2 . (<r 2 , ?/>) of (S we draw 
arbitrarily a curve S y~f(x), 
of class 0'. 

Denoting by 4 that point of 
(5 whose abscissa is ./* 2 ^ , h 
being a small positive quantity, 
we draw, as in 8. a curve 

- * i ~, , ^ FIG 13 

(S ^=^-V] or class (7 rroni 




to 4 and replace the arc 02 of @ by the curve 042. 

By taking h sufficiently small we can make the curve 
042 lie in the neighborhood (p) of @ . 

For this variation of @ we obtain in the notation of ^8: 



J 02 . (3) 

But according to 8, equation (30), this is equal to 

K ) + / (/O , (4) 



where (/^) denotes as usual an infinitesimal, and the E- 
f unction is defined by 



Hence follows the 

FUNDAMENTAL THEOBEM IV: The fourth necessary con- 
dition for a minimum (maximum) is that 
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K (*,!/, / ? J>)^0(^()j (IV) 

alomf the curve ^for every finite value off). 

We shall refer to this condition as WEIERSTRAHB'S 
condition. 

o) Applying Taylor's formula to the difference 

# 7 (-*', !/>!>) -F(> !/,p) * 

we obtain the following important relation 2 between the E~ 
fnnction and Fy' y >: 

BCr, in p,p) = ^^^r (.r, //, 2 >) (5) 

where 

j>* = ^ + tf(ji-jO , (><<! . 

This proves 

Corollary I: Condition (IV) is always satisfied if for 
every point (;r, ?/) o^- @ <t>ndfor every finite value* ofp 

^V/C^^.i'JSO . (ll a ) 

Furthermore, if we define the function 3 E^r, //; y>, f>) 
by the equation 



when j5 ^p y axid l)y 

B! Or , y ; j) , p) = Z. E x (a? , y ; j?> , |5) = | F /r/ /' (-r , ?/ p) (fla) 

3i=:i> 

whoii j!3=jt>, we obtain 

Corollary If: Condition (IV) /s equivalent 1o the 
condition 

Bi(*y; y%j5)5=o (TVa) 



along ^for every finite p. 

(I) ZEBMBLO* has given the following geometrical 

1 J. e n if (a; , y) is any point of ffo and y' th slop of o at (a? , |/). 

2 DUO to JZlflKMBLO, ?OC. Ct, p. 67. 

s Compare ZKRMKLO, Zoc, <$., p. 60. *Zor, c*f., p. 67. 
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interpretation of the relation between the E-function 
and F y , v .: 

Let F(p) denote the function F(x, y, p) considered as a 
function of p alone, .r, y being regarded as constant, and 
consider the curve 

u = P(p) . (7) 

Draw the tangent P T at 
the point P whose abscissa is 
p = y f ; and let P and Q be the 
points of intersection with the 
line p~p of the curve and of 
the tangent P Q T respectively. 

Then 




16 



is represented by the vector QP, and the condition 

(*,y; y',p)^Q (IV) 

means therefore geometrically that the curve (7) lies entirely 
above or at least not below the tangent P Q T. 
In order that (IV) may hold it is therefore: 
a) Necessary that the curve shall turn its convex side 
downward at p = y', i. <?., that 



This is our old condition (II), which is consequently con- 
tained in the new condition (IV). 

/3) Sufficient that the curve shall everywhere turn 
its convex side downward, L e., that 

F"(p)^Q 

for every p, which is the above condition (Ha). 

But neither is the first condition sufficient, nor the 
second necessary. 

e) EXAMPLE I (see p. 49): 
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hence // 

/ y V,/'('*'> !/>!>) =7=^vri 
U 1+J?>V 

Since //>0 along the cat-emu y, condition (TTa), and therefore also 
(IV), is satisfied. 

EXAMPLE III (see pp. 39, 73): 

F = !/"(!/' +\)* , 
lienco 

3(.r. tf , ff',f>) = CT' - 1/7 \1> 2 + 2l>(V'-\- 1) +V + V+ lj 

(?o is the straight line joining the two points and 1 , say : // - in ,r + ; 
hence along o , // ' = w 
The quadratic in p 

$* + 2 J7 (yu + 1) + 3 ni 2 + 4 /, + 1 

is always positive if m (m +1) > ; it can change sign if m, ( in + 1) < ; 
and it i educes to a complete square if ?M(w/-+l ) = 0. 

Hence \\e obtain the result : 

If r in ^0 or '>// Eg 1, condition (IVj is satisfied; if 1 <w <(), 
condition (IV) is not satisfied, and the line 01 furnishes no e\- 
tiemum, in accordance with the lesults of 18, a). 

EXAMPLE V (see p. 74): 

^ = /' + /' : 
hence along the curve , // = we have 



which can change sign at every point of (?,. Condition (TV) is 
therefore not satisfied. 



10. EXISTENCE OF A "FIELD OF EXTREMALS 11 

Before w can take up the question of stiff ieioul con- 
ditions, we must introduce the important concept of a <fi field 
of extremals." 

a) Definition of a "jftVM." 

Consider any one-parameter set of extremals 1 

y = *(x,y), (8) 

iHoio the symbol $ (.r, 7) IH usort m a more ffonorul son^o tluui in 15. 
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in which our extremal @ is contained, say for 7 = y . Sup- 
pose <>(,r, 7), its first partial derivatives and the derivatives 
<!>LJ 5 $ry to be continuous functions of x and 7 in the domain 



y y j < d (} , 

<7 being a positive quantity and JL O , JCj having the same 
signification as in 11. Let fc denote a po&itive quantity less 
than </ , and j$ fc the set of points (j% #) furnished by (8) as 
*; and 7 take all the values in the domain 

% JTu 5E * ^ 0*1 ( y TO j S * 

^ fc rnay also be defined as the strip of the ,r, y -plane swept out 
by the extremals (8) as 7 increases from y A* to y + 7i*, 



x being restricted to the interval 

Then & K is called 1 a "field of extremals about the arc 
o" if throw gli every point (x, y) of &% there passes BUT ONE 
EXTREMAL of the set (8) for which | y y j ^ 7r. 

This means analytically that there exists a single-valued 
function y = ^ t y) ) 

such that = ^sr ' ( ] 



for every (-r, //) in g A . 

In addition to this principal property we shall include in 
the definition of a field the further conditions that the inverse 
function ^r(>, y) shall be of class C' in %, and that it shall 
be possible to choose a positive quantity p so small that the 
domain &>% contains the neighborhood (p) of the extremal . 

6) With respect to the existence of a feld the following 
theorem holds: 

Whenever 

<^ 7 (x, y )4=0 throughout (a? %) ? (10) 

i According to KNESER, Lehrbuch, 14; the notion of a field is due, in a more 
special sense, to WEIERSTRASS, in its most general sense to H, A. SCHWABZ, Werke, 
Vol. I, p. 225. Compare also OSGOOD, loc. at., p. 112. 
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A am he taken ,SY> Muall that llw ejrtre, waits (8)/V/v//*// a, Jiefd 

& k about @o- 

Proof: 1 From (10) it follows that < y (.r, 7 ) I K '"I 
tinuous in (x&*\) cannot change sign in (,*w\). In. 
to fix the ideas suppose that 

c y (,r, y< } )> in (*V*'i) * 

Then it follows, according to well-known theorems" on 
tinuous functions, that A' can be taken w> small that 



Hence if we give # any fixed value >> contained iu 
and let 7 increase from 7 ~- fr to 7crl k* 0(* r 2 7) increasoft 
continually from <(.r 2 , 7 ^) to ^(' r ^ ^o ^) nil(l therotoi-o 
passes once and but once through every intermediate value. 
Hence if % be any value of 7 iu (7o /^ 7o A') * m < 1 w l )ui 
^ (^2 5 7z) ~ ^a ilien tbe Aquation // a <#> (r> , 7) has i 71 
(7 A;,7 +/0 no otlier solution but 7--%, which moans 
geometrically that through the point (# 2 , /y 2 ) which is any 
point of & k there passes but one extremal of tho sot (ty 

for which j 7 7o I =i ^ * 

The existence of the Bmglo-valu< k d function 7 ^(.r, //) 
}>eing thus established, tlio (xisttMK^o and couliimity of its 
first partial derivatives follows from tho thoonnu^ou implicit 

functions, since 

4> y (,r y y)=M) in 1,, . 

i Ajiothof proof is g-iv^n by Oaaooi), loc, eit., p. Wl 

3 Via., tho theorems on u uniform continuity" and OIL ih<^ <^lnt(Mic tf a nuid- 
imam. Compare 35. II A, pp. 1H, lit, 49; J. I, Nos, 62, 03, (M, nncl V M NOH. JO VI, VH, and 
100 VI, VII. s 

3Sfto p. 85, lootaote 2. 

'Tho valnoa of thflfco partial dorlvativos arc obttiiu^d from (D) by i.ho ordinary 
ruIoM for tho differentiation of implicit lunctions : 



hi case the function $(,?) iis regular mU^., alno tho function ^ (or , y) will bo regu- 
lar xix & k -, compare B. II B, p. 103, and HAEKNKiHS AW MORbRK, Introduction to thv 
Theory of Analytic Functions, No. 156, 
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At the same time we see that the set of points fp^ is 
identical with the strip of the ,r, y-plane bounded by the 
two non-intersecting curves 



, y (j + A*) 
and JI' = JL\ on the 




U = <f>(x, y u A 1 ) and // = 

011 the one hand, and the two lines .. 
other hand. 

Finally, a neighborhood 
(p) of the arc @ can be 
assigned which is wholly 
contained in V 

For each of the two 
continuous functions 
$ (JT , 7 + fr) (** 7o) an( i PTP 17 

\ ' * v s ' jtj ly-. i { 

(p(3r *YA ) ~~~" <p ( vt* . *YO "7 nas 

a positive minimum value in (x^) ; hence if p be the smaller 
of these two minimum values, the neighborhood (p) of @ is 
entirely contained in JJ> fc . 

The region ^ fc has therefore the three characteristic prop- 
erties of a "field," and the above theorem is proved. 

Corollary I' The slope at a point (.r, y) of the 'unique 
extremal of the field passing through (,r, y) is likewise a 
single-valued function of x, y, which we denote "by j>(>, y). 
It is defined analytically by the two equations 

which show at the same time that p(x, y) has continuous 
first partial derivatives in & k . 

In case </> (x, 7) is regular in fc , also j; (x , y) is regular in & k . 

Corollary II: The slope p(x, y) satisfies the f altering partial 
differential equation of the first order: l 



the arguments of the partial derivatives of F being x,y,ij(jc, y\ 

iTlns corollary forms part of HILBBBT'S proof of Weierstr ass's theorem; 
see below, 21, and the references there given. 
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Proof: From (18) we obtain by differentiation 

J>, = <kr, + *,?y i ?',/ = ^lyVtf 5 
henco if we make use of (12) we get 



But since 0(*r, 7) satisfies Euloi's equation for every vulne of T, 
wo have, for every value of ;r and 7, 



the arguments of the partial derivatives of F bein&- .r, </>(,r, y), 
< r (,r, 7). Hence, if wo express 7 in terms of .r, // by moans of (9), 
we obtain (14). 

e) Applie-fttion to the sef of ejirewftls Ihrontjh Ike 
point 1 A. 

We can now establish the following 

Theorem: If for the extremal (S the conditions 

/e>0 , (ll f ) 

A (,r , ,r (> ) =f= /<" * o < ^' S -*', (Til') 

are fulfilled, <md 'if a point A be chosen on I lie co'nli'nnaho'ii'* 
of (S beijond A^ but suffwiently near to A, then the xet of 
extremals through A furnishes a, field about <5 , 

It is only necessary to choose tho point ^1 (^5, /y r ,) HO near 
to A that 



The ]>ossibility of Hitch a choice of #% has been 
iu 14. 

Under these circumstances, it follows by tho method 
employed in 15 that there exists a set of extremals 
through A : 

jy = *(-,y) , (in) 

1 Tho introduction of tho sot of externals through A instaad of tho wot through 
-4, which considerably simplifies tho proofs, is duo to ZiflBMtiurwO, Dwwtforflon, pp. H7, 
88; compare also K.NBSBB, Lehrbuch^ 14, 17 and Osaooo, toe. wt t p. 115, 

2 Compare tho assumptions iu 13 a), 
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where 1 ^>(cr, 7), its first partial derivatives and the derivatives 
< ti , < cy are continuous in the domain 



(/ being a sufficiently small positive quantity. 
Moreover 

^y(x, 70)4=0 in 



since, corresponding to equation (30) of 15, we have in the 
present case 

<f>y(x,y) = C . A(o?, x 5 ) , 

where C is a constant different from zero. 

Hence the set of extremals through 2 A satisfies the con- 
ditions of the lemma given under ft) and furnishes therefore 
indeed a field about @ . 

i Notice that in 15 the symbol <O, r) was used with a slightly different 
meaning, viz , for the set of extremals through A, 

* To the set of extremals thi ough the point A itself the lemma cannot be applied, 
since for this set <ta Ofy , VQ) = . Nevertheless it can be proved that in this case 
through every point of 3$ fc , except the point A itself, a unique extremal of the set can 
be drawn. For in the present case we have: < (x , y)=y for every y and therefore 
<y (x (} , y)=0 Hence it follows that if we define 

v C* (*?)/ U -o) when 
X U, 



the function x(#,y) is continuous in the domain: X Q ^x^X l ^ ]y y |^c? , and 
x (j-, y )4 : in (JToXj), also for re=a; , since ^ yaT C^ ^o) =t= according to equation 
(31) of 15. We can therefore take "k so small that xO 7)=f=0 in the domain 
JT =5 a: 5 Xj . I y y 1 ^ fc . Hence it follows that ^ y (re , y ) has the same sign through- 
out the domain: # < x ^Xj, |y y I fc. The further reasoning proceeds then at. 
under 6) . 

It should also be noticed that in the present case it is impossible to inscribe 
m fc a neighborhood (p) of <? , since the width of fc approaches zero as 
x approaches o; . 

We shall say that the set of extremals through A forms an improper field 
about <5 . 

The inverse function ^ (#, y) and the slope p (x , y) are in this case single-valued 
and of class C" in & k except at the point (# , # ) where they are indeterminate. But 
if the point (x, y} approaches the point , # ) along a curve < of class C" lying 
entirely in & k , then both functions approach determinate finite limiting values. The 
limit of\l/(x^y) is the parameter y of that extremal of the set which is tangent to 
<S at (XQ , # ) ; the limit of p (a? , y) is the slope of the curve 6 at (X Q , 2/ ) . 
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20. WEIEKSTJRASS'S THEOREM 

We are now prepared lo prove a fundamental theorem 
whose discovery by WBIBBHTEASS m 1879 marks a turning- 
point in the history of the Calculus of Variations. It gives 
an expression for the total variation of the integial J in 
terms of the E-fuiution, from which sufficient conditions for 
an extremum can bo derived. 

ct) The gist of We iers trass's method can he best under- 
stood from a simple example, in which the difficulties con- 
cerning the existence of a field, which complicate the proof 
of Weierstrass's theorem in the general cast 1 , can be 
entirely avoided. 

EXAMPLE VI: In order to prove that the straight hue 1 
01 actually minimises the integral 



we draw from the point to tho point 1 any curve 6 : 

6: V=f(f) , 

not coinciding with the straight line 01. "We suppose for 

simplicity that S is of class (''. 

Through an arbitrary point 
2 ; (j; 2 , ij>>) of (S we can draw one 
and but one extremal of the et 
18 of extremals through tho point 

0, vix., tho straight line 02. 
We now consider the integral J taken from along tho 
straight line 02 to 2 and from 2 along the curve S to 1, thai 
is, we form, in the notation of 2, /), 




the stroke always indicating 8 integration along the curvo (S\ 

3 For the notation compare 2, e). 

2 Notation according to WBIBRSTRAHB ; KNBSBE, on the contrary, twos the Htrolu 
to indicate integration along an extremal. 
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The value of this integral is a single-valued function of 
3-2, which will be denoted by S(r), As the point 2 describes 
the curve S from to 1, S(x> 2 ) varies continuously 1 from the 
initial value 

0o)=Joi (along!) 
to the end value 

S(x 1 )=J Q1 (along g u ) . 
Hence the total variation 

AJ=J QI - J 01 

is expressible in terms of the function S(x) in the form 



and we shall have proved that AJ~=g if we can show that 
8 (jr 2 ) always decreases or at least does not increase as x% 
increases from x to x. 

For this purpose we form the derivative of S(x. 

The integral J~ 02 is the length of the straight line 02: 



hence dj oz _ (x 2 - qg ) + (y a y Q )f (x 2 ) 

dx * V 'fa- 
since y*= 

If we denote the slopes of the straight line 02 and of the 
curve G at 2 respectively by ^>> and J> 2 , i. e., 



the previous result may be written 
On the other hand, 



e explicit expressions for J m and J 2l below. 
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and therefore 



__ __ t/r'T "-s 



Hence we obtain the result 



i l+^i i- 

from which we easily infer that 

dti (ay) \ < if j> 2 =1= ?>2 , 
<tr 2 ( = () if JM 2 = y> 2 . 

The lattei alternative cannot take place 1 all al<m# the 
curve (L Hence it follows that 

AJ>0 . 

The reasoning can easily be extended to the ease in which 
the curve S has a finite number of corners. 

It is thus proved that the xtrdiyht line 01 //<r///,s//rx a 
proper* absolnle* minimum for the integral J. 

The preceding construction may be modified 3 as follows; 
On the continuation of the line ( beyond the* point 

choose a point 5, and replace 
in the preceding construe- 
1 tion tho line Oi by the line 
52. Accordingly tho func- 
tion /S> 2 ) is now defined by: 
JM + 21 , 

and therefore 

S (X ) = J 5 + J tn , S (Tj) = J 51 - r/ W) + J 01 . 

Hence we have again 




i If P%**PZ for ov^ry 8 in (a^) it would follow that /(*r) HatinfloH tho diffr- 
ontial equatioa 



and therefore i must bo a straight line through 0, which could be no othor tluin tho 
line F O , since <s is to pass through 1. 

* Compare 3, a-) and &). a Compare p. 82, foot, not o 1 . 



CALCULUS OF VARIATIONS [Chap. ITT 



so that A , 7 ^ t/ni _ , /oi = _ [ ( , ri) _ ( , r(() ] . (1S) 

The fund foil S (,*>>) '* continuous and admits in (^Vj) a 
denrdttre whose value is 

#'(j' a ) = E (.** 2 , 2/ a ; y; a , j> 2 ) , (19) 

where ^ denotes the slope of G, y; 2 that of <, at tho point 2. 

WEiERSTKASS 1 reaches these results in the following way. 

Let 3 denote that point of S whose abscissa is ,*;> + //, 
// being a small positive quantity; and let 
(?,: T/ = <(.*, y>+) 

he the unique extremal of the Hold which passes through the 
point 3. Then 



But this is precisely the difference which has been computed ' 
in 8, equal ion (30), the curves (S 2 , %, (S corres]>ondiu^ to 
th( k curves there denoted by (S, G, S. Accordingly wi 4 
ol)tain 



(//) denoting an infinitesimal 

Similarly, if 4 be that point of S whose abscissa IB 
as // , wo obtain 

8 (x 2 h) *Sf (,r a ) = e7 5i + J4 2 J B8 , 
which, according to the lemma of ^H, is equal to 

^Or-/0-S(^) = + ^[(A,?/ 8 ; ft, ft) + (A) | (20a) 
Hence the derivative of 5 exists and its value is indeed 
given by (19), 



s, 1879; tho proof here given iw Woi^rHirass'H original proof with tho 
necessary adaptations to tho cano whoro a; Is tho imlopomlont variable, and with Ui 
bubstitution of tho sot of extremals through 5 for the wt through 0, 

2 In applying 1 tho lemma of 8 to tho present cas<\ wo have to iitiako two of tho 
remarks <>u p. 18 and p. 35. The variation 

Aj/BS^^-^-f )< (', v 2 ) 
is imlfM'd a varlatiou of tho typo (5a) of I, d). 
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As the point 2 describes the curve <5 from to 1, the 
function E(,r 2 , ?/ 2 ; #3, j>a) varies continuously. For, on the 
one hand the E-function is a continuous function of its four 
arguments, provided that the point (x, y) remains in the 
region H, and the field S>% is contained in E; on the other 
hand, ?/ 2 =/(,r 2 ) an( i P^ : =f f (^2) are continuous in (<r$Ci) and 
the slope p 2 f > a ^ ^ is? according to 18, ft), a continuous 
function of #, 7/2- 

Integrating (19) between the limits .r and r l5 and 
remembering (18), we obtain therefore /or tt0 fotfaZ varia- 
tion A*/ /A0 expression 1 

X*i 
E (ar a , 2/2 , p* , P*} dx% . (21) 

~o 

We shall refer to this important formula as "WEIEB- 
STRASS'S theorem" 

The theorem remains true for curves S of class D'. For, 
suppose the curve 6 to have a corner at the point 2. Then 
( 20) and (20a) still hold if we understand by jp a the progres- 
sive and regressive derivatives of f(x%) respectively. The 
function S(x) is therefore continuous at #2 an( i admits a 
progressive and a regressive derivative. Hence it follows 2 
that (21) still holds when G has a finite number of corners. 

c) Instead of first computing the increments $(x 2 : ft) 
$(x 2 ), KNESEE (Lehrbucli, 20) and OSGOOD (Zoc. oil, p. 116) 
compute directly the derivative $'(^2) ky applying the 
theorem on the differentiation of a definite integral toith 
respect to a parameter. Supposing for simplicity that (5 is 
of class C', it follows from the properties of the function 
<(#% 7) that S(x%) is continuous and differentiate in the 

1 The theorem remains true also for tlie "improper field 11 I3^ formed by the set 
of extremals through the point 0, and for a curve @ which lies entirely in this field t . 
For formula (19) holds also in. this case at every point of I with, the exception of the 
point 0, Integrating (19) from o? +Ji to #]_, and passing to the limit ft=0, we 
obtain (21) since p 2 approaches a determinate finite limit ; compare footnote 2, p. 83. 

2 Compare E. II A, p. 100, and Done, 194. 
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interval (<*Vi) and that tlle derivative can be obtained by 
applying to the definite integrals J" 5l > and J^ the ordinary 
rules 1 for the differentiation of a definite integral with 
respect to a parameter and with respect to the limits. 
Accordingly we obtain in the first place 



In differentiating the integral 

j; ia = f *V(/, (,*', y,) ; < c (.r. y s )) ^ 

~V> 

we must remember that 7 2 is a function of ,r 2 defined by the 
equation ^ f ^ , ^ . ^) , ( 23 ) 

which expresses the fact that the curves <&j and S both pasa 
through the point 2. 

Accordingly we obtain: 



the arguments of < Y , ^ Y ))eing ,r, 

From our assumptions concerning $(,r, j) it follows that 

^(^r*)-=-*ya(^y) 

Applying then to the second term under tlie integral .sign 
the integration by parts of 4, and remembering that the 
function # <(# 7a) * s an integral of Euler^B differential 
equation ,/ 

^-^^ = o, 

we obtain the result; 

~* = Jf (<r, , ^ , Pit + $r [>V (*. w 7^) *v (* , *) 

aor z u-x 2 1 

J^^ (;r 5 , #B , |^ fi ) <#> 7 (^>, , y.,i) J > 

where j; r> ^= ^ ( j* B , 7 2 ) * 

i Compare E. II A, p. 102, and J. I, No. 8S, 
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But since the extremals of the set (15) all pass through 
the point 5 . (0*3, # 3 ), we have 

?/ 5 < (# 5 , y) 
for every 7 ; hence 

for every 7, and therefore in particular 

On the other hand, if we differentiate (23) with respect to 
j*2., we get 

, v dy 2 

therefore 

/7.r 

&, #a>JPa) * ( 2 ^) 



Combining (22) and (24) we obtain again the fundamental 
formula (19). 

21. HILBERT'S PROOF OE WEIEBSTEASS'S THEOREM 

Weierstrass's theorem can be extended 1 to any set of 
extremals constituting a field about the arc S , I. <% 

Whenever the extremal @ Gan be surrounded by a field, 
the total variation AJ"= J"^ J^ Q far any admissible curve 6 
lying wholly in the field, is expressible by WEIERSTBASS'S 

formula: 

X Xl _ __ 
E(ar,y, p,p)dx , 
-o 

where (x, y) is a point of 6, p the slope of 6 at (x,y), and 
p the slope at (x> y) of the unique extremal of the field 
passing through (x, y). 

iThe extension seems to be due to H. A. SCHWAEZ, who has given the general- 
ized theorem in a course of lectures in 1898-99. 
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The following elegant proof of the generalised theorem 
is due to HiLBEKT. 1 

Suppose g>/ c is a field of extremals about our extremal (S' . 
In JJ& we draw any curve S of class I)' . // /(*'), joining ,1 
and B. Now let p(jr, ?/) be an arbitrary function of ,r, y 
which is of class C' in >/,, and consider the integral 



/* 



==/ 1 



taken along the curve G from ^l to !>>. The value of J* will, 
in general, depend upon the choice of Ihe curve (S ; we ask: 
How must wo choose the function p(;r, ;//) in order that the 
value of J"*may be independent of the choice of the curve 
and dependent only upon the position of the two end-points 
A and B? 

Our interal J* is of the form 






* 1 \M(x, y) +N(x 3 

{ 



and it has been seen in 7, <l) that the necessary and suffi- 
cient 2 condition that such arx integral should be independent 
of the path of integration is that 

Jf.Stf, . 
In the present case wo have 

M(x, //) = F(,r, y, p) pP v >( x > 3/ P) > 

N(x,y) = *\,(x, y,p) ; 
hence 



QQttmqer Nachrfehtcn, 3900, pp. 258-207, ami Archh* der Mrtthenwtik und 
), Vol. I (1901), p. 231; also tho Bughsh tmnBlaiion by MUH. NKWHON, in th 
Hulletin of the American Mntlientatwul tiocMy (2), Vol. VI H (1902), p. ^I7; further, 
OH0ooD 1 s presentation in tho AnnaU of MafJiemtttlpt (S), Vol. H (liK)l), p. 121, arid 
HEDRIOK, bulletin of the American Mathematical Nocwty (2), Vol. JX (1002), p. 11, 

2 Notices that tlio region & , to which tho ctirvcH i are oouilnod, IB Hlmply con- 
nected. 
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Hence, in order that the value of the integral ,/* may l>e 
'independent of the path of integration S, it is Heceswrry 
and sufficient that the function p(x, y) satisfy the partial 
differential eq nation 



+F*'*- *V = > (20) 

the arguments of the partial derivatives of F being 

^ 5 y,'P(x, It}- 

But this differential equation is identical with the differ- 
ential equation (14) which is satisfied by the slope at (*r , y) of 
the extremal of the field passing through fr, y). Hence the 
value of t7* will be independent of the choice of the curve G, 
if we select for the function p the slope just defined. In 
the sequel p will have this special meaning. 

The invariance of the integral J* being established, we 
select for the curve S first the extremal @ ; then we have all 

along @ : 

y r = p(x, y) , 

because is the unique extremal of the field which passes 
through a point of @ . Therefore (25) reduces to 

j*= 

On the other hand, if we select for S any curve of class 
JD', different from @ , and joining A and B, we get 



f 

/a? 



where p=y' denotes the slope of S at the point (#, y). Both 
values of J* being equal on account of the invariance of J"* ? 
we obtain an expression for J" ff in terms of a definite inte- 
gral taken along S. This expression we use informing 

the total variation 

A J = J& J@ . 

Then we obtain 
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*>/> P < lx > 

which is the desired extension of WEIEBSTRASRV theorem, 
since the integrand is equal to E(;r, 7/ ; jj> j>). 

$22. SUFFICIENT CONDITIONS FOR A STRONG MINIMUM 1 

Weierstrass's theorem leads now immediately to suf- 
ficient conditions for a strong minimum: 

a) Suppose there exists a field & k about tmoh that at 
every point of fc 

E(,r, //; p(x,|/),?>)i:0 (27) 

for every finite value of J), p(r, //) denoting again the* slope 
at (,r, y) of tho extremal of tho field passing through (x, ?/). 
Then it follows from Wo iers trass's theorem that 
A,/ gO for every curve S of class D f drawn in % from A to 
J5, and moreover that AJ"> unless 

B (^ ;*>(-, ),')== (28) 

all along the curve (5. 

From tho definition of tho E-functiou it follows that (28) 
holds at a point (r, y) of & whenever 

H'pfr* 7) 9 

i, e., whenever the extremal through (r, jy) is tangent to ( 
at (r, Jj), This can, however, not take place at every 
point of 6, unless S completely coincides with ($<. For 2 the 
value of the parameter 7 of tho extremal of the field passing 
through that point of S whose abscissa is ;r, IB determined 
by the equation 



1 Compare for thin soctioa also HBDRXCK, Bulletin of the AmeHenn MatfawittGnl 
Society, Vol. IX (1901), p. 11, 

2 This proof is duo to KNEHER, tehrbuch, 22 ; eo atao OHOOOD /or, r*7,, t>, 118, 
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from which we derive by differentiation 

or according to (13) 

-' -\ __ ^y 

But according to (11), < y (e, 7)4=0 ; if therefore 'y' =p(x y #) 
at every point of <5, we should have 

dy 

~-L = throughout 



or 7 = const., 7". p., (S would itself be an extremal of the field, 
which could be no other than @ , since S passes through the 
point (ir l5 T/J) and @ is the only extremal of the field which 
passes through (a^, t/j). 

Hence, if instead of (27) the stronger condition 1 

Bi(*,y; j>(*>y),;p)>o (29) 

is satisfied at every point (x, y) of S fc and for every finite p , it 
follows that A,J>0 for every admissible curve (5 drawn in 
the field S fc . 

In the terminology of 3 we have therefore the result 
that whenever (27) is satisfied, @ furnishes a minimum for 
flie integral J; if moreover (28) is satisfied 2 the mmimum is 
a "proper minimum." 

EXAMPLE III (see pp. 73, 78) : 



The set of straight lines 

y = mx + y 

parallel to the extremal AB furnishes evidently a field about @ 
and for this field 

p(a,y)m . 
Therefore 

1 Compare (6) and (6a). 

2 It is even sufficient that (27) and (29) be satisfied in a neighborhood (p) of 
inscribed in ^,; the same remark applies later on to (lib'). 
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E (a?, y ; p (x, y), p) = (p - mf \p 2 + 2p (m +1) 

+ 3w 2 +4w + l] , 

When m>0 or m < 1 , condition (29) is fulfilled, and therefore 
the straight line AB actually minimizes the integral 



iu these two cases. 

/>) The sufficient conditions thus immediately following 1 
from Weierstr ass's theorem are, however, in general 
inconvenient for applications, and it is therefore important 
to remark that they can bo replaced, under certain addi- 
tional assumptions either concerning the curves (S or con- 
cerning the function 1^\ by simpler conditions. 

From the relation (5) between the E-function and /^v,-, 
it follows that both conditions (27) and (20) art* always 
satisfied when ^^ , /? ?) > (m/) 

at every point 1 (,r, ?/) of 15^ and for every finite* value of J> % 
Hence if we remember the theorem concerning the exist- 

ence of a field (10, 7>)), we can state the following theorem: 
FUNDAMENTAL THEOEBM V: 2 If 1h<> (\rtrcnuil (} .AB 

does 'not contain 1h<>, conjnydfc point io A, <w<l if further 



at every point (or, y) of a certain neighborhood of (S for 
every finite value of f>, then, actually minimizes the 
integral 



Corollary: The minimaim is moreover a " i> roper 
mum" i. e>) A*/>0 for every admissible variation of the 
curve % in a certain neighborhood of (So, 

lit Is ovon Hufficiontj that (27) and (29) bo satigftad iu a noig'hborhcxKl (p) of o lf 
inscribed In j&^j tho same remark applies later on to (lib'). 

2See QSGOOI>, loc. cit t p. 118; compare, howovnr, balow, the remark on p- 00, 
footnote 1. 
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For a so-called regular problem (compare 7, c)) it is 
therefore sufficient for an extremmn that the arc AB does 
not contain the conjugate to the point A. 

EXAMPLE VII: 1 



g(,r, y) being a function of x and y alone, of class C " in a certain 
region 3K. Here 



Hence every extremal A B which lies in the interior of 3R and which 
does not contain, the conjugate point to A, furnishes a minimum 
provided that /(<r,2/)>Oalong-4f?. For g (x , <y\ being continu- 
ous in a certain neighborhood of AB and positive along AB, will 
also be positive in a certain neighborhood of A B, so that (lib') is 
satisfied. 

This covers the case of Examples I and VI, in which 

g(x,y) = y , and 1 (1) 

respectively ; and also the case of the "brachistochrone" in which 



All three functions are positive along the respective extiemals. 

On account of the extension of Wei erstr ass's theorem 
given in 21, Theorem V may be replaced by the following: 

If the extremal @ can be surrounded by a field and if 
Condition (lib'} is fulfilled^ then @ o,ctual1y minimizes the 
integral J. 

Frequently the existence of some particular field about 
the arc @ is geometrically evident ; in such cases the second 
form of the theorem is more convenient. 

i Geometrical Interpretation (EKDMANN) : Let a straight line move perpendicu 
larly to the oj, |/-plane along the curve y /() from A to B. The area of thac por- 
tion of the cylmdric sxirf ace thus generated which lies between the x , ^-plane and 
the surface . #=# (ic, y} is equal to 



/a 1 ! 

I f/(x, 
*/o 
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EXAMPLE VIII : l To minimize the integral 



the admissible curves being confined to the upper half-plane (;// > 0), 
Here the extremals aie semi-circles having" their eeniers on the 
r-axis. Tf -, : ; r, 

y=z\ (X 00)2 + yd 

ih the particulai somi-ciicle passing through the two giv< k n points, 
the set of concentric circles 



evidently furnishes afield about (So. Moreover* (lib') is fulfilled 
throughout the upper half-plane. Hence the soiui-circlo through 
the two given points actually minimizes the integral J. 

Remark - Though tho above tlieorem IK the <mo which is 
most important for applications, it should be observed that 
it assumes much more than is necessary. Indeed, tho con- 
dition (lib') is by no means necessary, not evon tho milder 
condition ^vXA//,v~)g:0 (ila) 

at evert] point (,r, //) of (S ( , and for every finite y>* 

This is illustrated by Example 111 (see pp. 73, 78, 95). For 
hero /'', (.c , // , i>) = 2 (( Jf> + (J/J + 1 ) 

can take negative as well as positive values at every point (,r , if)^ and 
nevertheless, as we have seen above, a minimum takes place when 
m > or m < 1 . 

e>) Question of necessary AND sufficient conditions. 

From WEIERSTKAKS'S results concerning tlu^ sufficient 
conditions for tho problem in parameter-representation (see 
28), one is led to expect that the conditions 1 * (I), (III'), 

1 Given by Osaooi), loc. Git., pp. 109, 115, whore also a geometrical interpretation 
will bo found. 

2Tho accent IticlicatoB tho omission of tho equality Hf#it in conditions (TT1) and 
(TVa); comparo pp. 6H, 76. (IT) may bo ornittod, aiuco it IH ooutaiuotl iu (IVa')? 
compare 18, equation (6a). 
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(IVa'j are sufficient for a minimum. Leaving aside the 
exceptional case when in one of the inequalities (III), (IVa) 
the equality sign takes place, we should then have reached 
a system of necessary and sufficient conditions. 

The analogy of the problem in parameter-representation 
is, however, misleading in this case. As a matter of fact 
the three conditions (I), (IJJ') ? (IVa f ) are NOT 1 sufficient 
for a minimum 'without some additional assumptions, not 
even if (IVa) l)e replaced by Hie stronger condition 



at every point (x, y) of @ for every finite value of p. 

To prove this statement it suffices to construct a single 
example in which the conditions in question are fulfilled and 
in which, nevertheless, no minimum takes place. Such an 
example is the following : 

EXAMPLE IX: 2 To minimize the integral 



= f 



dx 



a, b being two positive constants, with the initial conditions 

y for x = , and y = for x = 1 . 
Here E Tiler's equation reduces to 

-iTJV^O , 

where F,, = 2a - 2 



The only extremal through the two given points ^L(0, 0) 
and .6(1, 0) is the straight line : 



iThis statement seoms to contradict directly the theorem given in OSGOOB'S 
article, loc. at , p. 118. But it is to be remembered that OSOOOD makes (p. 108) the 
assumption that F y , ,(x, 2/,p)4=0 in a certain neighborhood of <* . This assump- 
tion, together with (fla r ), is equivalent to (Ilb') 

2 See BOLZA, " Some Instructive Examples in the Calculus of Variations," Bulle- 
tin of the American Mathematical Soc^ety (2), Vol. IX, p. 9. 
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The set of extremals through A is Iho pencil of straight 
linos through A\ hence there exists no conjugate point, and 
condition (III') is fulfilled. 
Further 



hence along : 



7^ Mm' conditions (7), (/JT), (7 Fa') </;v> Him fore 
/V</, r?Y^ //ffl stronger condition 



Nerertheless the line @ < loe * no1 w"'wte<" //"' *"f (> " 

r~P_i^"' ') ff r(( l ^ - 

u """""^ __ ir For, if we replace tho line 

A B by the broken lino ^1 1 > />, 
the (X)-ordhiates of P being 
;r A'^-0 and // A*, the 
total variation of J is easily found to bo 




A J = F ^ + + (f + 8M" + (/O , 

where (A) is an infinitesimal 

Now let p > be giyon, as small as .wo please, tlion chooso 

/? |</> and let A approach ^ero, keeping /c fixed. Tlx^n wince* 

?O it follows that A/<0 for all sufficiently small values 

of A, which proves that the line AB docs not minimize tho 

integral /. 

The complete solution of the general problem which wo 
have considered in, these three chapters would require the 
establishment of a system of necessary and mJJMcnt c<mdi~ 
ti<ms. The above example shows that it will bo necessary 
to add a fifth necessary condition before the complete solu- 
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tion of the problem is reached We have therefore to con- 
clude this chapter with the statement of a gap in the theory 
so far as it has been already developed. 1 . 

d) We add a table of the various conditions which have 
occurred in the problem to minimize the integral 



J= f F(x,y,y')dsx> , 

^o 



the end-points being fixed: 

1) The minimizing cur\e @ tf=/o(-r) must satisfy the 
differential equation 



J-.-^O. (I) 

(Eider's equation, p. 22 ; assumptions concerning its general 
solution, p. 54.) 

2 ) FW (as , / (x), fi ()) gO, in (x^) . (II) 

(Legendre's condition, p. 47) 

Fw(x,f Q (x),p)^Q , (Ha) 

in (ffo&i) for every finite p (pp. 76 and 98). 

*WO*y>)SO , (lib) 

J It we modify the problem by the addition of a slope restriction, i. 6., by sub- 
jecting the admissible curves to the further condition that their slope shall not 
exceed a finite fixed quantity, say 

iri^a , 

then the three conditions (I), (III'), (JVa r ) are sufficient for a minimum. 
For the function 

Bi(a?,$(or,y), <f>x(*jy\p) 
is continuous in the domain 



and positive for y = y . 

Since the domain 39^, is cZosetZ, it follows from the theorem on uniform continuity 
that we can take fc so small that 

Ei(a?,$G&,7); ^aj(a;,y),p)>0 
throughout the domain fc , which proves the above statement. 
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for every (,r, ?/) in a certain neighborhood of @ and for evory 
finite ]) (p. 9(>). 

:jj A^r ( ; , (TTT) 

TO being the conjugal e of ,r . (Jacob r$ condition, pp. oS, 
59, 07.) 

4) B(^/ (*),/oV),j5)^0 , (IV) 

in (.*Vi) for every finite /> ( JJW^sVmtfs'.s condition, p. 7(>.) 
E! (.r,/ (,r): /;'(.*),) S<> , (IVa) 

in (x r t ) for every finite /> (p. 7(5). 

The omission of the equality RI#H in ([[)-( FVa) is indi- 
cated by an accent. 

Conditions (I), (IT), (III) are necessary, conditions (1), 
(IF), (III') are sufficient, for a weak minimum. 

Conditions (I), (IT), (III), (TV) are necessary, conditions 
(I), (lib'), (TIT') are sufficient, for a strong minimum. 



We have so far always supposed that the two end- points 

i Throe ossontially difToronl mofchods havo boon, proposed for thodihcusmon of 
problems with vnrmblo (mil-points: 

1. The method of thv Oaten! UK of TVtriMtf/oHw ptopo ; H cousist.M ni cmnputuiK 
5/ mid S*J cither by moans of Taylor'j4 fonnula or by tho itKiihod of dinVnnilia- 
tion with rospoct to , oxplaiiiful in 4, &) and //), and diHCUssmtf tho conditions 
5/=0, 6 2 J&0. Tho method wu.s Ilrsfc uswl by L.voitANaw (171M)) ; MIO Ocj/r)r, Vol, I, 
pp. 338, 345. Ho ^ivoh tho goDoral oxprohsiou for SJ \vli< x u th<^ timl-poiuts tiro vuri 
able, viz;.: 

x \ 
*>< (*' - ,ti *') <fa ^l^ ^ ( V 6 Hi - 

and dorivos tho conditions arising 1 from J - 0, 

Tho Mocond variation for tho onso <xf vanablo ond-poinl.s wan firnt dovolop(w1 by 
EEBMANN (Zeitschnft fttr MathenMttk uwl Vhytik) Vol. XX1U (1H7B) p IUU), Jlo iliuln 



*' 



whftro u is an integral of Jacobi'n dilloroiitial equation. By eonsklorm^MUeh HJWV- 
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of the required curve are fixed. In this section we propose 
to consider the modification of the problem in which one of 
the end-points, say 0, is fixed, whilst the other, 1, is movable 



011 a given curve 



Suppose the curve 



which we suppose to be of class C r and to lie in the inte- 
rior of the region E minimizes the integral J with these 

cial variations for which ByCu , he makes the integral vanish and thus reduces the 
question to the discussion of the sign of the lemaming function of the variations 
5-^, ^y t i ^"'tfji ^y t, These variations are connected by relations which depend 
upon the special nature of the initial conditions For instance, for the initial con- 
ditions considered in the text the expression for 5 2 7 reduces to the expression (36) 
for J"(x multiplied by x\ , 
For the general integral 

J = 



where y^ > y% -. y n are connected by a number of finite or differential relations, 
the second variation in the case of variable end-points was studied by A. MAYER, 
Leipziger JSenchte (1896), p 438, for the Integral in parameter-representation 



J= I F(x,y,x',y')dt 
J t 

by BLISS, Transactions of the Am&'tcan Mathematical Society, Vol. Ill (1902), p. 132 
(compare 30) 

2. The method of Differential Calculus This method is explained in a general 
way in DIENGER'S Grundnss der Vanationsrechnung (1867). It decomposes the 
problem into two problems by first considering variations which leave the end- 
points fixed, and then variations which vary the end-points, the neighboring curves 
considered being themselves extremals. The second part of the problem reduces to 
a problem of the theory of ordinary maxima and minima. This method has been 
used by A. MATER in an earlier paper on the second variation in the case of variable 
end-points for the general type of integrals mentioned above (Leipziger Benchte 
(1884=), p 99) It is superior to the first method not only on account of Its greater 
simplicity and its more elementary character, but because by utilizing the well- 
known sufficient conditions for ordinary maxima and minima it leads, in a certain 
sense, to sufficient conditions if combined with WEIE^STR ASS'S sufficient conditions 
for the case oi fixed end-points. For these reasons I have adopted this method in 
the text 

3. Kneser^s method ' This method, which has been developed by KJSTESER in his 
Lehrbuch, is based upon an extension of certain well-known theorems on geodesies. 
It leads in the simplest way to sufficient conditions, but must be supplemented by 
one of the two preceding methods for an exhaustive treatment of the necessary con- 
ditions. A detailed account of this method will be given in Chapter v. 
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initial conditions. Then we must have A,/"g!0 for every 
curye (S of class D' which begins at the point and ends at 
a point of the curve (S and which lies moreover in a eerlain 

neighborhood 1 311 of (? . 

a,) Among tin 1 totality of these 
admissible curves' 7 we consider in 
the first j>laco those which end at the 
point 1 . For these also the inequality 
FIG, 21 AJ^O must hold, and therefore ail 

the conditions which we have found to be necessary in the 
ease of fixed end-points must be fulfilled in the present 
case. 

The arc (S must therefor^' be (in e,rtreni(tl, I;e(jendre\ 
condition 

*W^ (II) 

tmtxt be satisfied a1on(f @ , and Ihe eonjnt/afe* point <)' to 
must not He between ami 1. 

We suppose in the sequel that tho arc (J in an extremal, 
that tho condition 



is fulfilled at every point (,r, ?/) of a certain neighborhood of 
<S for ovory finite value* of fi and that tho arc (S* do<s not 
contain the conjugate point ()' (Condition III'). 

6) Further necessary conditions are/ obtained by consid- 
ering variations which do vary tho cud-point 1. Various 
methods 2 have been proposed for this purpose. Tho follow- 
ing elementary method reduces tho further discussion to a 
problem of ordinary wmwa and winhiuc 

If the extremal @ minimises the integral J in tho sense 
explained above, then (S must, in particular, f urnish a smaller 

1 Compare 3, h) ; wo may for instance choose for It the Hpoclnl neighborhood (p) 
uso<l in tho problom with fixed ond-pomts (8, <?)), itKiKUWod by a Honii-oirolo of rndlut* 
p with tho point 1 for center. 

2 (Compare footuoto 1, p. 102. 
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value than (or at most the same value as) every extremal 
which can be drawn from the point to the curve (E and 
which lies in a certain neighborhood of @ . 

And since under the above assumptions (lib') and (HI') 
each of these extremals (when its end-points are consid- 
ered ac fixed) minimizes the integral J", it seems 1 self- 
evident that also the converse is true. 

Let then 

y <f>(x,y) (30) 

represent the set of extremals through the point 0, and let 
7 denote again the value of 7 which corresponds to @ . 
From the above assumptions (lib') and (III') it follows that 
this set furnishes for |y %l^fc an (improper) field 2 fc 
about the arc @ if k is taken sufficiently small. 

Hence, if 2 . (x 2 , y^ be any point of the curve S in a 
certain vicinity of the point 1, then there passes one and 
but one extremal 

@ 2 : # = <(#, y a ) 

of the field through the point 2. The parameter 7 2 is a 
single-valued function of x& y% of class C" : 7 2 = ^r(^>, 7/ 2 )- 
If 



is the equation of the given curve, which we suppose to be of 
class C"', then t/ 2 =/(aj 2 ) and 7 2 = ^(x 2 ,f(x). 

Hence the integral J taken along the extremal @ 2 from the 
point to the point 2 is a single-valued function of x^ say 

lit will be seen under e} how far this conclusion is correct. 
2 Corn pare p. 83, footnote 2. In the present case the field jg^ consists of all 
points (ic, j/) iurm&hed by (30), when a;, -y are restricted to the domain 



where Xj is some value greater than ss^\ k is supposed to be taken so small that (lib') 
holds throughout jg>^ and that $y (x , y) 4= throughout the domain 
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And this function J(^) must have a minimum for ,r 2 .TJ. 
Therefore we must have 

j'( Xl ) = Q, .T'MgO . (31) 

o) The derivative of the integral J^} has already boon 
computed 1 in 20, c) (equation (24)). Accordingly 



where pg^^C^s? 7a) * s ^ ie slope of the extremal 63, and 
$ 2 ~/'(.r 2 ) ^ 10 slope of the curve S, at the point 2. 

Hence we obtain the result : 

The co-ordinates a% y of the movable end-point must 
satisfy the condition 2 

^(xn y l9 tfO + (8fi'-tfO *V(*i, VnVi) =0 , (38) 
where ;//j and v/i refer to the extremal @ and to the curve (S 
respectively. 

If this condition is satisfied wo shall say that the curve 6 
is TRANSVEBSE" 1 /o thv extremal a/ the. point L 

Equation (33) together with tho two oquaiions 



determine in general the two constants of inlogratioti a, /? in 
the general solution of B tiler's differential equation, an woll 
as tho abscissa x o tho point 1. 

We suppose in tho sequel that condition (83) in fulfilled. 

</) We noxt proceed to tho computation of J f ' (;n>) . From 
(32) we obtain 

i Wo suppose that tho oo-ordmatoB of tho movable ond-point do not occur 
explicitly in tho function 7^(jr, ?/, //') ; if thoy do occur, another tonn muM. bn added 
to tho expression of J"'(,r 2 ). (/oniparo for thin ctino KNKHWH, Lrhrlmvh, $12, An 
example oF this exceptional caHo IH tho bruchintochrono; coinpuro .LiNDKLdF- 
MOKIKO, Calcul <l8v<trtatiorw, No. 113, and th^ rofortmcon givtui In PAHAI<, Van a* 
Uonsrech'nunff, 31, 

a In accordance with 8, ond, 

s In tko "use of tho word "transvorso" I follow OHOOOD, lw, r/i. t j>, 112, 
KTSTRBKR, who firMt introclucod tho term (Lcftrhuch, ^10), UHOC! it with a ^liwhtly differ- 
ent meaning; he ayfe tho tixtromul t% Is truuriverHo to tho curve * If (3U) ," ' * " ' 
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But 

2/ 2 = /(X) = <t>(xt, y a ) > 

JP 2 == <M^2 , y a ) , p2 
hence 



^ = ca>fc*?3, 72) 
and ~~^ is determined by 



= *, (ar, , y 2 ) + ^v (as. - y) 
Substituting these values for 

dj/ 2 dps d]j 2 

djCz ' flfx 2 ' dj? 2 ' 

and remembering that 011 account of Euler's equation 

F . =,P F , 6 F , >6 

*- y a? * y x y v^rx x ^/'y' Vxx > 

we obtain for ,r a^ the following result. 1 
Let A! and jBj denote the expressions: 

A l = F sc +(^lj l ^y^F y + ^ r F y . + (^-y^F y . v , (35) 

J3i = a//-i/n s *w , 

the arguments of the derivatives of J? being r t , ?/! , T/J ; then 

<36) 



For the further discussion of the inequality J"(x^5zQ, we 
leave aside the exceptional case where y[ = 2/1, ^. <?., w?e siep- 
pose that Hie extremal @ and the curve (5 are not tangent to 
each other at the point I. Then #!><), since we have 
moreover already supposed that F y > y >>Q* 

i Given, in a slightly different form, by BLISS, Mathematische Annalen^ Vol. 
LVIII (1903), <p 77. 
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According to equation (30) of 15, we have in the nota- 
tion of 13 and 14: 



4^ , To = 
and therefore 

rj, flc ) 
- i 



Now let HfiTj, or) denote the function 

Hfo, a-) = A^ (x 1; z) + A > , (37) 



then the expression for J^'^) may be written 

r rff \ " (#1 ? #0) 

J ( *' ) = M^)- 

The function 

A fa , x) = r : (a-O r a (x) r 2 fa) ^ (oc) 

is an integral of Jacobi's differential equation and van- 
ishes for #=#!. The function H(r l5 oc) is likewise an inte- 
gral of Jacobi's differential equation, since it is linearly 
expressible in terms of i\ (x) and r 2 (x) . Since BI > and 

n (,) r/ (ar,) - r 2 (^) r/ (xO 4= (38) 

(see pp. 57, 58), 

H(a ?l , a?l )4:0 . (39) 

Hence if we denote by x{ the root of the equation 
A(a? ls a:)=0 

next smaller than a^ and by oc{' the root next smaller than x l9 
of the equation 

H(a fl ,a!)=0 , 

it follows from Sturm's theorem 1 that 

x{'> oc{ . 
At a;=a? 1 // 5 H(^ 1? a 3 ) changes sign. 

i Compare p. 58, footnote 2. This remark is due to BLXBS, Transactions, etc. 
p. 138. 
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Again from (38) it follows that 

i, x) 
u; 



and therefore 





when x(' < x < o?i , 
when x = cr" , 
when x[ <sc < x" . 

For reasons which will appear later on (under /), the 
point of the extremal @ whose abscissa is x[ r is called, accord- 
ing to KNESEB, J the "/ocaZ point" of the curve on the 
extremal @ - 

We have therefore reached the theorem: For a minimum 
it is necessary that the focal point of the curve & on the 
extremal @ shall not he between the points and 1. 

e) It remains to consider the question of the sufficiency 
of these conditions. 

If in addition to (lib') and (33) the condition 

*i"<a- (41) 

is satisfied, then 

J'(x 1 ) = Q , J"(x l )>Q , 

and therefore the function J(x<^ has a minimum for x^ = Xi. 
Let now S be any curve of class D' which begins at the 
point and ends at some point 2 of S, and which lies more- 
over in the improper field j$ fc about @ defined under 6). 
Let @ 2 be the extremal of the field from the point to the 
point 2 (see Fig. 21), then we have 



iThe discovery of the focal point ("Brennpunkfc") is due to KNESER, see Lehr- 
buch, 24. For the special case of the straight line, the focal point occurs already in 
ERDMA.NN'S paper referred to above. BLISS uses "critical point ' ' for " Brennpunkt." 
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On the other hand, since we have supposed k so small that 
<l>y(x, 7)4=0 for 

x < x 5s X l , | y * 

the region & fc is at the same time an (improper) field 1 about 
the extremal @ 2 and therefore since (lib') holds throughout & k9 

J*i<Jl , 
according to 22, 6). Hence 

J* Q <J* 

The extremal @ furnishes therefore a smaller value for the 
integral J than any other curve of class D' which can be 
drawn in the region S? k from the point to the curve 6, and 
in this sense the extremal @ minimizes 2 the integral J if the 
conditions (/!&'), (33) and (41} are fill filed. 

EXAMPLE Via: To draw the curve of shortest length from a 
given point to a given curve. 

Here: j? = yT+ y' 2 ; 

hence we obtain for the condition of transversality 

?". P., the minimizing' straight line must be normal to the curve ( at 
the point 1. 

Further we get easily 



therefore ^ _ 

X l Xi 



^77 
VI 



iln the discussion concerning the construction of a field about % xn 19, we have 
for simplicity restricted y to an interval (y k , y + &) whose middle point is y = y^ 
We might just as well have taken an in tervalot the more general torm (y -k 1 , v 4-^2). 
In the present case the term field must be understood in this slightly more general 
sense. 

2 It should, however, be observed that the region fir A does not, strictly speaking, 
constitute a neighborhood (see 3, 6)) of the arc P since its width approaches zero 
as x approaches the value ar . The proof that (^ minimizes the integral J is there- 
fore not quite complete. KNESEB'S sufficiency proof, which will be given in chap v 
for the problem in parameter-representation, is not open to this objection. 
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Hence it follows that the center of curvature 1" of the curve (5 
at the point 1 must not lie between the point and the jwint 1. 
Conversely : If this condition is fulfilled and if moreover 1 ' ' does 
not coincide with the point ? then the straight line 01 actually 
furnishes a minimum. 

Entirely analogous results are obtained in the case when 
the point 1 is fixed and the point movable on a given curve. 
The condition of transversality mnst be satisfied at the point 
0. Again, if JL , BQ naye the same meaning for the point 
as the constants A i7 B for the point 1, and if XQ' denotes 
the root next 1 greater than X Q of the equation 



H (* , x) = AA (*o, x) + = , (42) 



then XQ must not be less than 0*1. 

/) Geometrical interpretation of the focal point Let us 
consider the problem to construct through a point 2 of the 
cnrve S in the vicinity of the point 1 an extremal which 
shall be cut transversely at the point 2 by the curve 5. Let 



be the required extremal. Then we have for the determina- 
tion of a and ft the two equations 

M == /(JP S , a , ) - f(xs) = , 



xz, T/ 2J cfc>a q* u <(z 29 ?/ 2 , $ 2 ) = , 
where 

7/ 2 = f(x 2 ) , p 2 = f r (x 2 ) , q z = f x (jc z , a, ft) . 

The two equations (43) are satisfied for x% = x l , a = a , ft = yQ , 
since S is transverse to ( at the point 1 ; the left-hand sides 
of the two equations (43) are functions of ocv) a, /3 of class 
C' in the vicinity of ^2 = ^1, a = a Q , /3 = /3 and their 
Jacobian with respect to a and B is different from zero for 
x 2 = a?!, a = a , /3 =^ 0j if y{ yi^Q as we have supposed ; 
for it reduces to 

& ~ yi ) F v . v > (ri (a?i) ri (x{) ~ r 2 fa) r{ (x,)) . 
i Compare the Addenda at the end of the book. 



112 CALCULUS OF VARIATIONS [Chap. in 

Hence the equations (43) admit, according to the theorem 
on implicit functions, 1 a unique solution : 

a = a(Xz) , = (jr a ) , 

which is of class C' in the vicinity of o% 2 ~<*i an< i satisfies 
the initial conditions 

a(ar 1 ) = a , 0(tfi)=A - 
If we denote 

f(x, a(* a ), (a*))=0(a?,a*) 

the required extremal is therefore 

y = 0(aj,<r 2 ) > (44) 

and if we consider ^ 2 as a variable parameter, this equation 
represents a set of extremals each of which is cut transversely 
"by the curve <f ; the extremal @ is itself contained in the 
set and corresponds to # 2 = a.' 1 . 

The envelope % of the set (44) is defined by the two 

equations 

y^=g(x } X 2 ) , g xz (x, Ja) = , 

and the abscissae of the points at which the extremal (^ 
meets this envelope are the roots of the equation 

x 2 =x 1 

=0 . 
To obtain this equation we compute the derivatives 



from the two equations d3f/cfe 2 0, dN'/dx^ = Q 9 substitute 
their values in the equation 

, % * d* , * d P A 

^(^^^A +f ft -0, 

and finally put C 2 = & 15 a = a , /3 = /3 Q . 

Carrying out this process, we are led to the three equa- 
tions 

i Compare footnote 2, p. 33 
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r, (x) o! (x,) + r 2 (x) $' (x,) = , 
t\ (x,) a (x,) + r 2 (x,) ' (x,) = ft - /// , 
(yi - J/i' ) ^ v -[r{ (x,) a f (x, ) + ri (x,} /3 f (x,)] = - ^ , 

from which, by eliminating a'(^i), y8'(*'i), we obtain the result 

Hfo, j) = , /. ?, 

The focal point 1 is the point at which the extremal @ meets 
for the first time counting from the point 1 toward the 
point the envelope of the set of extremals which are cut 
transversely by the curve S. 

EXAMPLE Via : The set (4A) consists of the normals to the 
curve S ; the envelope $ is the evolute of the curve 5 

g) Case of two movable end-points. We add a few 
remarks concerning the case when the point is movable 
on a curve @ and at the same time the point 1 movable on 
a curve S x . 

The consideration of special variations leads at once to 
the result that the minimizing curve must be an extremal, 
that the condition of transversality must hold at both end- 
points, and that the inequalities 

nr yi ' ? y zrr i,, f ' 

"*-0 >*! J "*I -=C "*-(.) 

must be satisfied. 

But still another condition must be added : If jc{" denotes 
the root next greater than x of the equation 

H(as 1 ,*) = , 
then the following inequality must be satisfied. 2 

iThis geometrical Interpretation of the focal point is due to KICESER; see Lehi- 
bu<h,%2&. 

2 This result is due to BLISS; see Mathematuche Annalen> Vol. LVIII (1903), p. 
70. He also proves that for a regular problem the condition ar 1 <arj"<a:y', together 
with the two transversality conditions and the condition that the minimizing curve ib 
an extremal, are sufficient for a minimum His proof is based upon Kneser's theory 
of the problem with one variable end-point. 

For the example of the curve of shortest length between two given curves, the 
inequality (45) had already been given by ERDMANN (loc, cit,}. Another important 
example with both end-points variable (the special isoperimetric problem) has been 
completely discussed by KNESER (Mathematische Annalen, Vol. LVI (1902), p. 169). 
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r <* y frr ^ if-" (AR\ 

*! <*. *1 < ^0 V^^V 

The problems on variable end-points which we have dis- 
cussed in this section are special cases of the problem: To 
minimize the integral J when the co-ordinates of the two 
end-points are connected by a number of relations : l 

The " method of differential calculus" used in this section 
can be applied also to this case. 

The number of independent relations cannot exceed four ; 
if it is exactly equal to four, we have the case of fixed end- 
points. If both end-points are perfectly unrestricted, the 
vanishing 1 of the first variation leads to the four conditions 



:0 



F 



= 



which are in general incompatible. 



i Compare KNESER, Lehrbuch, 10. 



CHAPTER IV 

WEIERSTBASS'S THEORY OP THE PROBLEM IN 
PARAMETER-REPRESENTATION 1 

24. FORMULATION OP THE PROBLEM 

IN the previous chapters we have confined ourselves to 
curves which are representable in the form y^=f(x)^ a 
restriction of a very artificial character in all truly geomet- 
rical problems. We are now going to remove this restriction 
by assuming henceforth all curves expressed in parameter- 
representation. 

ci) (Generalities concerning curves in parameter-repre- 
sentation? 

A "continuous curve" ( is defined by a system of two 
equations 

#0^*^*1, (1) 



and ^ being functions of tf, defined and continuous in 
As t increases from / to / 1? the curve is described in 



1 The treatment of the problems of the Calculus of Variations in parameter-repre- 
sentation is entirely due to WEIEKSTKASS ; he used it in his lectures at least as early 
as 1872. In order to avoid repetitions, we shall discuss ia detail only those points in 
which the new treatment differs essentially from the old one. For the rest, we shall 
confine ourselves to an account of the results. 

As regards the relative 'merits of the two methods, one is inclined to consider the 
older method in which x is taken for the independent variable as antiquated and 
imperfect when compared with Weierstrass's method ; unjustly, however, for the 
two methods deal with two clearly distinct problems, and which of the two deserves 
the preference, depends upon the nature of the special problem under consideration. 

Grene rally speaking one may say that in all truly geometrical problems the method 
of parameter-representation is not only preferable, but is the only one which fur- 
nishes a complete solution. On the other hand, the older method has to be applied 
whenever a function of minimizing properties is to be determined (for instance, 
Dmchlefs problem). 

For examples illustrating the relation between the two methods, see BCXLZA, 
Bulletin of the American Mathematical Society (2), Vol IX (1903), p. 6. 

2 Compare J. I, Nos. 96-113. 
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a certain sense, called the "positive sense," from its origin, 
say 0, to its end-point, say 1. 

If we make the "parameter-transformation" . 

* = *(') . (2) 

where %(r) is a continuous function of r which constantly 
increases from t Q to f^ as r increases from T O to r l5 the equa- 
tions (1) are changed into 

* = *(x(*)) = *W > y = *(x (*)) = *(*) (la) 

Vice versa i the equations (la) are again transformed into 
(1) by the inverse transformation 

r = *-'(*). (2a) 

We agree to consider the two curves defined by (1) and 
(la) as identical, and conversely two curves will be consid- 
ered as identical only 1 when their equations can be trans- 
formed into each other by a parameter-transformation of the 
above properties. 

The curve & will be said to be of class <7'(C") if the 

parameter t can be so selected that <(/) and ^(/) have con~ 

tinuous first (and second) derivatives in (/o/i) ? and if more- 

over <' and ty' do not vanish simultaneously in (/Q/J) so that 

*' a + **=*=0 in (<&) . (3) 

A curve of class C r has at every point a continuously 
turning tangent; the amplitude of its positive direction 
is given by the equations 

cos _ jft' .. sin <9 =: 



Every curve of class C' is rectifiable, 2 and the length .9 of 
the arc tot is expressible by the definite integral 

1 According to this agreement, a curve (more exactly " path-curve," K, H. MOORE) 
is not simply the totality of points defined by (1) but the totality of those points 
taken zn the order defined by (jf). 

2 Compare J. I, Nos. 105-111. 
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s = 



By an "ordinary curve'* will be understood a continuous 
curve which is either of class C' or else made up of a finite 
number of arcs of class C'. A. point where two different arcs 
meet will be called a "corner" if the direction of the positive 
tangent undergoes a discontinuity at that point. A curve 
will be said to be regular at a point t = t f , if for sufficiently 
small values of \t t'\ 9 x and y are expansible into con- 
vergent power- series : 



and if moreover n 1 and b are not both zero. 

b) Integrals taken along a curve; conditions for their 
invariance under a parameter-transformation. 

Let F(x, y, %', y') be a function of four independent 
variables which is of class C' rt in a domain Sf which consists 
of all points x, y, x', y' for which a) x, y lies in a certain 
region H of the #, ?/-plane, 6) x\ y r are not both zero. 

We suppose that the curve ( defined by (1) lies entirely 
in H, and select two points 2 and 3 (^<4) on ^- Then we 
consider the definite integral 

J= C * F(x,y,x',y')dt , 



in which x, y, x\ y' are replaced by <f>(t) 9 ty(fy, 4>'(t), ^'(0 
respectively, and ask: Under what conditions will the value 
of the integral J depend only on the arc 23 and not on the 
choice of the parameter t f 

The simplest example of an integral which is independent 
of the choice o the parameter is the length of the arc 23, 
which is always expressed by the definite integral 



/ 

A* 
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no matter what quantity has been selected for the independ- 
ent variable /, provided that 2 <4j so ^ na ^ if we P ass from 
the parameter t to another parameter r by any admissible 
transformation (2), we must have 




Returning now to the general case, our question may be 
formulated explicitly as follows : 
Under what conditions is 



with the understanding that this relation is to hold : 

a) For every transformation /%(T) of the properties 
indicated above ; 

ff) For all positions of the two points 2 and 3 on the 
curve (5 ; 

7) For all possible curves 6 of class (7', lying in JR ? 

On account of /3) we may differentiate (6) with respect to 
T S ; writing for brevity t, r instead of jf s , r 3 , we obtain 

Wa- u W\**- 
* \ ' y > dt ' dt) dr " 

or since 



dr c?^ dr ' dr ~~ dt dr 



\ 

) * 



) dt ' dt dr" V ' } dt dr' dt dr 

On account of a) this must hold for the special trans- 
formation 



k being a positive constant. Hence 
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But by properly choosing the curve (1) (see assumption 7)) 
and the parameter t, we can give the four quantities 

dx dij 

*' y '~dt>& 

any arbitrary system of values in the domain 3F, and there- 
fore the relation 



F(x, y, kx f , ky f ) ~kF(x, y, x 1 ', y') (8) 

must hold identically for all values of the independent 
variables x, y, x r , y' in and for all positive values of 7r, or 
as we shall say: F(x, y^ x r , y'} must be "positively homo- 
geneous" and of dimension one iDith respect to x', y' . 

Vice versa, if this condition is satisfied, (7) holds since 
we suppose 



and therefore also (6) , as follows by integrating (7) between 
the limits r 2 and r s . This shows that the Jiomogeneity con- 
dition (S) is necessary and sufficient for the invariance of 
the integral J. 1 

We shall in the sequel always suppose that the function 
F satisfies the homogeneity condition (8), and we shall 
denote the value of the integral 

P(4>(ft,*(t\*'(t\*'(t))dt 



indifferently by J" s or J" 01 , and call it the integral of the 
function F(x, y, x r , y f ) taken along the curve 6. 

If we wish to reverse 2 the direction of integration we 
must first introduce a new parameter which increases as the 

1 WEIEESTBASS, Lectures; also KNESEB, Lehrbuch, 3. 

This lemma has been extended to the case where F contains higher derivatives 
of x and y by ZEBMELO, Dissertation^ pp. 2-23; to the case of double integrals by 
KOBE, Acta Math&matica, Vol. XVI (1892), p. 67. 

2 Compare KNESER, LehrbwJi, p. 9. 
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curve is described from the point 1 to the point 0, for 
instance : it = f. The equations 

where it Q = / ly u^= /o? represent the same totality of 
points as (1), but the sense is reversed. 

The integral of F(x, y, ,/, y'} taken along G^ 1 has the 
value 

e/ W = P- 
? 'o 

=r^ 



If the relation (8) holds also for negative values of A , as 
happens, for instance, when F is a rational function of #'', ?/', 
then 

JF(.r, 2/ ? a-', y')~'F(<r,y, <*'' , y') 9 

and therefore J" 10 :::r " JQI . 

But the relation (8) need not hold for negative values of 
k ; thus in the example of the length we have for negative 
values of 7v 

F(x, y, kx', by') = kF(x, y, x f , y') ; 

hence in this case J 1 Q = J Q1 . 

In other cases the relation is more complicated, for instance, 

F = xy' - 'Jt''y + X ]/" 



From the homogeneity condition (8) follow a number of 
important relations between the partial derivative of F. 

Differentiating (8) with respect to 7c and then putting 
& ~ 1 ? we get 

x'F a +v'F v . = F . (9) 

Differentiating this relation with respect to x and t/, we obtain 

v,, (10) 
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Differentiating (9) with respect to x r and y r we get 

x'Fw + y'F y , x . = , x'Fw + y'F y , y . = ; 
hence if x' and y' are not both zero, 

F 9 , x . : F a . y , : F y , y , = y f * ' - a?y : x'* ; (11) 

there exists therefore a function J\ of x, y, x', ij r such that 
FM = y "^ , 1P V = - x y JET, , JV*' = x' 2 ^ . (lla) 
The function J?\ thus defined is of class G f in the domain 
3f, even when one of the two variables J 1 ', \j is zero; but 
FI becomes in general infinite when x' and y' vanish simul- 
taneously, even if F itself should remain finite and continu- 
ous for x r = Q, 7/' = 0. 
For instance : 





c) Definition of a Minimum: 1 Two points J.(<r , ^/ ) and 
B(XI, 2/1) being given in the region S, we consider the totality 
Hi of all ordinary 2 curves which can be drawn in H from A 
to B. Then a curve S of 4W is said to minimize the integral 



e7= I F(oc,y,x r ,y')dt , 

c/JTy 

if there exists a neighborhood 11 of S such that 

ySc/ (12) 

for every ordinary curve 6 which can be drawn in 31 from. 
A to B. 

We may, without loss of generality, choose for II the 
strip s of the x, y -plane swept over by a circle of constant 
radius p whose center moves along the curve (S from A to B. 
This strip will be called "the neighborhood (p] of S." 

1 Compare 3. The definition is due to WEJERSTRASS, Lectures, 1879; compare 
also ZERMELO, Dissertation, pp. 25-29, and KNESEE T Lehrbuch, 17. 

2 An extension of the problem to a still more general class of curves will be con- 
sidered in 31 

3 In case different portions of the strip should overlap, the plane has to be 
imagined as multiply covered in the manner of a Riemann- surface ( WEIEESTRASS). 
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25. THE FIBST VARIATION 

We suppose that we have found an ordinary curve 
S: or = <(*), V = t(t) , *o^*^*i , 

contained in the interior of $J, which minimizes the inte- 
gral J. We replace the curve 6 by a neighboring curve 



where and rj are arbitrary functions of t of class /)', which 
vanish at / and t : 

*0t ) = 0, 7 (A,)=0; *(*!) = (), 7 fe) = 0. (13) 
The consideration of special variations of the form 

I = cp , T; = eg , (14) 

where e is a constant, and jp and {7 are functions of t of class 
D', which are independent of and vanish at # and i l9 leads 
as in 4 to the result 1 that 

A j= 8j+e(e) , (15) 

where (e) is an infinitesimal and 

F x .i'+ff y .^')dt , (15a) 

whence we infer again that Bj must vanish for all admis 
sible functions f , ??. 

Considering first special variations for which rj ~ , and 
secondly special variations for which J ~ , we see that we 
must have separately 



FJ + F x , f ) ^ = , o (JP^ + F v , V) ^ = . (16) 

iThe same results hold for variations of the more general type 
$$(*,) , ^iK*,) f 

where the functions f(#, e),i?(^, ), their first partial derivatives and the cross- 
derivatives g t , vi te are continuous in the domain t^t^t^ \ e \ ^ e , <? being a suffi- 
ciently small positive quantity. Moreover 

|( ,e)==0, i?(*o,)sO, 

^<l 7 e)sO, ii^, e)=0. 
Compare 4, d). 
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To these two equations the methods of 4-9 can be 
applied with the following results : 

a) We ier sir ass^s form of Eiders equation- The func- 
tions x and y must satisfy the two differential equations 



these two differential equations are however not independ- 
ent ; for, if we carry out the differentiation with respect to / 
and make use of the relations (10) and (lla) we obtain 

F. - 1 ^ = y'T , F, - 1*V = - *' T ( 18 ) 

where T = p ^ __ F ^ + ^ (a?y , _ ^ y) ^ (19) 

a?", y" denoting the second derivatives of x and y with 
respect to /. Since x r and y' do not vanish simultaneously 
(see 24, a)), the two differential equations (17) are equiva- 
lent to the one differential equation 

T = F xy .-F vx . + F l (x'v"-x"y') = Q . (I) 

This is WEIERSTRASS'S form of EULER'S differential equa- 
tion. 1 Every curve satisfying (I) will again be called an 
extremal. 

The same result can also be derived from a transforma- 
tion 1 of &J" which will be useful in the sequel. 

If we perform in the expression (15a) for J the well- 
known integration by parts, and make use of (18), we obtain 

3 J = \%F X , + T) jFV~f+ P Tw dt , (15b) 

L J f u /#o 

where w = y f ^ x'r). 

i WEIEESTEASS, Lectuies; compare ZEEMBLO, Dissertation, p. S7. 
If we introduce the curvature 

1 _ x'y 'x"y r 

~'~<ytt?r 

the differential equation may also be written 
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The differential equation (I) together with the initial 
conditions determines the minimizing curve, but not the 
functions x and y of f. In order to determine the latter, 
we must add a second equation or differential equation 
between t, x, y. This additional relation (which is equiva- 
lent to some definite choice of the parameter /) must be 
such that x and y come out as single-valued functions of 
/ of class D' satisfying (3) ; otherwise it is arbitrary. The 
best selection depends largely upon the nature of the par- 
ticular example under consideration (see the examples in 26). 

If we add to (I) a finite relation between t, x, y we 
obtain as the general solution a pair of functions of t con- 
taining two constants of integration . 

x=f(t,*,fi) , y = g(t,*,P) . (20) 

The constants a, /3 together with the unknown values / 
and 4 have to be determined from the condition that the 
curve must pass through the two given points : 



6) Extremal through a given point in a given direction: 
In order to construct an extremal through a given point 
O(a, 6) of U in a given direction of amplitude 7, we select 
the arc of the curve measured from the given point for the 
parameter t and have then to solve the simultaneous system 

T = , x' 2 + t/' 2 =l (22) 

with the initial conditions 

x = a , y = b , a/ cosy , ?/'=smy 

for f = 0. Differentiating the second differential equation 
we obtain the new system 

^(y V- x'y") - F^-ff^ , 
/ 
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Solving with respect to #", y" we obtain x", y" expressed 
as functions of ,r, y, x' : y r which are of class G' in the 
vicinity of x = a, y = b, a?' = cos<y, y' = sin<y provided that 

JF\(a, b, cos y, sin y) =j= . 
Hence 1 there exists a unique solution 



of the system (22a) satisfying the initial conditions and of 
class C f in the vicinity of if 0. 

This solution satisfies also the original system (22). For, 
by integrating the second equation of (22a) we get : 
x f2 + y 2 = const., and the value of this constant is found to 
be 1 from the particular value f=0. Thus we reach the 
result: 2 

If J7\(a, b, cosy, sm y) =(= 

one and but one extremal of class C" can be drawn through 
the point (a, 6) in the direction 7. 

Hence, if (23) is satisfied for every value of 7, a 
unique extremal of class C' can be drawn from in every 
direction. 

If (23) is satisfied at every point (a, b) of the region E 
for every value of 7, the problem will be called a regular 
problem (compare 7, c)). 

c) "Discontinuous solutions:" As in 9, a) we infer by 
the method of partial variation that every " discontinuous 
solution" 3 must be made up of a finite number of arcs of 
extremals of class C'. 

Furthermore, the method of 9, 6) applied to the two 
equations (16) leads to the result : 4 

i According to CAXJCHY'S existence-theorem , compare p. 28, footnote 4, 
2See KNESER, Lehrbuch, 27, 29. 

3J. e , a solution which has a finite number of corners, compare 24, a). 
4WEIBESTRASS, Lectures; compare also KNESBE, Lehrbuch, 43. 
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At a corner t = f 2 of the minimizing curve, the two con- 
ditions 



f 2 ~0 



f 2 +o 



e satisfied, L e., the two functions F# and F y . must 
remain continuous even at the corners. 

We add here the following corollary, though its proof 
can be given only later (28) : 

At a corner (or 2 2fe) of the minimizing curve, the function 

J?i(#2, Vz* cos sin 0) 
must vanish for some value of- the angle 0. 

Hence it follows : // at every point (>, y) of the region $ 

f\(x, y, cos <9, sin 0) = 

for e^ert/ i;aZwe of &, no "discontinuous solutions" are pos- 
sible. 

26. EXAMPLES 

In applications it is frequently convenient to use one of the two 
equations (17) instead of (I), especially when F does not contain x 
or y, in which case one of the two equations (17) yields at once a 
first integral. It must, however, be borne in mind that each of 
these two equations contains a foreign solution 1 (y = const, and 
a* = const, respectively), and that only their combination is equiva- 
lent to (I). 

a) Example X: To determine for a heavy particle the curve 
of quickest descent in a vertical plane between two given, points 
(" Brachistochrone " 2 ). 

iThis happens, for instance, in Example I: 



where a first integral is obtained from (17) : 



when , =s , y = is such, a foreign solution. 

2 Compare LiNDELOF-Moicwo, Zoc. t, No. 112; PASCAL, toe. c&., 31; 
Lehrbuch, p. 37. 
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If we take the positive 7/-axis vertically downward and denote 
by g the constant of gravity, by v the initial velocity, which we 
suppose different from zero, we have to minimize the integral 



where 

k-* 

k ~2g- 

The curves are restricted to the region 
%.: y - IJ Q + k > . 

Since F X = Q, we obtain the first integral 

x' 



The theorem on discontinuous solutions shows that the constant a 
must have the same value all along the cioxve. 

If a = 0, we obtain x = const., which is the solution of the prob- 
lem when the two given points A and J3 lie in the same vertical line. 

If a =|=0, we choose for the parameter t the amplitude of the 
positive tangent to the curve ; then we have the additional relation 

x r 

= COS t j 



which reduces (25) to 

y 2/ + k = r (1 + cos 
where 

1 

T = W' 
Hence 

y'= 2r sin 2t , 
and 

# ' = 4r 



If we finally make the substitution 

2t = r - TT , 
we get the result 

x XQ+ h = r (r sin T) , 



(26) 

y y + k = r (1 cos r) , 
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h being the second constant of integration, The extremals are 
therefore cycloids 1 generated by a circle of radius r rolling upon 
the horizontal line yyu+k = Q. 

Among this double infinitude of cycloids there exists 2 one and 
but one which passes through the two given points A and B and 
has no cusp between A and B, provided only that the co-ordinates 
of the two given points satisfy the inequalities 



b) Example XX: To determine the curve of shortest length 
ivhich can be drawn on a given surface between two given 
points. 

If the rectangular co-ordinates or, y, z of a point of the surface 
are given as functions of two parameters u , v and the curves on 
the surface are expressed in parameter-representation 

(27) 



the problem is to minimize the integral 



where 

E = So* , F = 2x u x v , *6? = S4 , 

the summation sign referring to a cyclic permutation of #, #, #. 

The curves must be restricted to such a portion of the surface 
that the correspondence between > and its image H in the u , -y-plane 
is a one-to-one correspondence. We further suppose that J2?, F, G 
are of class <?" in U and that is free from singular points, i. e., 



a) If we use Weierstrass's form (I) of Hauler's equation, and 
denote by $(F) the differential expression 

iThis result is due to JOHANN BERNOULLI (1696) , see OSTWALD'S Klassiker, etc., 
No. 46, p. 3. 

2See HBPFTBB, **2um Problem der Brachlstochrone," Zeitsclinft fiir Mathe- 
matilc und Physik, Vol. XXXIV (1889), p. 313; BOLZA, "The Determination of the 
Constants in the Problem of the Brachistochrone,' 1 Bulletin of 1he Amencan 
Mathematical Society (2), "Vol. X (1904), p. 185; and E. H MOOEE, "On Doubly Infinite 
Systems of Directly Similar Convex Arches with Common Base Line," Bulletin of 
the Ameitcan Mathematical Society (2), Vol. X (1904), p. 337. 
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we obtain easily 

(28) 



+g 

where 



r = (EG - J?*)(wV- u"v f ) 

+ (JE7u'+jPV) \(F U -E V ) u'* + Gu'v'+%G v v'*~] (29) 

- (Fu'+ Qv') [i-^X 2 + 2ff V + (** - i (? M ) r' 2 ] . 
The extremals satisfy, therefore, the differential equation 1 

r = . (29a) 

This differential equation admits of a simple geometrical interpre- 
tation : 

The geodesic curvature of the curve (27) at the point t is given 
by the expression 2 

1. P 



_ _ 
P ff v'EG-F* (I'E u'^ZFu V+ G f' a ) * * 

Hence the curve of shortest length has the characteristic property 
that its geodesic curvature is constantly zero, i. e., it is a geodesic. 
In passing we notice the relation 



which will be useful in the sequel. 

0) If instead of (I) we use the two differential equations (17) 
and, moreover, select the arc s for the parameter t , we obtain for 
the extremals the two differential equations : a 
d f^du , -dv\ /du\* t ^^ du dv . fdv\* 



(31) 

^ / J*.. >J-.\ /JT-A2 J._ J_. / -T v 2 ^ ' 



iThat (29a) is the differential equation of the geodesies might be taken directly 
from the treatises on differential geometry: K*TOBi,AtrCH, Fl&chentTieorie, p. 140; 
BIANCBT-LTTKAT,, Differ entialgeometne, p. 154; BARBOUX, TMorie des Surfaces^ Vol. 
n, p. 403. 

2 See LAURENT, TraitG d? Analyse, Vol. VII, p. 132. 

For an elementary proof see BOLZA, " Concerning the Isoperimetric Problem on 
a Given Surface," Decennial Publications of the University of Chicago, Vol. IX, p 13. 

* Compare KNOBLAUCH, Zoc- cit., p. 142; BIANCHI, loc. ctt. t p. 153; BAKBOUX, loc. 
cit., p. 405* 
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They have likewise a simple geometrical meaning : From the 
definition of J67, F, G- it follows that 

die ^NTA dx 



civ *sr^ dx 



Differentiating with respect to s we obtain 

d du <^\ _ 
+ """ 



hence on account of (31) 
and similarly 
Therefore 



The geometrical meaning of this proportion is that at every point 
of the curve the principal normal coincides with the normal to 
the surface, which is another characteristic property of the geodesic 
lines. 

27. THE SECOND VAEIATION 

Let 

a? = *,oo, &=/* , ,_,--, /oox 

t^t^tt , (33) 



represent an estremal of class C" passing through the two 
given points A and JB ? derivecj from the general solution (20) 
by giving the constants the particular values a = a 07 jS j3 . 
We suppose that the functions /(, a, /3) and gr(/ 5 a, /3), 
their first partial derivatives and the following higher deriva- 
tives, 

ftty fta.i ftfl> ftta) fttft j dtt) @ta.> 9tp> 9tta9 Ottftl 
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are continuous 111 a domain 

T^t^2\ , ja-ool^d , !i&-&!^rf . 
where T Q <t^ 2i>f l9 and rf is a sufficiently small positive 
quantity. 

Then we infer, as in 11, that in case of a minimum the 
second variation of J must be positive or zero. The second 
variation is defined by the integral 



where 

&F = F xx e + 2F XIJ fy + F y rf + &,&' + 2F W m ' 

,e+2F x , y ,^ 1 f +F yy ^ , (34) 



the arguments of the partial derivatives of F being 

or =/(*), y=--g(t), *'=f(t), v' = g'(t) . 
a) WEIEESTBASS'S Transformation of the second varia- 
tion .- 1 This transformation proceeds by the following steps : 
1. Express F^, F xY , F yy > in terms of F l by means of 
(lla) and introduce the abbreviations 
w = y'i x f vi , 
L = F xx . - y'y"F lt , N = F w . - x'x^F, , (35) 

M = F av . + x'y"F l = F 1l ,. + y'x"Fi ; 

the two expressions for If are equal since x and # satisfy 
the differential equation (I). 
We thus obtain 



2M (^' 

+2(F xy + 
2. Observe that 



i WBIEESTBASS, Lectures^ at least as early as 1872. 
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and introduce the abbreviation & 
r 77T ,,'M'tfi 

A ==-Pjrj- i ^ l ""~ 



(36) 



Then the above expression f eft S 2 j? "becomes 






3. The three functions I/|, HI, N$ have the important 
property of being propoxtioMl 1o 7/ /2 , *'#'? ^' 2 - 

Proof: From the defitnitioft *c^l i, 2LT, N and the relations 
(10) follows 



Differentiating the first of th$ &% relations we get 
dL , . dM , 



But 

ias" 

and from (I) it follows that 

JW-- J.= F 3 C*V' 

Substituting these values we o^biain 
similarly 

whence we infer that indeed. 

A :Jri:JV-| = lf^ -'': as" . 
There exists therefore a fimc&Ott P z of t such that 

A = 2/' 2 -P T 3 , Jf a = -^'^ , N, = x'*Fi. (37) 
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Tliis reduces the expression for &J to the final form. 



(38) 

If, as we suppose for the present, the two end-points are 
fixed, then and 77 vanish at f and ^ and the expression for 
S 2 J" reduces to 



This definite integral must then be ^ , for all functions w 
of class D' which vanish at both end-points. 

From the assumptions made at the beginning of this 
section with respect to the functions f(t 9 a,fs) 9 g(t,a,,&) 
together with our assumptions concerning the function 
.F(see 24, 6)), it follows that F and F% are of class C' in 
the interval (T Q T^ ; we suppose that they are not both 
identically zero. 

6) WEIEBSTKASS'S form of LEGENDKE'S and JACOBI'S 
conditions : The second variation being now exactly of the 
same form as in the previous problem (11), we can directly 
apply the results of Chapter II. 

Accordingly we infer in the first place, as in 11 : 

The second necessary condition for a minimum (maximum) 
is that ^_ ( ^^ 0) (n) 

along the ciirve @ - 

We suppose in the sequel that this condition is satisfied 
in the slightly stronger form 

F l > , along @ u . (II') 

Again, Jacobi's differential equation (equation (9) of 
11) becomes 
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Jacobus theorem concerning the integration of this dif- 
ferential equation takes now a slightly different form. If 
we substitute in the differential equation 



for x and ?/ the general solution 

x=f(t,*,p) , y = g(t,*,fl 
and differentiate with respect to a we get 

/,. + -P 7 , ,-ff J = . 

In this equation we express the second partial derivatives of 
F in terms of L, JI, N, F l9 F 2 by means of (lla), (35), (36), 
(37) and obtain, after some simple reductions, 

4*>- f (*')] => 

where 

v^gtfv ftg* - 

If we operate in the same manner upon the differential 
equation ^ 

jy a jyr _ A 

*-&* ~ ' 

we obtain 



Therefore, since f t and g t are not both zero, we find that 

*-!('.)= 

An analogous result is reached if we differentiate with 
respect to ft. Finally, giving a, /3 the particular values 
a o> /^o> we obtain Weierstrass's modification of Jacobi's 
theorem : 
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The differential equation 

M S *.-(*g)=o 

has the two particular integrals 

f t (f)g(t) , 

ft(t)ge(t) , ( ' ) 

which are in general linearly independent. 

Reasoning now as in 14 and 1G we obtain the result: 
Let 

(t, M = 



then JACOBI'S condition takes the following form: 1 

The third necessary condition for an extremiim is that 

(*,* )4=0 for t <t<t 1 . (Ill) 

If we denote by /<J the zero next greater than / of the equa- 

tion 

<8>(f,f )=0 , 

Condition (III) may also be written: 



' is the parameter of the ''conjugate point" to the point A. 

EXAMPLE X 2 (see p. 126). 

We suppose that the two end-points A and B lie bet ween the 
two consecutive cusps r = and r = 2-n- of the cycloid (26), so that 
the values r = r and r = r l corresponding to A and B respectively, 
satisfy the inequality 

< T < Tj < 27T . 

For the function jPi we obtain 

1 1 



Hence .Fi is indeed positive along the arc AB. 

1 WEIBESTEASS, lectures; compare also KKBSER, Lehrbuch, 31. 

2 LlNDELOF-MOIGKO, ZOC. dt. t p. 231. 
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, r {} ) = -ir 2 sin- cos ^ sin ~ cos -^ 





Again, we obtain from (26) 

- 

& 



The parameter r^ of the conjugate point A ' is therefore determined 
by the transcendental equation 



r 2 tan ^ = r u 2 tan ^ , 



As r increases from to v and then from *r to 2?r, the function 
r 2 tan o decreases continually from to co and then from +QO 



to +2^r. Hence r = T O is the only root of the equation between and 
27T. There exists, therefore, no conjugate po hit on the arc AB . 

e) KNESEE'S form of Jacob i's condition.- As in 15 the exist- 
ence of a set of extremals thiough the point A can be proved, 1 rep- 
resent able in the form 

* = *(*, a) , y = iK*,a) , (43) 

i WEIEKSTKASS obtains the set of extremals through A as follows (Lectures, 1882) : 

Let 

* <5- -r=/(,a,/S), tf = 00f,a,|S) 

represent the extremal passing through A and making at A a given small angle w 
with the extremal 

l? . or=/(*,a , ), 2/=5 r (*,a ^o)- 

Let further t () denote that valu.3 of t which corresponds on (5 to the point A, Then. 
we have for the determination of t^a^ the three equations * 



where the argument of x\ y' is t , that of J' y f : t , and where 



The three equations are satisfied for i = t , a = a , j3 = j3 ; the functions on the left- 
hand side are continuous and have continuous partial derivatives in the vicinity of 
= , a = O.Q , = , and their Jacobian with respect to #, a, is different from zero 
at this point, since it is equal to 



which is different from zero if, as we suppose, 0j (t) and 2 (i) are linearly independent. 
There exists, therefore, according to the theorem on implicit functions, a unique 
solution i, a, p of the above equations, which leads to two functions </> (, a) , $ (#, a) 
having the properties stated in the text. 
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where <(/, a) and ^(f , a) are continuous with continuous partial 
derivatives of the first and second oiders with the possible excep- 
tion of <aa, ^aa in the domain 



a 



a a being the value of a which corresponds to the extremal S through 
A and J3, and cZ being a sufficiently small positive quantity. 
Again, the Jacobian 



differs 1 for a = a from the function 6(f , f (> ) only by a constant factor: 

) , (44) 



where C r =f=0. 

Furthermore the value t = tf which corresponds on the extremal 
(43) to the point A , and which satisfies therefore the equations 

x = *(#, o) , y = t(t\a) , (45) 



is a function of a, which is, in the vicinity of a , of class C' . 
From (44) follows KNESEnV/orm of Jacob? s condition .- 

A (t, a,} =(= for t,<t<t l (III) 

Further, if ft denotes the value of t corresponding to the conju- 
gate point A' ? we have 



and at the same time 

A, ( 

provided that FI , jP 2 are of class C" in the vicinity of U and .Fi =f= 
at ft'. The inequality (47) follows 3 from the fact that A(tf ? a ) is an 
integral ofJacobi's differential equation (40). 

From this second form of Jacobi's condition it follows 4 easily 
that the conjugate point A' has the same geometrical meaning as 
in the simpler case of 15. 

iThis follows either by direct computation from the equations -which define 
2, a, p as functions of ot, or else from the fact that A(, a ) and (<, J ) are integrals 
of Jacobi's difterential equation and vanish for t = i . 

2 See KNESBB, Lehrbuch, 31. 

8 Compare p. 58, footnote 2. 

* See KNESER, Lehrbuch, 24, and the references given in E. Ill D, p. 48, foot- 
note 117. 
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28. THE FOURTH NECESSARY CONDITION AND SUFFICIENT 

CONDITIONS 

We suppose in the sequel that for our extremal @ the 

conditions 

Fi > (II') 

and 

(*, fo) 4= for f < f ^ /! , (III') 

are fulfilled. 

a) These conditions are not yet sufficient for a (strong) 
minimum; a fourth condition must be added. 

Let E(x, ?/; x\ y r ; x', 7/') be defined 1 as the following 
function of six independent variables : 

E (x, y ', x' 9 y'; x r , y f ) = F(x, y, x', y') 

- \x'F#(x, y, y, y')+y r F y ,(x, y, x f , /)] , (48) 

or, as we may write on account of (9), 
E(E, y; x f , y'; x' , y') = 

x r \F X . (x, y, x' 5 y') - F x , (x, y, x' ', y')\ 

+ y' \F y , (x, y, x', y') - F y , (x, y, x', /)] - (48a) 

Let further (x, y) be any point of the extremal @ , p, q 
the direction-cosines of the positive tangent to @ at (x. y), 
and j5, q the direction- cosines of any direction. 

Then the fourth necessary condition for a minimum 
(maximum) is that 

E(x, y; p,q;j>, g) g (^0) (IV) 



/or every point (x, y) of @ an d f or every direction J5, q. 

The proof follows 2 immediately iiomWeierstr ass's lemma 3 
on a special class of variations : 

Let 

iTMs is WEXEESTEASS'S original definition; KNESEE writes E instead of 
Weierstrass's ~f-E, Lehrbuch, p. 75 
2 Compare 18, 6). 
*The reasoning- is the same as in 8 ; compare also 4, d). 
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x = 



be any extremal of class (7" lying in the interior of the 
region H, and let 2:( = / 2 ) be an arbitrary point of 6. 
Through the point 2 draw an arbitrary curve of class C' : 

6. 2=(r) , =(*) , 

the value of T r 2 corresponding to the point 2. 

Let 3 . (^2 + lz? 2/2 + %) be the point of S corresponding 
to r = r 2 + h 5 where 7i is a sufficiently small positive quan- 
tity. Finally, from a point . (f = f </ 2 ) of S to the point 
3 draw a curve S representable in the form 



where | and T\ are functions of t and h which vanish identi- 
cally for 7i 0, and which satisfy the following conditions 1 ; 

1. f , 77 themselves, their first partial derivatives and the 
cross derivatives ^, 77^, are continuous in the domain 

t Q ^t^t 2 , \ h I ^ 7z , 

A being a sufficiently small positive quantity. 

2. f(f ,fc) = , i7(*o,ft) 



for every 0^7i^A . Then the 
difference 2 



has the following value : 




e/03 - (c/oa + JL) = - h [E (ar a , y a ; a 2 ', ^ ; - 2 ' , gf a ' ) + (A)] . (49) 
Similarly, if we denote by 4 the point of 6 corresponding to 

i Functions , *) satisfying these conditions are, for instance, the following : 



if w , v are two functions of t of class 0' which vanish for t t Q and are equal to 1 for 
*=*,. 

2 For the notation compare 2,/), 24 a), and 8. 
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T = T 2 h and draw a curve E from to 4 of the same char- 
acter as Q , we obtain : 

- (49a) 



By the same method and under analogous assumptions 
f % ~ we further obtain the following 

/ ~"*"""*"I!I^ i results, which are sufficiently ex- 

^l~\^^^%^~*^~ plained by the adjoining dia 

4 ^^ FIG. 23 gram- 

yi, #2, yi) +(ti)~] (50a) 
From the relation (8) it follows that 

5, y, w f , y r > %', y') ? (51) 



if Ar>0 and 

Hence if we set 



= cos 6 . q = . - ~ sin 6 . 

'* >* 



p = = cos 9 q = __: = sin 6 , 

we get 

E(o;, y, x', y'; x', y') = l/^' 2 + ^' 2 E(a? ? y; p, g; p ? g) 3 (53) 

which reduces the second and the third pair of arguments of 
the E-function to direction-cosines. 

If we choose for the parameter T on the curve (5 the arc, 
we may replace in the above formulae # 2 ' , y% and ^ 2 ' ? 2/2 by 
the direction-cosines p^ q% and j5 2 , ^2 ^ ^ ne positive tan- 
gents at 2 to @ and to 6 respectively. 

6) Relation between the "E-function and the function jf^ ; 
If the angles and 9 are defined by (52), we have, accord- 
ing to (48), 
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EO,^; p, 0; p, 5) 

= cos $\F X < (a?, # > cos 5, sin 9) F^ioc, y, cos 6, sin 0)] 
-f- sin 5 [-P ?/ O, ?/, cos 0, sin 8) F y ,(x, y, cos 0, sin 0)1 . 
But 

F x . (x, y, cos 0, sin 0} F x ,(x, ?/, cos 0, sin 6) 



where &> = # 9 ; and an analogous formula holds for .F ?/ . 

If we perform the differentiation with respect to r and 
then make use of the relations (lla), we get 

E(>> 2/5 P> %> P> 5) 

XCt> 
F^ (x, y, cos (6 + r), sin (0 + r)J sin O r) dr . 

By adding to a proper multiple of S-TT, we can always 
cause co to lie in the interval 



- 7T <C Ct) 



so that sin (< r) does not change sign between the limits 
of integration. We may then apply the first mean-value 
theorem and obtain the following relation 1 befioeen the 
E-f unction and the function _F\ : 

E (x , y ; cos , sin ; cos & , sin 0) 

= (1 cos (? - 0)) ^ (x , y , cos 0*, sin 0*) , (54) 

where 6* is a mean value between # and 9. 

From this theorem follow a number of important conse- 
quences : 

1. If we let approach 0, we obtain 



L x,v',P,r,P. = f( )f (55) 

3=0 1 COS(# 0) 

Hence it follows that Condition (II) is contained in Con- 
dition (IV). 



i WEIBESTRASS, Lectures, 1882. 
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2. Condition (IV) is always satisfied when 

FI(JC, y, cos 7, sin y) ^ (Ha) 

for every point (.r, y) on @ and for eyery value of y. 

3. The E-f unction vanishes whenever 0=^0 ( u ordinary 
vanishing") 1 ; for a value 3^p9 it can only vanish 2 (^extra- 
ordinary vanishing") if F^x, #,^os<y, sin 7) vanishes for 
some value y = 0* between 6 and 6. 

c) EXAMPLE XII: 3 To minimize the integral 



The value of the E-ftmction is easily found to be 

y (pq -pq) 2 [O 2 - <f) 5 + 



= y sin 2 (0 - 0) sin (W + 5) . 

Apart from the exceptional case when both end-points lie on 
the o?-axis, E can be made negative as well as positive by choos- 
ing 2" suitably; and therefore no minimum can take place. 

More generally, whenever the homogeneity condition (8) 
holds not only for positive but also for negative values of 7c, 
as happens, for instance, when F is a rational function of 
x', y' , no extremum can in general take place. 

For in this case (51) holds also for negative values of J, so 
that 

E(a>, y*> JP> g; P> 5) = (, y, p, g; +p> +5) - 

Condition (IV) can therefore be fulfilled only if 
E(, y; p, q; P, 5) = 



, s terminology, Lehrbuch, p. 78. 

2 Hence follows the corollary on discontinuous solutions stated on p. 126. For 

from (24) follows 

+ -f _.___ 

3 To this definite integral leads NEWTON'S celebrated problem * To determine the 
solid of revolution of mimmum resistance. Compare PASCAL, loc. cit.^ p. Ill ; KNESEB, 
Lehrbuch, 11, 18, 26; the above expression for B was given by WEIERSTEASS (1882). 
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along ( for every direction _>,#, which, 011 account of (54), 
is possible only in the exceptional case when F l = along @ . 

d) Sufficiency of ike four preceding conditions: 1 The 
four conditions which so far have been shown to be neces- 
sary for a minimum of the integral J, are a part from cer- 
tain exceptional cases 2 also sufficient. 

Let us suppose 

1. That @ (or AB) is an arc of an extremal of 

class C" without multiple points, lying wholly in the (I') 
interior of the region 3 S ; 

2. FI (a?, # , 2> , a) > along 4 @ ; (IT) 

3. The arc @ does not contain the conjugate point 

A' of the point A. (Ill') 

4. E(ar, y\ p, q ; Jj, )>0 along 4 @ (IV) 
for every direction J5, q different from the direction p* q of 
the positive tangent to @ at (a 1 , y). 

Moreover we retain the assumptions made in 27 con- 
cerning the general integral of Euler's differential equa- 
tion. 

We propose to prove that under these circumstances the 
extremal @ actually minimizes the integral 



r* 

= J 



From the assumptions (III') follows the existence of a field 
of extremals about the arc @ , /. e., there exists 5 a neighbor- 

i WEIEESTEASS, Lectures, 1879 and 1882; ZBBHBLO, Dissertation^ pp. 77-94; and 
KNESEK, Lehrbuch, 20. 

2Tlae exceptional cases are 

1. <SQ kas multiple points or comers, or meets the boundary of U; 

2. F l at certain points of <P ; 

3. A' coincides with B; this case will be considered in 38. 

4. E= at points of G for certain directions j7, not coinciding with p , q . 
s Compare 24, 6). 

*That is, for every point (a?, y) of <?g, jp, g denoting- the directiou-co&ines of the 
positive tangent to % at (re, y). 

5 Compare 19. A sharper formulation and a detailed proof of these statements 
will be given in 34 in connection with K n e s e r ' s theory. 
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hood ( of @ such that to every point P of (/>) there can be 
drawn from the point 3 A a uniquely defined extremal which 
varies continuously with the position of the point P and 
coincides with @ when P coincides with J9. 
Let now 

g; x = $( S ), !} = $(&), S^S^S! , 

be any ordinary curve drawn from A to B and lying wholly 
in the neighborhood (p) of 6 , s denoting the arc of the 
curve (5 measured from some fixed point of (I, and let AJ" 
denote the total variation 

A J = e/ ( ; f/,^ . 

Then a reasoning 2 analogous to that employed in 20 leads 
to the following expression for A J (Weier s tr as s ' s Theorem) : 

l - - - 

E(x,y;p, q,p,q)ds , (56) 

where (5, 7/) denotes a point of E, p, # the direction-cosines 
of the positive tangent to @ at (x, 2/) ? and JD, # the direction- 
cosines of the positive tangent to the unique extremal of the 
field passing through (x, y). 

It now only remains to show that, as a consequence of 
our assumptions (II') and (IV), the integrand in (56) is 
never negative 3 along the curve (5. 

Let (a?, y) be any point of the above defined neighborhood 
(p) of @ and let, as before, _p, q denote the direction-cosines 
of the positive tangent at (x, y) to the unique extremal of the 
field passing through (jj, y), and jp, q the direction-cosines of 
any direction 5, and define 

i Or better from a point A in the vicinity of A on the continuation of <? beyond 
A, as in 19, c). 

2The lemma of 8 must be replaced by the lemma of 28, a). Other proofs of 
We ierstrass's theorem will be given in 37 in connection with K n e s e r ' s theory. 

s It is in this last conclusion that the problem in parameter-representation differs 
essentially from the problem with x as independent variable; compare 22, c). 
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E^x, y, p, q; p, q) 



{ F l (x, y, p, q) , when 1 (pp + qq) = , 

The direction-cosines _>, q are single-valued and continuous 1 
functions of #*, y in the neighborhood (p) of (? . Hence it 
follows, on account of (54), that E x is a continuous function 
of #*, #, $ in the domain 

(x, y) in (p) , 0^0 ^27r , 

and since, according to our assumptions (II') and (IV), E x 
is positive along @ for every value of #, it follows from 
general theorems on continuous functions that E 1 is positive 
throughout the domain 

provided that p has been taken sufficiently small. 

The integrand of (56) is therefore positive at all points 
of & at which the direction J>, g does not coincide with the 
direction p 9 q, and zero where these two directions do coin- 
cide. Hence A J"> unless it should happen that p=p 9 'y = q 
all along S, in which case we should have AJ=0. 

But the latter alternative is impossible 2 unless 6 be iden- 
tical with @ - This proves that the arc @ actually minimizes 
fke integral J if the four conditions enumerated at the 
beginning of 8, d) are fulfilled. 

EXAMPLE VII (see p. 97) : 

Here 

EI(X, y; p, q; p, q)=g(x, y) , 

1 Compare 34, Corollary 4. 

2 The proof is similar to that given in 22^ a) ; for the details compare KNBSEB. 
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and therefore Condition (IT ' J is satisfied if 

, y) >0 



along @ . 

This shows that in the problem of the brachistochrone an arc 
A B of the cycloid (26) actually furnishes a minimum if it contains 
no cusp (coinpaie p. 186) . 

Corollary: If the condition 

F^(x, 1/9 cosy, siny) > (Ila') 

is satisfied for every point (x, y) of @ and for every value 
of y, then (II') and (IV) are a fortiori satisfied, the latter 
011 account of (54) . 

EXAMPLE XI (see p 128): The Geodesies 

Here 

EG-JF* 



Hence under the assumptions made on p. 128 concerning the nature 
of the portion of the surface to which the geodesies are restricted, 
Condition (Ha') is always satisfied. 

e) Existence of a minimum "im Kleinen r : We add here an 
important theorem which has been, used, without proof, by several 
authors 1 in various investigations of the Calculus of Variations, 
viz,, the theorem that under certain conditions two points can 
always be joined by a minimizing" extremal, provided only that the 
two points are sufficiently near to each other. An exact formula- 
tion and a proof of this theorem have first been given by Buss. 2 
His results are as follows : 

We suppose that in addition to our assumptions concerning the 
function F (see 24, &)) the condition 

F l (x , y, cos y , sin y) > (58) 

1 WEIERSTEASS (Lectures, 1S79) in hi& extension of the sufficiency proof to curves 
without a tangent, see 31: HILBEET in his existence proof (see the references given 
in chap, vii); OSGKXXD in his proof of the identity of Weier&fcr ass's and Hil- 
bert *s extension of the meaning of the definite integral J to curves without a tan- 
gent (Transactions of the American Mathematical Society, Vol. II (1901), p. 293). 

2 Transactions of the American Mathematical Society, Vol V (1904), p 113. His 
proof is based upon an extension of a theorem of PICARD'S concerning the exist- 
ence of an integral of a differential equation of the second order, taking for two 
given values of the independent variable two arbitrarily prescribed values (TraitG 
& Analyse, Vol. Ill, p. 94). 
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is fulfilled for every point far, y) in a finite closed region H con- 
tained in the interior of S, and for eveiy value of j. 

Since F\(x, y, COST, sin 7) is continuous at every point fr, y) of 
H and for every value of 7, a finite closed region, i&i , contained in H 
and containing f&o in its interior, can be detei mined such that the 
inequality f58) still holds for every point (a 1 , y) of fij , and for every 
value of 7 

Under these circumstances, if a positive quantity e be assigned 
arbitrarily, a second positive quantity p e can be detei mined such 
that from every point Pife, yi) of 3& to every point P 2 (.**2, 2/2) in 
the circle (Pi, P), where 0<p^pe, an extremal of class C" can be 
drawn which lies entirely in the circle (Pi, p), and which has the 
property that at every one of its points the slope with respect to 
the direction PiP 2 is numerically less than e. Moreover the circle 
(Pi, P) lies entiiely in the region 3&i. 

This extremal is at the same time the only extremal of class C' 
which can be drawn from PI to P 2 and which lies entirely in the 
circle (Pi, P). 

Let this extremal be represented by 

.* = $(/; or, , y l ; jc^ z/ 2 ) , Q _ _ 

< ^ 



Then there exists a positive quantity 7, independent of a a i , ?/! , rr 2 , ?/2, 
such that the functions $, ^, ^ r ^ are continuous and have con- 
tinuous first partial derivatives with respect to /, 0*1, ^ jr 2l '^ 
throughout the domain 



\t 

Finally also the value t = t% which corresponds to the point P 2 
is a continuous function with continuous first partial derivatives of 
Xi, #1, Xj, 1/2 for all positions of the two points PI, P 2 here consid- 
ered. 

For the parameter t of a point P of the extremal we may choose 
the projection of the vector PjP upon the vector PjP 2 . 

This unique extremal PiP 2 furnishes for the integral J a 
smaller value than any other ordinary curve 6 which can be 
drawn from PI to P 2 and which lies entirely in the circle (P 1? p). 

If in addition to the inequality (lib') the further condition 

F(x, y, cosy, sin y) > 
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is fulfilled for every point (#, y) of the region 2^> and for every value 
of 7, and if both points PI and P% lie in 3 0? then the unique 
extremal PiP 3 furnishes for the integral J even a smaller value 
than any oidinary curve, different from the extremal PiP^, which 
can be drawn from PI to P 2 and which lies entirely in S , provided 
that 1 PI Pa I ^PU, where P O is a certain positive quantity less than /> 
and independent of the position of PI and Pg . 

29. BOUNDAKT. CONDITIONS 1 

a) Condition along a segment of the 'boundary: If the 
minimizing 1 curve 0231 has a segment 23 in common with 
the boundary of the region Si to which the admissible 
curves are confined (see Fig. 7), we obtain the condition 

which must hold along the boundary 
as follows : 

In order to fix the ideas, we sup- 
pose that as we go along the boun- 
dary (! from 2 to 3, i. e., in the 
positive direction of the minimizing 
curve, the region H lies to our left. 
Let the curve <5 be represented by 

PIG. 7 _ M L _ J 

6: x = 4>(s), y = ij,(s), 

K denoting the arc, and suppose that the first and second 
derivatives of <(s) and ^(s) are continuous along 23. 

Then if we construct at a point (J, y) of 23 a vector of 
length a/, normal to 23 and directed toward the interior of 
H, the co-ordinates of its end-points are 

X = 

where 




Hence if we substitute for u a function of s of the form 



i Due to WEIERSTRASS, Lectures, 1879, compare 10 and KNESEE, Lehrbuch, 44. 
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where e is a positive constant and p a function of 5 of class 
D' which is ^0 in (s 2 s 3 ) ail( i vanishes at s 2 and s 3 , the pre- 
ceding formulae represent for sufficiently small values of a 
curve which remains in the region H and which is therefore 
an admissible variation of the arc 23. 

For this variation we obtain, if we apply (loa), for AJ 
the expression 

A j = e [~ JT fp i/ %'*+$ 

from which we infer, by the method of 5, that in case of a 
minimum ice must have 

T^O along 23 , (60) 

where f is the expression (19) in which x, y are replaced 
by x, y. 

If FI is positive not only along the arcs 02 and 31 but 
also along 23, the preceding condition admits of a simple 
geometrical interpretation : l For, if we introduce in the 
expression for f the curvature 1/r of S at a point P, and 
denote by 1/r the curvature at the same point P of the 
extremal which passes through P and is tangent to 6 at P, 
then (60) may be written, according to equation (la) of p. 123, 
footnote 1, 

1_1 , ftn 

- > ^ . (ol) 

r r v 7 

Hence if f >0, i. e., if the vector from the point P to the 
center of curvature M of S lies to the left of the positive 
tangent to 6 at P, also r must be positive and the center of 
curvature M. of the extremal must lie between P and M or 
coincide with Jf. 

If, on the contrary, f <0, i. e n if the vector PM lies to 
the right of the positive tangent, M must lie either on the 



iTMs is an extension of the results given for the special case F= V a?' 2 -fV 2 by 
KNESEE, Lehrbuch, p. 178. 
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opposite side of the tangent to H (when r > 0) , or else on 
the same side as, but beyond, AT for coincide with J/). 

If, as we go along the boundary from 2 to 3 ? the region 
S lies to the right, the condition becomes : 

2P50 along 23 (60a) 

or 

i^~ . (61a) 

r r 

b) Conditions at the points of transition: An additional 
condition must hold at the point 2 where the minimizing 
curve meets the boundary, and likewise at the point 3 where 
it leaves the boundary. To obtain the first, let h be a posi- 
tive infinitesimal and let 4 be the point of 6 whose parameter 
is s=s% + Ji) join the points and 4 by a curve S of the 
type defined in 28, a), and consider the variation 0431 of 
the minimizing curve. For this variation we obtain, accord- 
ing to (49) and (53) : 

where p~>, q^ and p 2 , #2 are ^ e direction-cosines of the posi- 
tive tangents at 2 to the curves 02 and 23 respectively. 

Similarly, if we join the point 5 (s s 2 h) of 6 with 
the point by a curve @ 5 we get, according to (49a), 



whence we infer in the usual manner that at the point 2 the 
following condition must bo satisfied: 

E(**2 , 2/2 , Pz , g 2 ; p*, ? 2 ) = . (62) 

Applying similar reasoning to the point 3 and making 
use of (50) and (50a), we reach the result that at the point 3 
the analogous condition 

E(a? 3 , 2/3 ; PS, 2*; p$, 5s) = (63) 

must be satisfied, where j? 3 , g 3 and _p s , 3 are the direction- 
cosines of the positive tangents at 3 to 31 and 23 respectively. 
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The two conditions (62) and (63), together with the con- 
dition that the minimizing curve must pass through the 
given points and 1, determine in general the constants of 
integration of the two extremals 02 and 31 

If the problem is a "regular" one, i. e., if the condition 

&i(x> y> cosy, siuy) 4=0 

is satisfied at every point (,r, y) of the region S and for 
every value of 7, it follows from (54) that (62) and (63) can 
only be satisfied if 

Ps=2h , 52 = g 2 ; j3 = ih , q* = <ii - 
This means geometrically that the arcs 02 and 31 must 

touch the 'boundary at the points 2 and 3 in such a manner 

that their positive tangents coincide with the positive 

tangents of the boundary. 

c) Case where the minimizing curve has only one point 

in common icdli the boundary: Sup- 

pose that the minimizing curve has 

only the point 2 in common with 

the boundary S. Then the arcs 02 

and 21 must be extremals. To find 

the point 2, let 3 be the point of S 

whose parameter is $ = $2 + A, an( l 

consider a variation 031 of the curve 021 (see Fig. 24). 
For this variation we obtain 
A J = Jo 3 + 7ii (Jw + tTii) 

= [y"os "*" (Jw ~^~ ft ^ 23 ) J ~^~ L 23 ~^~ ^ 31 ^ 21 J 

which, according to (49) and (49a), is equal to: 




Ex 2 , y z ; p 2 , q z ; jp 2 , 2 

where j?2> 22 5 JP2? 22 ? ^2? 2 are "^ ne direction-cosines of the 
positive tangents to the arcs 02, 21, 23 respectively at the 
point 2. 
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Similarly, if -i be the point o'f whose parameter is 

,9 = ,s*> h and we consider a variation 041 of the curve 021, 

we obtain 

p -5- + ~- ~ \ 

E (jr 2 , 2/ 2 ; p 2 #2 > P2 2) " 

Hence we infer that at Hie point 2 the condition 

+ + ~ ~ 

in uxf be satisfied. 

d} EXAMPLE VI 1 (see p. 84) : 

Suppose the region & to be the whole plane with the exception 
of the interior of a simply closed curve of class C", and suppose 
that the straight line joining and 1 passes through the excluded 

region. 

1 The minimizing curve must be com- 
posed of segments of stiaight lines and 
segments of the boundary, the latter 
turning their convex side outward 
since in this case 1/r = and therefore 

_=Q or gO , 




FIG. 25 



according as 23 is described positively 
or negatively with respect to it. The 
lines 02 and 31 must touch the arc 23 
positively at 2 and 3 since FI(X, y, cos y, sin 7) = 1 - 
Again, 

B(js, y\ cos 9, sin 0; cos ff, sin 0) = 1 - cos (& 6) . 
Hence if the minimizing curve is to 
have one point 2 in common with the 
boundary, the condition 

cos (0 2 2 ) = cos $ 61) 

must be satisfied at 2. This means 
that the lines 02 and 21 must make 
equal angles with the tangent to the 
boundary at 2 . 

i Compare KNESEB, Lehrbtich, p. 178. 




FIG. 26 
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e) EXAMPLE I (see p. 1) . 



the region & is the upper ha If -plane : 

The extremals are here 
a) The catenaries 

x = t , y = a cosh ; 

a 

/?) The straight lines 

X = a, y = t . 

Since the catenaries never meet the x-axis, 

the only possible solution containing a seg- 

rnent of the boundary consists of the ordi- //////////////////// 

nates of the two given points : /////////////' //' /' 

FIG. 27 

/y, /y Cl IT f 1 O" ' "V 

*AJ X,Q CUUXL tA. <A*J j 

together with the segment 23 of the a>axis between them. 
Since along the a?-axis 

T= ~1 , 

condition (60) is satisfied along 23 ; and since 

E (x, y\ cos B , sin & ; cos 0, sin Q) = (l cos (0 0)J y , 
conditions (62) and (63) are satisfied at 2 and 3 . 

30. THE CASE OF VARIABLE END-POINTS 

The methods explained in 23, slightly modified, can be 
applied to the case when all curves considered are expressed 
in parameter-representation. In one respect the treatment 
o the problem in parameter-representation is even consid- 
erably simpler, viz.: the variation of the limits of the inte- 
gral J can be completely avoided. For let 

be the minimizing curve, and 

7? f JT / \ T~/ \ . ~--- /AA\ 
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a neighboring curve. If we then apply to @ the a parameter- 
transformation"' (see 24, a}} 



i-f I .- C( 

c i o -I -- ~ --- 1 

~1 M) 

we obtain for G a representation in terms of the parameter 
i for which the end- values are f Q and / ls the same as for @ . 
We consider briefly the case where the point 1 is fixed 
and the point movable on a given curve of class G' ' : 

. I* = $(a) , Jf = (a) . (67) 

The nimiinizing curve (65) must again be an extremal ; it 
begins at a point of the curve whose parameter on (5 we 
denote by a Q , Let 2.(a + 6 ) be a point of (E in the 
vicinity of 0, OQ + f , ^/o + ^o ^ s co-ordinates ; then 

ft - e [$'(<io) + (e)] , >?o = [f (oo) + ()] 

An admissible variation (E of sufficient generality which 

passes through 2 and 1, can easily 
b constructed analytically in the 
form 




Fro. 2s w ?> ere ^ = &M 

tt, t? being two arbitrary functions of / of class C f which 
vanish for t = ti and are equal to 1 for t = tQ. 

For this variation of the curve @ we obtain, according 

to (lob), 

r yi r*i 

A J = ZFj.. + ^ jy + I (^'^ a;'^) Tdt + c() . 



Substituting the values of 7 97 at f and /! and remembering 
that T=0 along the extremal @ 05 w 



where 

i WEIEBSTEASS, Lectures, 1882. 
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We obtain, therefore, tlie condition of transi^ersalify in 
the form 

x'F*(x> y, x r , y r ) + y'F v .(x, y, x', y') = (68) 

where x f , y r refer to the extremal @ , 55', 7/' to the given 
curve (. 

EXAMPLE XI (see p. 128) : The Geodesies. The condition of 
transversality is 

u'(Eu'+Fv') + '(Fu'+Gv') = Q ; (69) 

its geometrical meaning 1 is that the geodesic must be orthogonal 
to the given curve. 

The focal point is determined by the following formulae ; 2 
Let A Q and B denote the following two constants 



. _ 

-o-o 



(70) 



where the arguments of JF^., JP^., J\ are T , t/ 0? 0*0, ?/ ' and 
i, If, JV are denned by (35). J3 is different from zero if 
we suppose, as in 23, that and <f are not tangent to each 
other at the point 0. Let further 



the function being defined by (42). Then the parameter 
/o' of the focal point is given by the equation 

Hft,*) = . (72) 

If 



1 Compare BIANOHI-(LUKAT), Differenttalgeometrte, p. 65. 

2 See BLISS, Transactions of the American Mati/iematical Society, Vol. Ill (1902) 
p, 136. 
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is the extremal which passes through, the point a of the 
curve (I and is cut transversely by @ at that point, and if 
A(Y, a) denotes the Jacobian of the two functions <, ^ with 
respect to /, a, then 1 

A(f,a) = CH(/ ,i) (73) 

which proves the geometrical meaning of the focal point. 

The question of sufficient conditions will be discussed in 
detail in connection with Kneser's theory in chap. v. 

31. WEIERSTRASS'S EXTENSION OF THE MEANING OF THE 
DEFINITE INTEGRAL 



f 

Jt n 



P(x, y, x f , y')dt . 



We have confined 2 ourselves in all the preceding investigations 
to "ordinary" curves. This limitation was indeed necessary for 
most of our proofs, but it is not implied in the nature of the 
problem, 

The most general class of curves for which the problem has a 
meaning would be the totality of curves for which the integral 



is finite and determinate. 

In many problems of a geometrical origin, however, a still 
further generalization is desirable. 

a) Example of the length of a curve: Thus, for instance, the 
problem to determine the curve of shortest length between two 
given points A and B, is not exactly equivalent to the problem to 
minimize the integral 



= f ' 

*/if0 



because the length of a curve cannot in all cases be expressed by 
this integral. 

The length of a continuous curve 

1 See BLISS, foe. cit.^ p. 140. 

2 Compare 24, a) and c). 
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2 x = 4>(t) , y = ^(0 , fo^f^fi (74) 

is defined 1 as follows : 

Consider any partition n of the interval (Vi) into n subinterrals 
by points of division n, r 2 , . . ., r H _ 1? where 



and denote by A, P 2 , P a , - - -, P B _i, J3 the corresponding points 
of S, by X , Yi; #i>#i; *"2, 2/2; ; # n _i, z/ n _i; Xj ? FI their 
co-ordinates. Then the length of the polygon ^n inscribed in the 
curve S whose successive vertices are these points, is 



where 2 

A^ = x v+l x V9 A // = 2/,,+j ^ . 

If /Sn approaches a determinate finite limit 3 J as all the differ- 
ences (?v + i r v ) approach zero : 

J = L Su , 

Ar=0 

the curve S is said to have a finite length whose value is J". 

If the first derivatives <t>'(f),$'(f) exist and are continuous in 
( Wi) , the above limit always exists and can be expressed by the 
definite integral 4 



b) Extension of the meaning of the general integral.- In an 
entirely analogous manner WEiEESTBAss 5 has generalized the mean- 
ing of the definite integral 

1 See JORDAN, Cours d? Analyse, Vol. I, Nos. 105-111. This is the definition which 
is most convenient for our present purpose; compare also 44, a), end. 

2 With the understanding that T O = , a: =X , y Q Y Q and r n =t j , x n =X l , y^ T^ . 

3 That is, corresponding to every positive e, another positive quantity 6 e can 
be assigned such that 



for all partitions n in which all the differences (r v +i r v } are less than 8 . 

* Compare JORDAN, toe. cif.^ No. Ill, and STOLZ, Transactions of the American 
Mathematical Society, Yol. HI (1902), pp. 28 and 303. 

& Lectures, 1879; compare also OSGOOD, Transactions of the American Mathemat- 
ical Society, Vol. II (1901), pp. 273 and 293, 
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J 



C tl 

= I ^(,r, //, jc' 9 j/')dt , 
*/f 



taken along a continuous curve (defined by (74)) which lies 
entirely in the interior of the region II of 24, &). 

Consider as before a partition n of the interval (7 ( /0 and denote 

by TFii the sum 

i 

TTn = "S -FUv? //!> A,*v, A*/,,) . (75) 

^-w 

f =0 

Then, if the curve S is of class 1 C", this sum Wu approaches a 
determinate finite limit as all the differences (r^i r v ) approach 
zero, viz., the definite integral 2 < 



This remains true when S Has a finite number of corners. 
We now agree to define the definite integral 



C tl 

I F(x> y, jc' t y')dt , 

/TO 



1 This Implies that tf>' 2 <#) + ^' 2 (*) 4= in (i^) ; compare 24, a). 

2 For the definite integral may be written 



?i-i 

J= S J ' 

^ 



' 



where r^ is some intermediate value between r v and T^J . On the other hand 



where r^' and T|" are ag-ain intermediate values between T V and r v , j. Hence we 
have, on account of the homogeneity of F t 



From the theorem on uniform continuity applied to the f unction F (x , 2/, -c', #') on 
the one hand, and to the functions < (), \ft (i) and their derivatives on the other hand, 
it follows that corresponding to every positive quantity another positive quantity 
S e can be determined such that 



for f=0,l,2, - - , !, provided that all the differences (T V . j r v ) are less than 
S . Hence 

1 FTn 
which proves our statement. 
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taken along the curve S, as the limit of IFn in all cases in which 
this limit exists and is finite: and we denote its value by Jf(AB): 

Jf(AB)=LW u . (77) 

Ar=0 

This is a natural extension of the definition of the definite inte- 
gral since it coincides with the ordinary definition for all "ordi- 
nary" curves. 

c) First modification of Weierstrass's definition: Various 
modifications of this definition will be of importance in the sequel: 

Since the curve S is supposed to lie in the interior of the region 
38, the rectilinear polygon whose vertices are the points .A, PI, P 2 , 
. - , P n _i, B will likewise lie in the interior of it, provided that 
the differences (V y+1 r v ) have been taken sufficiently small. Let 
Vn denote the value of the integral J taken along this polygon 
from A. to B. 

If, then, the curve S is rectifiable, and if one of the two sums 
Vu and TFn approaches for Ar = a determinate finite limit, the 
other approaches the same limit, 1 so that we may also define 

Jf(AB) = LV JI . (78) 

Ar=0 

d) Second modification of Weierstrass's definition: If the 
curve S is rectifiable and lies in a finite closed region 2l & (con- 
tained in the interior of the region H) in which the condition 

JF^x, y, cos y, siny) > (58) 

is fulfilled for every value of 7, then the preceding extension of 
the meaning of the definite integral J may be modified as follows : 
Let a positive quantity be chosen arbitrarily. Then deter- 
mine for the region Ho the quantity p e defined in 28, e) and choose 
a positive quantity p ^ p arbitrarily. Further select, according to 

i See OSG-OOD, Transactions of the American Mathematical Society, Vol. II (1901), 
p. 293. If _!_! and y v ^_i denote the length and the amplitude of the vector 
the difference FIJ Wjj may be written in the form 



ni i 
- = JV J 
- 



cos ^+n sin y^ 

- F (x v , y v * cos Y V+I , sin y^)] ds , 
where a v+l = x v + $ cos y y+1 , I/v +1 = y v + s sin y v+l . 

The above statement follows, then, from the theorem on uniform continuity 
applied to the function .Ffcc, # , a;', y'}. 
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the theorem on uniform continuity, another positive quantity 5 so 
small that 

! 4 (f ) - W ') \ < p/l/2 , <A(O - t(t") | < p/l '2 

for every two values t' , t" of the interval ft/i) for which 

|r-f|<8 

Finally choose the partition n so that 

r v+l r y < S 
for y = 0, 1, 2, - - -, ji - 1. 

Then the distance | P^P^i \ is less than />, and therefore we can, 
according to 28, e), inscribe in the curve & a unique polygon of 
minimizing extremals with the points A, PI, P 2 , - - -, P w _i, B for 
vertices, i. <?., we can draw from P v to Pv+i a unique extremal Gi v +i 
of class C* which lies entirely in the circle (P y , /) and which fui- 
nishes for the integral J a smaller value than any other ordinary 
curve which can be drawn from P v to P v +i and which lies entirely 
in the circle (P v , />) , Moreover, at every point of @ v +i the slope 
with respect to the direction P v P v +i is less than e. 

We denote by U"n the value of the integral J" taken along this 
polygon of extremals, L e., 



Then if we pass, as before, to the limit lAr = 0, and if one of the 
1wo sums Un and Wn approaches a finite and determinate limit, 
the other approaches the same limit? so that we may also define 

i First remarked by OSGOOD, Transactions of the American Mathematical Society, 
Vol II (1901), p. 295. The statement can be proved as follows : 
Let the extremal <& v ^.i be represented by 



where, as In 28, e), the parameter t of a point P of V^ is the projection P V Q of the 
vector P V P upon the vector P V P V ^_ I , and l v j^i is again the distance I P v P v _^,i \ . If 
we denote by y^i the amplitude of the vector P V P V ^ and by u the perpendicular 
QP with the sign + or according as the point P lies to the left or to the right of 
the vector P v P vJrl , then we have 

$ V _{_1 (*) = x v + * cos -y^-j-i u sm y v _j_j , ^,,+1 (*) ~ 2/v + * sin Yv+i + u cos Vy+i i 
*v+i (*) = cos y v+1 - u' sin j vJul , ^ +1 (*) = sin 7,, +1 + u' cos 7 V+1 . 

Hence if we write 



= sin y y+1 -f ^ , 
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J?(AJB)=LU a (SO) 

Ar=0 

We shall call the totality of rectifiable curves for which the sum 
TFn approaches a determinate finite limit, ^ the class (K)" 

e) Extension of the sufficiency proof to curves of class (-BT): 
After these preliminaiies, let @ denote an extremal of class C 
drawn from A. to B and lying wholly in the interior of the region 
3S. We suppose that > does not contain the conjugate A' to the 
point A., and that for every point (x, y) of G. and for every 
value of 7 the condition 

we have ior every t in the interval (O^.^) 

livl^p > ' ij, ! ^ p , 
since ^_j_i lies in the circle (P,,, p^ , and 



since the slope u' of (?_{_! at the point P with respect to the direction PvP v , j is 
numerically less than e . 

Applying now fco the integral Jg the first mean-value theorem we obtain 

JQ V (P V P V -j_i) = k+i JPCaV-ffi,, Hv + ^v> COS 7^1 -f?^, Sin V^j-f-^} , 

where the argument of 1^, , % , ^ , ^ is some value of t between and l^^ . 
On the other hand, we have on account of the homogeneity of -F, 

F(z v ,V v , Ar y , Ay v ) = 7^j FCjr,,, iv cos y y+ i, sin y v+1 ) . 

The extremal of G V JJ_! though It need not lie entirely in the region So certainly 
lies in the larger region Hj defined in 28, e }. 

Further, the function. F(x^ y, x\ y'} Is uniformly continuous in the domain : 



whera a is any positive quantity less than 1 . 

Hence if a positive quantity <r be assigned arbitrarily, the quantities , p and 8 
can be chosen so small that 

i F (av + &, Vy+Tfv, cos y^ + ?, sin v v+1 +?",/) 

-^Cr J/ ,^,cosv^_L. i ,sin 

fjpv = 0,l, * ", u 1 , and therefore 

i 
_^ 

l^ n - WnKo- > VH . 

^=0 

But If, as we suppose, the curve has a finite length Z, we have 

n l 



and therefore 



which proves the above statement. 
i Without multiple points 
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F^JC, tj, cos y, sin y) > (Ila'j 

is fulfilled 

Then we can construct, according to 28, d) and 34, about the 
extremal @o a field ^ which lies in the interior of & ; and if we take 
k sufficiently small the inequality (Ha') will be satisfied through- 
out the region ^ . 

Now let S &e any curve of class (K), not coinciding with (So, 
beginning at A and ending at B, and lying entirely in the inte- 
rior of & k ; let it be represented by (14:). We propose to prove 
that 

^ <Jf, (81) 

Jf being defined as in 5) . 

Proof, 1 We may apply to the curve S the results of <f), the field 
A, taking the place of the region theie denoted by 2J y . 

Accordingly we can choose a partition n of the interval (WiJ, 
whose points of division P v do not all lie on So , so that the distance 

P V P V + 1 \<P/S , (v = 0, 1, -, H-l) , 

and that at the same time the arc P v Pv+i of S lies entirely in the 
circle (P v , p/3), where p has the same signification as in d), and is, 
moreover, chosen so small that the circle (P v , />) lies entirely in the 
interior of &*. . 

We may then, on the one hand, inscribe in 2 a polygon of mini- 
mizing extremals with the vertices JL, P 1? P 2 , * -, P n _i, JB. This 
polygon is an ordinary curve; it lies entirely in the interior of & k , 
and it does not coincide with (g,. Hence we have, according to 
28, d), 

Un > J^ Q , 
say 

Un-J^=P>Q (82) 

On the other hand, let n ' be a partition derived from n by subdivi- 
sion of the intervals, and so chosen that 

\U U '-J?\<p , (83) 

which is always possible on account of (80). Let gi, $ 2 , - , Q m \ 
be the points of division interpolated between the points P v and 



outlines of this proof were given by WBIEESTRASS in his Lectures, 1879_ 
Another proof has been given by OSGOOD, Transactions of the American Mathemat- 
ical Society, Vol II (1901), p. 292, by means of the theorem given in 36, c) 
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Pv+i of the paitition II. These points lie in the circle (Pv, p/3} 
and therefore 



Hence the minimizing extremal from 2 to Q f +i lies in the circle 
(Q t , 2p/3) and therefore also in the circle (P*, p) . Hence it follows, 
according to d) , that the minimizing extremal from P v to P v +i fur- 
nishes for the integral J a smaller value than the polygon of min- 
imizing extiemals P v QiQ% - - - m -i-FV~H> or a ^ most the same 
value. 1 Therefore 

U u > ^ Un . (84) 

But fioni (82), (83) and (84) follows (81), since we may write 

j? - ,7 ffi , = < j? - r n - ) + (U*. - r n ) + tr n - ^ ) . 

i Viz., when the two curves are identical. 



CHAPTER V 

KNESER'S THEORY 

32. GAUSS'S THEOEEMS ON GEODESICS 

KNESER lias given, in Ms "Lehrbitch tier Variations- 
^ a new theory o the extremuni of the integral 

C tl 
e/ = I F(x, y, x', y ,) dt , 



essentially different from Weierstr ass's theory and reach- 
ing farther in its results, inasmuch as it furnishes sufficient 
conditions also for the case when one end-point is movable 
on a given curve. 

Kneser's theory is based upon an extension of certain 
well-known theorems on geodesies, of which we give by 
way of introduction a "brief account in this section. 

a) Suppose on a surface there is given a curve S whose 
points are determined by a parameter v. At a point M(r) 
of GO we construct the geodesic @ normal to (S and lay off 
on <S an arc MP = u. 1 The position of the end-point P is ' 

uniquely determined by the fcwo 
@ _ __^ quantities w, v. 

p If we restrict ourselves to such 
PIG-. 29 a region & of the surface that also 

conversely P determines uniquely 
the values of u and v, these two quantities may be intro- 
duced as curvilinear co-ordinates on the surface ( c geodesic 
parallel-co-ordinates"). According to a well-known theorem 
due to GAUSS, S the lines u = consi. are orthogonal to fke geo- 
desies v = const. 

1 J. e.i the length of the arc is [ u j , its direction is determined by the sign of u. 

2 GAUSS, Disquisitiones ffenerales circa superficies curvas, art. 16. 

164 
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li) Hence it follows that the square of the line element 
takes, for this special system of co-ordinates, the form l 
d& = du*+m*di* . 

We consider now a particular geodesic, 6 , of the set 
v const., say r = ?< , and on it two points 0. (zf , r ) and 
1 (M l5 r ), where ?f < *'i- 

We join the points and 1 by an arbitrary curve 

g- Ti=u(r) , v = v(r) , (TU^T^TJ) 

Then the length of the arc 01 of G is given by the defi- 
nite integral 



On the other hand, the length of the arc 01 of the geodesic 

G is 

J = ij U . 

This may be written 



T 
J I 

TQ dr 



and therefore the total variation becomes 2 

A T 7 r f V !/ d V i ^7^V 
A J ~ J J" ~ I I ^ I -_ 1 -f. m 2 ( __ ) 

J TQ \\\C?T/ V^y 



The integrand is never negative, and can be zero throughout 
the whole interval (TQTJ) only when 6 coincides with @ . 
Hence it follows that among all curves which can be drawn 
in & between the two points and 1, the geodesic @ has the 
shortest length. 3 

It should be noticed that the assumption that the geo- 
desic @ belongs to a set of geodesies satisfying the condi- 

1 GAUSS, loc at , art. 19 

2 Compare BARBOTJX, TMone ties surfaces, Vol. II, No. 521. 

s The conclusion can. easily be extended to tlie case where the point 0, instead of 
being fixed., is movable on a given curve orthogonal to the set of geodesies. 
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tioiis imposed upon the region , is equivalent to Jac obi's 

condition. 

<:) The necessity of JacobTs condition follows from a 

well-known 1 theorem on tlie envelope of a set of geodesies. 

If the set of geodesies through the point has an envelope 

$, and 02 and 03 are two geo- 
desies of the set touching the 
envelope at the points 2 and 3, 
then 

arc 02 + arc 23 = arc 03 

The point 3 is the conjugate to on the geodesic 03. Now. 
if 2 be taken sufficiently near to 3 on the envelope $, the 
compound arc 023 is an admissible variation of 03 for which 
AJ~ 0. And since the envelope % is never itself a geo- 
desic/ the arc 23 can be replaced by a shorter arc 23, and 
therefore A J" can even be made negative. 

Hence the arc 03 does not 3 furnish a minimum, still less 
an arc 01 of the same geodesic whose end-point 1 lies beyond 
the conjugate point 3. 

The method whose outlines have just been given applies 
with only slight modifications to the case where only one of 
the two end-points is given, while the other is movable on a 
given curve on the surface. 



33. KNESER'S THEOEEM ON TRANSVERSALS AND THE THEOREM 
ON THE ENVELOPE OF A SET OF EXTREMALS 

We consider in this section KNESER'S extension to any 
set of extremals of the two fundamental theorems on sets of 
geodesies given in the preceding section. 

1DARBOUX, Thtone des surfaces. Vol. II, No. 526, and Vol. Ill, No. 622. 

2 See DABBOUS, loc. at., Vol. Ill, p. 88. 

s Apart from a certain exceptional casa; see 38. 
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a) Construction of a trans rerscd to a set of extremal*. 
Let 

a; = <($, a) , if = if; (t, a) (1) 

be a set of extremals for the integral 



J= 

containing the particular extremal 



whose minimizing properties are to be investigated. A and 
JB are again the end-points of @ . 

We suppose that the functions $(t , a) and -v|r(^ 5 <7) are of 
class <7" in the domain 

1 T - ^ f ^ T, + e , - a ^ d , 

where f TQ, Ti / l5 e and <:/ are positive quantities. 
We suppose further that for the extremal @ 

ti(t, o) + ^(^ o) * in (^# 1 ) . (2) 

It follows, then, from the continuity of <f> t (t, a) and ty t (f a), 
that the quantities t Q -T Q , TI f l9 , d can be chosen so 
small that also 

#(f,a) + #(#,a)=0 (2a) 

throughout the domain 15. 

We denote by U A the rectangle 



in the /, a-plane, and by H& k its image in the r, ?/-plane 
defined by the transformation (1) . 

To every point (#, a) of H& corresponds a unique point 
(x, y) of gp k which we shall call "the point [/, a]." To a 
continuous curve 



in Sfc corresponds a unique curve in 
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X = 4>(g(r) 7 h(r)) = 4>(r) , 
2f = ^(y(rM(T))=(T) , 

which we call 1 the curve [/ = #(T), a~h(r}]. 

The point r of 6 coincides with the point t = g(r) of the 
extremal a = h(r) of the set (1). If for every value of r 
the curve 6 is transverse 2 to the extremal a==li(r) at their 
point of intersection, we shall say that (1 is a transversal 
to the set of extremals (1). 

We write for brevity 

F(<l>(t 9 a), <lf(t,a) 9 $ t (t,a), &(*, a))=F(*, a) , (3) 

and use the analagous notation for the partial derivatives of 
F and the function F. Then the condition of transversality 
may be written 



But 

djc dt . , da dTj dt . da 

57 = ^5; + *.^ ' ^ = ^ + ^ ; 
hence, remembering the relation (9) of 24, we get 
F(f , a) + [F z ,(*, a) 4> a (, a) + F,(<, a) ,(*, a)] ^ = . (5) 

This differential equation for the functions t and a of r is 
the necessary and sufficient condition that the curve 6 may 
be a transversal to the set (1). 

We now introduce the further restricting assumption 3 
that 

F(*,0o)=|=0 in (U) - (6) 

*For the deductions of this section it is not necessary to assume that also 
conversely to every point (x,y) of 5^ corresponds a unique point (f , a) of 2S fc , pro- 
vided that we consider the points and curves ot S> A only in so tar as they are the 
Images of definite points and curves of 9R^ , and this is \vhat our notation is to indi- 
cate. Accordingly two points [, a'] and [", a"] of & k are considered as distinct 
even if they should have the same co-ordinates #, y -it the points (', a') and (t", a") 
of l&fc are distinct. 

2 Compare 30. 3 We shall free ourselves from this restriction in 37, c). 
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It follows, then, from the continuity of F(/, a), that we can 
take TO, TI so near to sf , ^ and A' so small that 

F(, a)4=0 (6a) 

throughout the region 51^ 

If the condition (6a) is satisfied, it follows from CAUCHY'S 
existence theorem 1 on differential equations that through 
every point jjf', a'] of the region S> k a uniquely* defined 
transversal of the set (1) of extremals can be drawn, rep- 
resentable in the form 

x = ^(#,a) | 

* = *<*,)) '=* (a >' 

%(a) being single-valued and of class C" in the vicinity of 
a = a r , and taking for a = a' the prescribed value f = t'. 

The curve (t may degenerate* into a point, viz., when the 
functions <(r), -^(r) reduce to constants, say ^, #. For 
such a degenerate curve the condition of transversality (4) 
is evidently always satisfied, 

Conversely, if any point (#, T/) in the interior of the 
region a of 24, 6) is given for which 

F l (x\y\ cosy, sin y)^0 

for every 7, and if we construct by the method of 15 and 
27, c) the set of extremals through the point (x, ?/ ), this 
point may always be considered as a degenerate transversal 
to the set of extremals. For there exists, according to 
27, c), a function tf(a) of class C 1 ', such that for every a 
within certain limits 



= $(#, a) , 

the point (sc , T/) is therefore indeed the image of the curve 
t=.f>(a) in the t y a-plane. 

i Compare p. 28, footnote 4. 

^ Compare footnote 1, p 168. a See KNTSSEE, Lehrbuch^ p. 47. 
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&) The function u(t, a] Let A Q be a point on the con- 
tinuation of o beyond A, corresponding to an arbitrary 
value t = 1$ between T Q and / , and let 1 



be the transversal 2 passing through the point [/g, ]. 
We suppose A: taken so small that in the interval 
(<iQ k, (iQ + k) the function 1(a) is of class C' and 
7 7 <f(a)<T T 1 . The curve t=tP(a'), interpreted in the 
f , a-plane, divides the rectangle ^ into two regions ; we denote 

b 2Jfc that one for which 



and by ^ its image 2 in the 




We consider now any point 
P . [/, a]of fipfc. The extremal 

(g oj = 



of the set (1) which passes through P, meets the curve 2 
at the point P : [tf, a], 

Now denote by w or n (/, a) the value of the definite integral 



The function u(f, a) is single-valued and of class C r in 
the domain jj fc ; moreover it represents, 3 in 2&^, the value of 
our integral 

J= F(x, y, x f , y r )dt 



taken along the extremal from the point P to the point P: 



1 When the transversal shrinks to a point, the function. $ (a) becomes iden- 
tical with the function so denoted at the end of a) . 

2 In Fig. 31 & k is the non-shaded part of & k . 

3 Only in Rjj., since we always suppose that the lower limit of the integral J is 
less than the tipper limit ; compare 24, &). 
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The partial derivatives of u(t^ a) are: 

=*(*,) > (8) 



df . r f 
_ p (f a ) _|_ i 

v 'da J t (\ 



, a) 
/ 



_ __ 

9a v 'da J t (\ oa 

But 



since <t> ta = <f> ai , ^ ta = <\fr at . Now 
^"^' = and 



since ^>(/, a) and ^(/, a) satisfy Euler's differential equation. 
Hence we obtain 



But the second term disappears since / = /(a) represents a 
transversal and therefore satisfies the differential equation (oj . 
Thus we finally obtain 

#,a)^ a (f,a) . (9) 



If the point P : [t , a] moves along a curve G defined by 1 
t = g (r) , a = 7t (T) , z. e. } 



u becomes a function of r whose derivative is, according to 
(8) and (9) : 

i The functions g(r) and h (T) are supposed to be of class C" and to furnish points 
(i, a) in 3S fc so long as T is restricted to a certain interval (T'T") to which we confine 
ourselves in the following- discussion. 
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d " P/ 
dr 


a \ ^L _L [~P X , (t , a) <j a (^ 


, .)+..,...)* 


(^ )] 

J df ' 


or 


r/'?/. . r/jr 


dTi 





The extensions of the two theorems on geodesies of 32 
follow immediately from this formula by specializing the 
curve 6. 

c) KNESER'S Theorem on Transversals: In the first place 
we suppose that the curve (I is a transversal to the set (1). 
Then it follows from (4) and (10) that 

du =Q 

dr 

and therefore u = const. 

Thus we obtain the 

Theorem I: Two transversals ^ and ^ to the same set 
of extremals intercept on the extremals arcs along which the 
Integral J has a constant value. 

More explicitly: If @' and @" are two extremals of the 
set (1) meeting the transversals 2, 2 1 at the points PQ, P{ 

and PO', P[' respectively, then 



\ \ pi Conversely: If along the curve 

* FIG 32 ^ ^ ^ e f nnc ^ on u (t* a ) i s constant, 

then & 1 is a transversal of the set (1) . 

In the special case of the geodesies, transversality is iden- 
tical with orthogonality, 1 and therefore Kneser's theorem 
is indeed a generalization of Grauss's theorem on geodesic 
parallels. 

The theorem remains true if one or both of the two 
transversals shrink to a point; 2 thus we obtain the following 
corollaries : 

I Compare 30, a}. 2 Compare the remark at the end of a). 
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Corollary I. 1 If X 1 is a transversal to the set of extrem- 
als through a point P , then the integral J has the same 
value if taken along the different extremals from the point 
P to the curve 3?, and vice versa. 

Corollary II. If 2 is a transversal to a set of extremals 
passing through a point P l3 then the integral J has the same 
value if taken along the different extremals from the curve 
3: to the point Pj. 

Corollary III - If the extremals passing through a point 
P all pass through a second point P 1? then the integral J 
has the same value if taken along the different extremals 
from P to PI. 

d) Theorem on the envelope of a set of extremals: In 
the second place, we suppose that the curve S is tangent to 
all the extremals of the set (1) , and therefore is the envelope 
of the set* 

More explicitly : As it has been remarked before, the 
point r of coincides with the point t = g(r) of the extremal 
a Ji (r) of the set (1) ; we suppose that for every value of 
r, at least in a certain interval (T'T") in which 



the curve S and the corresponding extremal are tangent to 
each other at this common point, so that 

?- <*>* 



It follows, then, that there exists a function m of r such that 

dx dy 

^ = m- , t t = *fr 5 

i Applied to geodesies, this is GAUSS'S theorem on geodesic polar co-ordinates, 
G-ATJSS, loc. wt., art. 15. 
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m is continuous in (T'T") and can not change sign. 1 We 
may without loss of generality 2 suppose that 

m > in (T'T") , 

/. <% that the posit ice directions of Hie tangents to the two 
cm res coincide. 

From the homogeneity properties of ff it follows, then, that 



aud 



and therefore, according to ( 10) , 



Hence, integrating from T~T' to T~T"(T' <T") and 
remembering the meaning of ii(t, a), we obtain the 

Theorem II. 2 Let 2 be a transversal to the set of 
extremals (1) and $ the envelope of the set; let, further, 

P'Q', P"Q" be tivo extremals 
of the set starting from the 
ponds P', P" of 2 and touch- 
ing % at the points Q' , Q' f , then 41 




(12) 



i This follows from (2a) and the assumption that 



-*If m is negative, introduce a new parameter 

T = -~ or on 1$ . 

3 The theorem in the special case when x shrinks to a point is due to ZEEMELO, 
who proves it by means of Weie rs trass's expression for A J in terms of the 
E-functkm (Dissertation, p 96). The theorem m its general form and the above 
proof are due to KNESEE; see KNESBR, Lehrbuch, 25, and also id&ni^ Matfte- 
matische Annalen, Vol. L (1898), p. 27. The simplest case of the theorem is the 
theorem on the evolute of a plane curve. 

*By a limiting process it can "be shown that the theorem remains true if the 
assumption 
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with the understanding that the positive direction (J'Q" on 
3? has been chosen as indicated above. 

The theorem remains true if the transversal 2 shrinks 
to a point, in which case we obtain 
the corollary: 




P Q f , P Q" being two extremals of the set through P 0? and 
f the envelope of the set. 1 



34. CONSTRUCTION OF A FIELD 

Before we can extend to the general case of extremals the 
results given in 82, 6) concerning geodesic parallel co-ordi- 
nates, it is necessary to impose upon the set of extremals (1) 
such further conditions that the correspondence between the 
two regions H& and >% defined in 33, a) becomes a one-to- 

()'+()'<= 

ceases to be satisfied at Q", ^ e., if the curve 5 has a "etwp" at Q", provided that 
there exists a positive quantity n such that 



approach, for IT= r"0, finite determinate limiting: values not both zero (a condi- 
tion which is, for instance, always fulfilled if 3T and r are regular in the vicinity 
of T"). The proof follows immediately from the homogeneity property of the func- 
tion F; see 24, (8). 

l The two theorems on sets of extremals proved in this section can be darived 
by still a different method indicated for the case of the geodesies by DAKBOUX 
(TMorie des Surfaces, Vol. II, No. 536). Let 

V #=/(*! o, ) i y = 0(*oo) 

be a particular extremal derived from the general solution of Euler's equation, 
and let JfQ(*= as ^j,aJ 5:ss a ,y=6 ) and M 1 (t==t l ^x=a, l ^y b l } be two points on <? 
which are not conjugate in the more general sense that (t i , ) 4= . Then it follows 
from the theorem on implicit functions that if we take two points P (XQ , y$ and 
P 1 (ar 1 , 2/j) sufficiently near to M Q and M 1 respectively, a uniquely defined extremal 
can be drawn through P and P l 

<: a;=f(* T a,j8) , y = flr(*, a,0) . 

The constants a, j3 , the two values of * which correspond on e to the two points 
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one correspondence, or In oilier words that the set of extrem- 
als ( 1) furnishes a field about the arc S . 

The proof 1 of the existence of a field is based upon the 
following 

Theorem . Let 

t r = <f>(t,a) , y = $(t, a) (15) 

"be a one -parameter- set of curves satisfying the following 
conditions : 

A) The functions <f> and ^r are of class O' in the domain 

T, - e ^ # ^ T, + , I a - 5 d , 
and d being two positive quantities. 

B) The particular curve 

x = $(t,a^ , y = ^(t, a ) (16) 

has 110 multiple points for T e^f^jT 1 + - 

C) If we denote by A(/, a) the Jacobian 



then t,a 

A ft, a,,) 4=0 ill (T -e, r, + e) . (17) 

P and Pj , and consequently also the value of the integral J taken from P to PI 
along (* are single- valued functions of ar (> , y , a^, ^ which aie continuous and have 
continuous partial derivatives in the vicinity ot a , b^, ctj, /^j We denote this inte- 
gral J" t5 : (P P 1 ) considered as a function of x () , y^ , arj , 2/1 ^ ^y 

J^o.Vo^i*^) ; 

it is a generalization of the geodesic distance between two points (see DARBOUX, loc, cit ). 
The total dijSerentiai of this function can be obtained by precisely the same 
method as that which DARBOUX applies to the geodesic distance, and the result is 



the derivatives ir ', z/ ' and ar^, y{ referring to the extremal G. 

Now suppose that P and P l move along two curves (? and 6j whose co-ordinate > 
are expressed in terms of the same parameter r. Then the estremals joining- corre- 
sponding points of <T and gj form a set of extremals with the parameter r, and 
J(ar 0t y , a?j, 2/ x ) changes into a function of T whose derivative is obtained immedi- 
ately from (14). By specializing the curves u~ and c i the two theorems I and II are 
obtained. 



proof (Lehrbuch, 14) must be supplemented by a lemma such as 
that given below under a) and &). Compare also OSGOOB, Transactions of the Amer- 
ican Mathematical Society^ Vol II (1901), p. 277, and BOLZA, tbid., Tol II (1901), p. 424. 
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Under these circumstances a positive quantity l:<d can be 
taken so small that the transformation (15) establishes a 
one-to-one correspondence between the domain 



in the /, a-plane, and its image j& k in the x, y-plane. 




FIG. 35 



FIG. 36 



Proof * We suppose it were not so ; that is, we suppose 
that however small k may be taken, there always exists in 
Jtfc at least one pair of distinct points (/', a'), (t ", a") whose 
images coincide at a point (x, y) of J$ fc , and we show that 
this hypothesis leads to a contradiction to our assumptions. 

a) We first select a sequence of decreasing positive quan- 
tities 

A?> A?!> A? 2 > --- Av> >0 , 

beginning with k and approaching the limit zero, subject to 
the following rule : After fr t has been chosen, we select in 
the rectangle JR fc a pair of distinct points Pi(/i, %'} and 
P['(t^ a'l) whose images coincide; this is always possible 
according to our hypothesis. According to B), a and a(' 
cannot both be equal to a ; we may therefore choose 7c 2 
smaller than at least one of the two quantities joj a |, 
jaj' a , so that at least one of the two points PI, P{' lies 
outside of S^. 

Next we select in S/^ 2 a pair of distinct points Pg (t^ a^) 
and PS '(#2'? ^3') whose images coincide. As before, we can 
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clioose 7c 3 smaller than at least one of the two quantities 
\a> Oo|j l^' tfojj ^tc., etc. 

Proceeding in this manner, we obtain corresponding to 
the sequence \k v \ an infinite sequence of distinct pairs 
of points 

p;(*;,a;>, p-^;-, ar) , v = i,2,...> ; 

the two points PJ, P" lie in K^, and their images coincide 
at a point (x y , y v ) of g^.. 

We consider now the set of points 

Z {(ti, at, t",ai')l \z v \ 

in the four-dimensional space (f, a'; f ', a"). The set 2 
contains an infinitude of distinct points all lying in the finite 
domain 



it has therefore at least one accumulation point 1 

1 = (r' 9 a'; r" , a") , 

which belongs itself to since B is closed ("abgeschlossen"). 
5) We are going to prove that 

f / r r f f 

CL = a , a~a , T = T 

Out of the sequence \z v \ we can select 2 a subsequence \z v .\ 
(i=l, 2, oo ; z>*4-i>z>J such that 

L z v& = t , t. 6 , 

Lt^ = r f y La^ = a', Lti' t =r", L <; = a" . 
But since AV =0 and 

tss-e ' 

| a^ a 1 ^ ^ , s | a^' a === A:,,^ , 
it follows that 

l Compare E I A, p 185, and II A, p. 43 , J. I, No. 27. 2 See J. I, No, 28. 
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a! = a , a" '= a,, , 

besides T' and T" are contained in (T^T^). 

On the other hand, let D(f, <7 r ; f ', o") denote the dis- 
tance between the two points (>', ?/') and (,r", #") corre- 
sponding to (/', a') and (/", a"). Then we have 

>(/'. ;? f", ai') = . 

But since D(/', a'; /", a") is a continuous function of 
its four arguments, we have 

D(r', a ; T", a a ) = L D(t a,' , f v [, a,'/) = , 



that is, the images (f, 97') and (",*?") of the two points 
(T', a ) and (r", a ) coincide. According to B), this is only 

possible if 

T'=T", say =r 

There exists therefore a point (T, a ) ?">? S^, / crer// vicinity 
of ichich pairs of distinct points (/', a'), (f ', a") can le 
found whose images in the r, y- plane coincide. 

c) The theorem on implicit functions 1 leads now immedi- 
ately to a contradiction. For, let (, ??) denote the image of 
the point (T, a ) ; take (x, y) in the vicinity of (f , 77) and 
consider the problem of solving the system of equations 



with respect to (f, rr). Since A(T, ao)=t=0 it follows from 
the theorem on implicit functions that after a positive quan- 
tity e has been chosen arbitrarily but sufficiently small, a 
second positive quantity & e can be determined such that, if 
(,r, y) be taken in the vicinity (S ) of (f , ^), the above two 
equations have one and but one solution (t, a) in the vicinity 
() of (T, ). 

Further, we can determine, on account of the continuity 
of < and ^r, a positive quantity e'5=e such that the image 

i Compare p. 35, footnote 2. 



180 CALCULUS OF VARIATIONS [Chap. V 

of every point (/, a) in the vicinity (e') of (T, n Q ) lies in the 
vicinity (8) of (jr, *?). Hence if (T, </) and (/", a") are 
any two distinct points in the vicinity (e') of (T, a ), their 
images (V, #') and ( e r", #") must lie in the vicinity (S ) of 
(f, 77) and can therefore not coincide, according to the defi- 
nition of S . 

But this is contrary to the result reached under b) ; the 
hypothesis from which we started must therefore be wrong 
and our theorem is proved. 

Corollaries: 1. From the continuity of the functions 
<(/, a), -^(/, a) and the one-to-one correspondence between 
S fc and ^ fc it follows that the image 8' of the boundary of 
the rectangle S^ is a continuous closed curve without mul- 
tiple points (a so-called "Jordan-curve"). It divides, there- 
fore, 1 the x, ?/-plane into an interior and an exterior. 
According to a theorem due to SCHOENFLIESS" the set of 
points & k is identical with the interior of 8' together with 
the 'boundary 8'. 

2. Let f , /! be two values of t satisfying the inequality 

To < t o < f i < Ti , 

and let @ denote the arc of the curve (16) corresponding to 
the interval (f , ty. Since the line: a = o, f ^^'i lies 
in the interior of S&, its image @ lies ia tlie interior of g fc 
and has, therefore, no point in common with the boundary 
S'. The two curves an( i *$' being continuous, it follows/' 
therefore, that a neighborhood (p) of the arc @ can be con- 
structed which is entirely contained in fc . 

3. Since A(Y, )4=0 in (To2\) and A(#, a) is continuous 
in U fc , it follows from the theorem on uniform continuity 4 
that k can be taken so small that 

i Compare J. I, No. 102. The interior as well as tte exterior is a " continuum." 
ZGftttinger Nachnchten.im, p. 282, compare also OSGOOD, tbid., 1900, p. 94; and 
BEKNSTEIN, ibid., 1900, p. 98. 

^ Compare p. 13, footnote 4. 

* Compare E. II A, pp. 18 and 49; P., Nos. 21 and 100; J. I, No. 62, 
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A(f,a)=t=0 m m . (18) 

We suppose in the sequel that k has been selected so small 
that K fc and & fc are in a oiie-tooiie correspondence, and 
that at the same time (18) is satisfied. Under these cir- 
cumstances the region S> k is called a field about the arc S , 
formed by the set of curves (15). 

4. The one-to-one correspondence (15) between U fc and 
S> k defines / and a as single -valued functions of x and y 
which are of class C" throughout J^. ; we denote these 
inverse functions by 

t = t(x, y) , a = a(,r, j/) . (19) 

Their derivatives are obtained by the ordinary rules for the 
differentiation of implicit functions, according to which 

I-A^J-A 80 A A 8f ,^ 8 

l_^_ + ^_ , o = *, + * a - , 



35. KNESEE'S CUKVILINEAE co-OEDiNATES 1 

Our nest object is to extend to the general case the 
results given in 32, &) concerning the introduction of geo- 
desic parallel co-ordinates. 

a) Curvilinear co-ordinates in general: Let us intro- 
duce, instead of the rectangular co-ordinates x, y, any sys- 
tem of curvilinear co-ordinates 

u=U(x,v) , v= V(x }U ) (21) 

where the functions U(x, y) and V(x, y) are of class <7" in 
a region contained in the region & of 24, 6) ; in the 
same region their Jacobian is supposed to "be different from 
zero. 

"We interpret w, v as the rectangular co-ordinates of a 

i Compare KNESER, Lehrbuch, 16. 
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point in a , r-plane and denote by < the image in the 
?, t*-plane of the region J$. We suppose, further, that the 
correspondence established by (21) between S> and is a 
one-to-one correspondence. The inverse functions 

jc = X(u,v) , y=Y(H,v) (22) 

will then likewise be single-valued and of class O" in the 
region 2f and moreover their Jacobian 



We consider now the integral 

'= XX-- ' 

taken alozig an ordinary curve 

6. * = *(r) , */ = <MT) 

from a point A(r Q ) to a point 5^), the curve being sup- 
posed to lie in the interior of the region & . 

If we introduce the new co-ordinates it , v into the inte- 
gral t/, it will be changed into 

'= XX- !)* (25) 

the function of the four arguments w, t% ?^, v' being 
defined by 

<?( M , v, w', v') = ^ (X, F 3 XX + ^X> ^X+ F.i;') . (26) 
The integral J r is taken along the image 6' of S in the 



from the point A' (image of A) to the point B r (image of B). 
Prom the equality 

J'-J (27) 

it follows that if the curve 6 minimizes 1 the integral J", its 

i With the understanding that only such curves are admitted as lie in the regions 
and QJ respectively. 
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image G' necessarily minimizes J"', and vice r<m/. Hence 
the problem to minimize the integral J and the problem to 
minimize the integral J f may be called equivalent problems. 
The following properties of the function (T(U* r, n' , r') 
can immediately be derived from its definition (26) : 

1. Gr(u, r, u , v*) is positively homogeneous 1 of dimen- 
sion 1 in ', v' . 

2. By differentiation we get 



Hence if 

0*'= X u 

y'= Y u u f + Y v v' , f = Y u h + Y v v , 

the following identity holds : 

uG u ,(u, v, u', v') + r6v(u-, r, u\ v') 

= jtF 9 ,(x, y, x f , y') +yF v .(x, y, x', ij r ) , (28) 
from which we infer that the E-function is an absolute 
invariant for the transformation (21), L e., if we denote the 
new E-f unction by E'(i/ , r ; ', v' ; &, I') we have 

B'(w,r; u',v'; >, r) = E(x, ^ , x', ^; 1', y) - (29) 
3. Also F 1 is an invariant ; if we denote the correspond- 
ing function derived from Q by <? ls we obtain easily 

, ISO) 



where Z> is defined by (23) . 

4. Also the left-hand side of Eider's equation is an 
invariant ; after an easy computation, we obtain 



(31) 

The image of an extremal of the old problem is therefore an 
extremal for the new problem ; and the same relation holds 
for the transversals, as follows from (28) . 

i Compare 2A, equation (8). 
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All these results are in accordance with, and can partly 
be derived a pnot i from, the equivalence of the two prob- 
lems. 

b) Definition of Kneser^s curvilinear co-ordinaies. To 
the assumptions concerning the set of extremals (1) enumer- 
ated in 33, a), we add the further assumption that 

A(f, a,,)=J=0 in (fof,) , (32) 

where A(/, a) denotes again the Jacobian 



8(*, a) ' 

It follows, then, from the continuity of A(/, a), that the 
quantities / T , 2^ ^, k can be taken so small that 

A(f,a)4=0 (33) 

throughout the region 3S A ,. 

According to 34, the correspondence between the 
domains H& and ? k defined by (1) is then a one-to-one 
correspondence, and the inverse functions 

t=t(x,y) , a = a(x,y) (34) 

are single-valued and of class G rr in the domain >&. 

We now combine with the transformation (34) the trans- 
formation 

u=<u(t,a) , v = a (35) 

between the /, a-plane and the it, v- plane, u(t, a) being 
defined by (7). 

Since, according to (6a) and (8), 

j = F(f,a)4=0 in S^ , 

it follows that the correspondence between the region 5R fc and 
its image fc in the u, ^-plane, defined by (35), is a one-to- 
one correspondence and moreover that the Jacobian 
3(n,v) . 

* m * 
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Hence, if we combine the two transformations (35) and (3i), 
we obtain a transformation of the form (21) which estab- 
lishes a one-to-one correspondence between the region > k in 
the j% # -plane and the region fc in the ?;, r-plane, and 
which satisfies all the conditions imposed under a) upon the 
transformation (21). For every point (</, y) in the region 
g>/ defined in 33, 6), the function u= U(x, y) represents, 
according to the definition of n(t , a) given in 33, the value 
of the integral J taken along the unique extremal of the set 
(1) passing through the point (x, ^/), from the transversal of 
reference ^ to the point (r, y). 

c) Properties of Kneser^s curvilinear co-ordinates : For 
KNESEK'S curvilinear co-ordinates^ the images of the 
extremals are the lines v = const.; the images of the 
transversals 1 the lines u = const. Moreover, the function 
6r(w, v, u' ', v') has the following characteristic properties. 

G(u,v,u',Q) = u' , 
G u ,(u, v, u' 9 0) =1 , G r .(u, v, u' 9 0) = , J 

which hold for every , v and for every u' which has the 
same sign 2 as F(, a). 

For the proof of these statements it is convenient to rep- 
resent a curve S in the region g fc of the x, j/-plane in the 

form 

) , t =g(r) , 



which is always possible on account of the one-to-one corre- 
spondence between U fc and & k . The image S' of S in the 
u, v-plane is then represented by 

u = u(t, a ,}t=g(r) , 

v = a , f a = h (T) , 

and on account of (26) the following identity holds : 

1 Again with the restriction that the transversal must He in the region 0jj. 

2 Since F(i, a) =1=0 and is pAn+muous in H> it has a constant sign in H^. 
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,a), ~ <f>(t, a], ~ 



( & * \ da \ 

= Giu(t, a), a, ~ u(f, a), J . 



If 6 is an extremal of the set ( 1 ) , it can be defined by the 

equations 

t = r , a = a , 

a constant 1 Hence the above formula becomes : 
F(T, a') = G(II(T, a'), a 'y T(T, a'), 0) , 

and therefore, on account of (8) : 

u r (r, a f ) = G(U(T, a'), a', u r (r , a'}, 0) . 

Since r and a' are arbitrary and, moreover, 

G-(u, r, pu, 0) = pO (u, v, u', 0) 

for every positive p, the first of the three equations (36) is 
proved. 

The second follows immediately by means of the identity 

u'G n . + v'G v .= G . 
To prove the third, let 

t g(o) , a = <r 

define a transversal ; then, according to 33, r) : 
u (g(cr) , o-J = const. 

Hence the condition of transversality, which must be sat- 
isfied at the point of intersection of this transversal with the 
extremal i = r, a = a', reduces to 

^<? y ,(?4(r, a'), a', u T (r, a'), 0) = , 
from which we infer the third of the equations (36), since 



*Its image is the line <S'.U=U(T, a'),u = a' and the angle 6' which the positive 
direction of <' makes with the positive u-axis is or IT, according as the constant 
sign of F (, a) is + or . 
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The relations (36) lead to two important consequences ; 
In the first place, we obtain immediately from the defini- 
tion of the E'- function on applying (36): 

E'fit, v, 4 *', 0; &, ?) = G(u. r, ft, r) - h . (37) 

In the second place, we get by Taylor's theorem : 
G(u, v, ft, v) (?(M, r, w', 0) 

= (k u')G u .(u, r, H\ 0)+^6V<"> r, u', 0> 

+ i [(ft - ')*<? , + 2 (ft - /(') *<?. r , + r <?,., ] , 
where the arguments of & u u , etc., are 
u,v, U'=u fJ rG(h H') , c'=6v , and (I < d < 1 . 

If we simplify the remainder-term by the introduction of 
(? 1? and make nse of (36), we obtain: 

G(u 7 v, It, v) - u = Iw' 2 ^ 2 ^ . (38) 

From the preceding equation we see that whenever (T I and 
IL are both positive (negative), also G(u, ?% w, r) is positive 
(negative) . Hence, if for a given point ( H , v) , the functions 
G i (^t, v, zt, r) and Gri(u, v, u 9 v) are different from zero (and 
therefore do not change sign) for all values of ft, r (except 
possibly t6 = 0, i> = 0) 3 they must both have the same sign. 

Eemembering now the relations (26) and (30), we obtain 
the following result, 1 which will be useful in the sequel : 

If at a point (x, y) the functions F(x^ y, cos 7, sin 7) 
and FI(X, 2/5 cos 7, sin 7) are both different from zero for 
all values of ' % then they must both have the same sign. 



36. SUFFICIENT CONDITIONS FOR A MINIMUM IN THE CASE 
OF ONE MOVABLE END-POINT 

The introduction of Kneser's curvilinear co-ordinates 
leads to a number of important consequences : 

a) ]neser j s sufficient conditions: Through the point A 

* See KNESBK, Lehrtwch, p. 53. 
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(^o> l/o) o:f tlie extremal @ (compare Fig. 31, p. 170) we con- 
struct the unique transversal 1 Z [t = x(a)"\' 9 and from an 
arbitrary point A of Z we draw any ordinary curve @, join- 
ing tlie points A and B and remaining in the region &% : 

g. x = 4>(r] , ^ = ^(T) , TQ^ET^T! . 

The image of G in the ?;, v-plane is the line v = a Q ; the 
images of 2; and S are the lines ?* = and u = z/o_~ P"(^ 05 2/o) 5 
the image of the curve G is an ordinary curve S' : 



The abscissae and u 1 of the images J.' and B r of J. and 

B are 




and according to the defi- 
nition 2 of U(x, y} we have 



FIG. 37 



On the other hand 



But since 3 UT< = 



r 

*>o 



r 1 ) = z/, 1? we have 



ar 



and therefore the total variation 



may be written : 

A T f T T^/- - dTc dl} \ 

AJ=\ \ Grlu, V, , I 

*^ r o L \ ar ' dr/ 



(39) 

The relation (38), together with (30), leads now to the 
following result: 

iThe arc of z corresponding to the interval (a fc, a +fc) of a lies entirely in 
the interior of jb' k ; for A lies in &'% since t Q > ij , and Z and 2 do not intersect in &% . 
The image 2% of g?' k is that part of ST^ in which u 5 or tt^O according as the con- 
stant sign of F (, a) is + or . 

2 Compare 35, 5). 3 Compare, for this important artifice, 32, 6). 
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If tlie conditions 

A (if, Oo>=j=0 , F(f,cO=|=0 
"ire satisfied for fo^/ig/!, r/wi if, moreorer, 

FI (u. , //, cos y , sin y) > flla') 

along the extremal GO /or ^r<;v/ miW o/ % then the extremal 
@ furnishes for the integral J a smaller value than every 
other ordinary curve which can be drawn in jl from the 
transversal X to the point B, provided that A* be taken suffi- 
ciently small; and therefore the extremal G minimized the 
integral J if the end-point B is to remain fired while the 
other end-point is movable on the cur re X. 

6) Weierstrass" s theorem for tJte case of one ranahle 
end-point Still another important conclusion can be de- 
rived from (39). On account of (37) we obtain from (80) 



where u' is any quantity having the same sign as F(/, a). 
We may therefore 2 write the last equation : 



A J= 



v, cos 6\ sin 0', ^ . ^-\dr , (40) 
dr drf ' 



where 0' is the angle defined on p. 186, footnote 1, and whose 
value is or TT. But since the E-function is. according 
to (29), an absolute invariant for the transformation (21), 
we obtain, by returning to the original variables x, //, the 
extension of Weierstrasti's theorem to the ease of one 
movable end-point 

r Ti - - 

= I E (jr, y; jr', /, JT', y')dr , (41) 

/ r o 

1 To make the connection with the problem : To minimize the integral J by a 
curve joining a given curve "< with the point J5, the following remark is necessary: 
After an extremal <% of class C' has been found which passes through B, is cut trans- 
versely by ? at A , not touched by Is at ^1 , then it is always possible, according to 23,/) 
and 80, to determine a set of extremals which has the properties assumed in 33 of 
the set (1) and to which the curve T& is a transversal. The transversal 2 of the pre- 
ceding theory will then coincide with the given curve IT. 

2 Compare 28, equation (51). 
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where (o% 7/) is a point of the curve <f ; ?', ~y r refer to the 
curve 6; ,r', v/ f to the unique extremal of the set (1) 
passing through the point (,r, T/). 

Reasoning now as in 28, r?), we infer that in the above 
enumeration of sufficient conditions the condition (IIa f ) 
man be replaced by the milder condition 

E(x, y, p, q; p, q) > along @ , (IV) 

understood in the same sense as in 28, d). 

c] Osyootfs theorem concerning a characteristic prop- 
erty of a strong minimum: The introduction of Kneser's 
curvilinear co-ordinates leads to a theorem due to OsaooD 1 
concerning the character of the minimum of the integral J, 
in case the stronger condition (Ila') is satisfied. 

If we denote by & the angle which the positive tangent 
to S' at the point (u, <;) makes with the positive t^-axis, and 
introduce on & instead of the parameter r the arc s of (', 
we may write (40) in the form 2 

X Sl - 

E'(M, i"; cos 0', sin 0', cos O y sin 6)ds . 
j 

Applying the theorem 3 on the connection between the 
E-function and FI to E' and Q-^ we get 
E' (u , v ; cos #', sin 0', cos , sin 0) 

= (1 - cos (0 - 0')) Q^Tt,, v, cos 0* 7 sin 0*) , 

where 6* is some intermediate value between &' and 6. 

Since #'~0 or TT, the first factor on the right is 
1 ^p cos 6. 

But if we suppose that (Ila') is satisfied, we can always 
take k so small that 

Fj(a, y, cosy, siny) > 
for every a?, y in I&& and for every 7. 

1 See Transactions of the American Mathematical Society* Vol II (1901), p. 273. 
For the following proof see BOLZA, ibid., Vol. II (1901), p. 422. 

2 Compare 28, equation (51) . 3 Compare 28, equation (54) , 
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From the relation (30) between J\ and G l , and from the 
continuity of 6r 1? it follows, then, that a positive quantity m 
can be assigned such that 

GI (n , r, cos ct>, sin w) ^ m 
for every it, v in 3^ anc i for every co. Accordingly we obtain 



X s ! 
(1 q= cos 0) ds , 
^ 



or, since - , 

cos = 

A J 5= m ? =p 

I being the length of the curve (' from A' to B' '. 

Now suppose that the curve 6 in the j% ^-plane passes 
through a point P of the extremal r/, = -f-ft of the set (1), 

where 

< | h < k . 

6' will then pass through a 
point P' whose ordinate is I 7 

r T =. FIG. 3H 

v = + //. 

Let Q' be the foot of the perpendicular from P' upon 
the line 11 = 11*. Then 




is, -f / . ef , , TV 

Z^ V hr + (tt l w ) > 

and therefore 

A J ^ m [l//i 2 + ( Ul - utf T (u, - MO)] > . (42) 

Hence, if we use the symbol j$^ in the sense analogous to 
that of 0^, we may formulate the result as follows : 

Under our present assumptions concerning the extremal 
@ and the functions F and J\, it is always possible to 
determine, corresponding to every positive quantity h 
numerically less than 7c, a positive quantity e h such that 

A J = J*(AB) - J* (AB) ^ c, (43) 
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for every ordinary curce S which joins Hie transversal X 
with the point B, and remains within &l BUT NOT WHOLLY 

IN THE TNTEEIOE OF &(. 

OsGOOD 1 derives from his theorem a simple proof of 
WEIERSTKASR'S extension 2 of the sufficiency proof to curves 
without a tangent : 

Let, in the notation and terminology of 31, (Z), 



be a curve of class (JBT), not coinciding with @ , joining the 
points A and J?, and lying wholly in the interior of the 
region &[. Let II be a partition of the interval (T Q T^) whose 
subintervals are chosen so small that the corresponding rec- 
tilinear polygon s $ ns inscribed in S, lies in the interior of g^. 
The polygon being an ordinary curve, we have, if Kneser's 
sufficient conditions of 36, a) are fulfilled for the extremal @ , 



if y n denotes, as in 31, c), the value of the integral J taken 
along the polygon $jJ n . 

Hence if we pass to the limit and remember equation 
(78) of 31, we obtain 



It remains to show that the equality sign cannot take place. 
Let Q be any point of S not situated on the extremal @ , 
and denote by a + h the value of the parameter a of the 
extremal of the field passing through Q. Then : < } h \ < k. 
Now consider in the above limiting process only such parti- 
tions II for which Q is one of the points of division. There 
exists, then, according to OSG-OOB'S theorem, a positive quan- 
tity h such that 

Fn *7%i= e ft 

i Loc. cit, p. 292. 2 Compare 31, e). 



37] KNESER'S THEORY 193 

Hence if we pass to the limit. 

and therefore 

Jf > J* Q , Q E D. 

37. VARIOUS PROOFS OF WEIERSTRAS\S THEOREM. 
THE ASSUMPTION F(/, a) ^P 

The function 

u = U{x, y} 

introduced in 35, ft) was derived from u(i, a) by substitut- 
ing for f and a the inverse functions ( 34) : 

/ t(x, y) , a =aU-, y) . 

Hence the partial derivatives of U( r r, y) with respect to ,r 
and y are, on account of (8) and (U) : 



= , 

E-emembering that 

F = ^F,+^F X , 
and that by definition 

4>(t(jc,y), a(x, y)) =x , $(t(x, y), a(x, y)) =y , 
we obtain the important result : l 

|| = I-,. = P(a-, ff ) ; |^ = F,. = Q(x, y) , (44) 

where P(^r, 2/) and Q(x, y) denote those functions of x and 
y into which F^.^, a) and F y .(f, a) are transformed when 
the variables f , a are replaced by their expressions in terms 
of x, y. 

From these expressions of the partial derivatives of U 

KNESEE, Lehrbuch, p, 47; compare also p. ITS, footnote 1. 
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two further proofs of Weierstr ass's theorem for the case 

of one variable end-point, can be derived. 

a] Jneser\* proof: 1 We repeat the construction of 

36, a), denoting, however, the points A Q , A, J., B by num- 

bers: 5, 0, 0, 1 respectively. 

Then we apply Weier sir ass's 
construction* slightly modified : 
Through an arbitrary point 
2(r = T 2 ) of 6 we draw the 
unique extremal of the set (1). 
It meets the transversal S at 

a unique point, 7. Now we consider the integral J taken 

from 7 along the extremal 72 to 2, and from 2 along the 

curve S to 1, and call its value S(r 2 ) : 



using the same notation as in 20 and 28. 
In particular we have (see Fig. 39) . 

S (r ) = J b g -f~ <^oi 9 




But according to Kneser's theorem (33, c)) 

t/tio : ~ :: v > i 



hence 



According to the definition of the function U(x,y) given in 
35, 6), we have 

JK= U(x 2 , i/ 2 ) , 
on the other hand 

r r i 

Jn~ I &(*, y> x', y)dr . 

^T 2 

Hence, making use of (44), we get as in the case of fixed 
end-points ; 

i KNESER, Lehrbuch, 20. a Compare 20 and 28. 
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Integrating with respect to T> from T O to r x , we obtain 
~JVeierstrass'*s tJieorewi (41 ) 

The above deduction leads to the following geometrical 
interpretation of the "E-f unction, due to KNESEE: 

Let 3 be the point of S corresponding to r = r 2 + h , and 
draw the extremal 83 through the point 3, and the transversal 
24 through the point 2 (see Fig. 40) . Then 



and since 




Hence we obtain, on account of (45), the result. 1 



6) Proof by means of Silberfs Invariant integral: The 
important formula (44) leads immediately to HILBERT'K 
invariant integral 2 for the case of parameter-representation. 



The integral 



<lT , (47) 

taken along S from to 1 is, according to (44) , equal to 

J* T * d 
~ r U&,l/)dT 
r u dr 
nence 

J*= U(x l ,y l )- 7(jf ,^ ) , 

I* , y denoting the co-ordinates of the point 0. 

The value of the integral J"* is therefore independent of 
the curve (5 and depends only upon the position of the end- 

1 KNBSER, Lehrbuch^ p. 79 , compare footnote 1, p. 138. 

2 Compare 21. Another proof of the in variance of the integral J*, following: 
more closely the reasoning of HILBEBT'S original proof, is given by BLISS, Transac- 
tions of the American Mathematical Society % Vol. V (1904), p. 121. 
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points; it even remains invariant when fhe point moves 
((.long the transversal X, since U(x, y) = const, along every 
transversal. 

Hence, by letting coincide with and d with @ we 
obtain 

/*=7oi - 

The integral J^ can therefore be expressed by an integral 
taken along the curve G , viz , 



I 

JT Q 



Substituting this value of J" 01 in the difference : AJJfa J Qi 
we obtain immediately Weierstrass's theorem. 

c) The assumption F(/, a)=t=0 : It is important to notice 
that in the preceding two proofs of Weierstrass's theorem 
no use has been made of the assumption (6) that F(/, a^j^pO 
at all points of the interval (^i)* but only of the two special 
assumptions * 

F $,,>) 4=0 , F(# , ao)=l=0 (8b) 

which, according to 33, a), are necessary for the construc- 
tion of the two transversals 5 and 2. 

Hence, also in the sufficient conditions derived from 
Weierstrass's theorem, the condition (6) may be replaced 
by the milder condition (6b), whereas, in the former deduc- 
tion o sufficient conditions by means of Kneser's curvi- 
linear co-ordinates, the assumption (6) was essential 

This apparent discrepancy 2 between the two methods can 
be removed as follows : 

2 The first of these may be replaced by F(, a ) 0, because for t any value of t 
between T Q and t may be chosen. Only in very exceptional cases can $* vanish all 
along an extremal, since the differential equation J^=0 is, in general, incompatible 
with Kuler's differential equation. 

2The discrepancy is still more striking in KNESEE^S own presentation, since he 
mates, instead of (6), the stronger assumption 

1^0*1 y, sin -y, cos y) 4=0 
along < Q for every y (compare Lehrbuch, pp. 49 and 53). 
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Compare the two problems 
(I) To minimize the integral 



J= 
(II) To minimize the integral 



and 



where 

F\x, y, x f , y') = F(x, y, x', ij') 

+ *,(*, y)x'+*,,(jc 9 ij)ij' , (48) 

<l> (x , y) being a function of x , y alone, of class C" in j& k . Since 

j<> = J + *(*i, yi ) - $(x , y ) , (49) 

we obtain 



for all variations which leave the end-points fixed. 

If, on the other hand, the integrals are to be minimized 
with one end-point, say (x ly y^), fixed, while (o? 0? # ) is movable 
on a given curve X, the same result holds, provided that 
<&(<r, y) remains constant along this curve. 

With this condition imposed upon <I>, the tiro problems 
are equivalent; that is, every solution of the one is also a 
solution of the other. Hence it follows that every extremal 
for the one is also an extremal for the other. 1 In particular, 
our set of curves 

x = <t>(t j a), y = if,(t,a) (1) 

is a set of extremals also for J" to) . 

We now suppose that the function F satisfies the two 
conditions (6b), but not (6), and we propose to show that it 
is always possible so to select the function 3>(Xj y) that 

F<>(*,a)>0 
throughout the region H& defined in 33, a). 

iThe analogous statement for transversals is, in general, not true. 
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Let m be the minimum, of F(f, a) in the region H^, and 
let 31 be a positive constant greater than m\. 
Further let, as before, 

t = t{x, y) , a = a(,r, y) 

denote the inverse functions defined in 35, equation (34). 
1. Case of fixed end-points - In this case we select 



,y) . (50) 

Then o 

F"(f, a) - F(f, a) + tfg^fa(*, a), ^(f, a;) . 

But by the definition of the inverse functions we have 

t(4>(t,d),t(t,a)) = t i 
hence 

F<>(*, a) = F (*,) + Jlf , 

which is positive in S&. 

2. Case of one variable end-point: Suppose (j^, ^j fixed 
and (x , # ) movable along the curve X, which is a transversal 
of the set (1) for the problem (I) and represented, as in 
36, a), in the form 



In this case we select 

*(*, y) = Jlf [(o?, ?/) - x (a(jff, y))] ; (51) 

then <E>(,r, ?/)==0 along S, and 



Hence we obtain, as before, 



n 



It follows, further, that 5 is a transversal of the set (f) also 
for problem (II). For 
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The first term on the right vanishes for f=^x(a)* since X is 
a transversal of the set (1) for problem (I) ; the second term 
vanishes likewise for / = ^(rr), and therefore also the left- 
hand side, which proves our statement. 

The assumption (G), upon which the introduction of 
Kiieser's curvilinear co-ordinates depends, may therefore 
be made without loss of generality ; for, if it should not be 
satisfied, we can always replace the given problem by an 
equivalent problem for which it is satisfied. 

38. THE FOCAL POINTS 

The assumption 

A(^au)4:0 m (t^} (32) 

was indispensable in the previous sufficiency proofs for the 
construction of a field ; but our deductions give no indica- 
tion whether it is at the same time a necessary condition for 
a minimum. 

We are going to prove, according to KNESER,' that at 
least in the milder form 

A (f , a,) 4= for t,<t<t 1 , (32a) 

which corresponds to Jacobi's condition in the case of 
fixed end-points, the condition is indeed necessary for a 
minimum. 

We retain all the assumptions of 33 concerning the set 
of extremals (1) , and we suppose moreover that, in the nota- 
tion of 33, a), 

FI (, o) > in (f f,) ; (52) 

1KNESEB, Mathematische Annalen, Vol. L, p 27, and Lehrbueh, 24, 25. 
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but we drop the assumption (32) and suppose, on the con- 
trary, that ^ ,^, 

A(f ',ao)=0 , (53) 

where / < A) < 'i an( l 5 moreover, that / ' is the smallest value 
of /, greater than f , for which (53) takes place. The corre- 
sponding point A'(XQ, ?/o ) of @ is then the focal point 1 of 
the transversal 2 on the extremal . 

a) Existence of ilte envelope: We propose to find all 
points 2 [Y, a] of the x, ?/-plane in the vicinity of [/ ', a ] for 

WHeh M*,)=0 (54) 

For this purpose we notice in the first place that the function 
A(/, a ) is an integral of Jacobi's differential equation 



This is proved exactly as the similar statement in 27 6) 
and c) by substituting in Euler's differential equation 
x=-(f>(t, a), y~ty(t, a), differentiating with respect to a 
and then putting a = a Q . 

Since Fi = 'F l (t, a ) is continuous in the vicinity of t=^t^ 
and, according to (52), different from zero for t = t^ it fol- 
lows that 3 

A f (^,a )^0 (55) 

Hence it follows, according to the theorem * on implicit 
functions, that there exists a unique solution 

* = t(a) 

of (5tt) which is of class C' in the vicinity of a = a , and 
takes for a = a a the value t = i^ 

The curve 5 [t = t(aj] in the x, ?/-plane, i. e., the curve 

1 Compare 23 and 30. If % shrinks to the point A, the focal point A' becomes 
the "conjugate' 1 point to A. 

2 For the notation compare 33, a). * Compare p. 35, footnote 2 

3 Compare p. 58, footnote 2. 5 For the notation, see 33, a). 
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$ x = <f>(f(a), a) = f(a) , J) = ^(f(a) , a) = 

is the envelope 1 of the set of extremals (1). 
For, since 

doc dt dy dt 

= = 



it follows that 

|^,-f^,= -A(?(a),a)=0 . (56) 

This shows, apart from the points at which 



that the curve 3 touches all the extremals of the set (1) for 
which (i is sufficiently near to a , and therefore % is indeed 
the envelope of the set. 

b) Application of the theorem on envelopes. We must 
now distinguish two cases : 

Case I : The envelope g does not degenerate into a pomt^ 
i. e., <j>(a) and ty(a) do not both reduce to constants. 

Let us suppose that the functions <(a) and ^(a) are of 
class C ( ' } in the vicinity of a = a , that for a-~a their 
derivatives up to the order r 1 vanish, but that the r tlx 
derivatives do not both vanish. Then we obtain by Tay- 
lor's formula 

g = (a-a )'- 1 [-dL + a] , ^(a-^)' -'[* + ] , (57) 

where A and JB are constants which are not both zero, and 
a and /3 approach zero as a approaches a^. 
Substituting these values in (56) we get 

A = n<}> t (ti , Oo) , B = nilr t (t , a ) , (58) 

where n is a factor of proportionality which is different 
from zero. 

i Compare E., Ill B, p. 47, footnote 117. 
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We now introduce on "$ a new parameter r by the trans- 
formation a a {) er , 

where = db 1 will be chosen later on. Since, according to 
(2) and (2a) the functions <j^(f, a) and ^(T, a) do not both 
vanish at = a , it follows from (56) that we may write 



where m is a function of r, which is continuous in the vicinity 
of T = 5 and, on account of (57) and (58), is representable 
in the form m = >y-> + v ) , 

where L v^=Q. 

T=0 

Whenever it is possible so to select the sign e that m is 
positive for all sufficiently small negative values of T, we 
can construct, according to the theorem II of 33, rf), an 
admissible variation of the arc A A' of @ for which AJ^O. 

Subcase A): r odd. 1 If we 
choose e equal to the sign of n, 
m is positive for all sufficiently 
i FIG. 41 gmall values of |r ; see Fig. 41. 

Subcase ~B) : r even, m has the same 
sign as w, no matter how we choose e. 
Therefore 

1. If ( /i<0, m is positive for nega- 
tive values of r ; see Pig. 42. FI(3 '' 42 

2. If n>0, m is negative for 
negative values of r ; 2 see Fig. 
43. 

In subcase A) and subcase Bj) 
we have 

1 Tins covers the "general " case in which g has no singular point at A'(r 1) 

2 If we draw a straight line 2 through the point A' not tangent to <? , then 9 
crosses the line 2 in case A) ; it lies all on one side of S in case B) on the same &ide 
as the arc A A' in. case Bj), on the opposite side in case B 2 ). This ollowt> easily 
from (57). 
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according to theorem II of 33, d), and therefore the arc 
A A' of the extremal @ certainly furnishes no proper 1 mini- 
mum, and still less the extremal @ (or AB) itself. 

But it furnishes not even an 'improper minimum. For 2 
the envelope $ cannot at the same time be itself an extremal, 
and therefore the integral J(QA') can be further diminished 
and consequently AJ" can be made negative by a suit- 
able variation of the arc QA.' . 

The statement that % itself cannot be an extremal can be 
proved most conclusively by substituting in the left-hand 
side of Euler's differential equation for #*, y the functions 

x = <l>(t, a) , T} = t(t, ) > 

and making use of the characteristic property (59) of the 
envelope. 

If we remember the homogeneity properties of F and its 
derivatives, and the fact that <(/, a), ty(t> a) as functions 
of t alone satisfy Euler's differential equation, we obtain 
after an easy reduction : 



^-~*V = FA*f 

The arguments of F x , etc., are 

_ _ df dy 
X ' y > dr ' dr ' 

those of ^, ^, F 1? A t are T, a. 

Since, according to our assumptions, F^/, a) and A t (#, a) 

iFor the distinction between "proper" and "improper" minimum, com- 
pare 3, b). 

2 Compare BAEBOUX, TMone des Surfaces, Vol. Ill, No. 622, and ZERMELO, Dis- 
sertation, p 96, 
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are different from zero for t = t^ a = Oo, they remain differ- 
ent from zero in a certain vicinity of this point. Moreover, 
<j> t and fa are not both. zero. Hence the envelope $ does 
not satisfy E tiler's differential equation. 1 

In subcase B 2 ) the same construction cannot be applied, 
and therefore the question cannot be decided by this 
method. 

Case II . degenerates into a point. In this case all 
the extremals of the set pass through the point A' ', and we 
can directly apply Corollary II of the theorem on trans- 
versals, 33, c). 

Accordingly, we have for every 
K- extremal @ of the set : 

"i * *' S 

FIG 44 A J = J^PA') - J, Q (AA') = , 

and therefore the arc A A' of the extremal @ certainly fur- 
nishes no proper minimum. 

Bumming up the different cases, we may state the 
result : 

If the end-point B of the extremal AB coincides with 
the focal point A' (and a fortiori^ therefore, if B lies beyond 
A' ' ti > /o) the arc JA.B ceases to furnish a minimum, except 
in the following two cases: 

1. When the envelope % has at A' a cusp of the special 
kind defined tinder subcase B) , the present method fails to 
give a decision. 2 

2. When the envelope degenerates into a point, the arc 
A A' furnishes no proper minimum, but it may furnish an 

i Another more geometrical proof can be derived from the fact (see 25, 6)) thai 
only one extremal can be drawn through a given point in a given direction if 
^(^ 2/# > y')4=0 for the given point and direction; compare Darboux'a proof 
(loc. cit.) for the case of the geodesic. 

2 Under the restricting assumption that JP(o? ', 2/ ', cosy, sln-y)=}=0 for every y, 
OSGOOB has shown that the arc A A' actually furnishes a minimum, if the other 
sufficient conditions of 36 are satisfied, Transactions of the Amet ican Mathematical 
Society, Vol II (1901), p. 182< 
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improper minimum. 1 If, however, B lies beyond A' ', the 
arc AB furnishes not even an improper minimum. 2 
Thus the necessity of the condition 

A (t, a ) =*= for f<t< t, (32a) 

is proved for all cases with the one exception just mentioned. 3 

1 The set of geodesies on a sphere which pass through a point affords an example 
of this kind 

2 For, from F x (i ', ) 4=0 it follows that if is bufficiently near to a ( , , the "dis- 
continuous solution" PA B (see Fig- 44) cannot satisfy the corner condition (24) of 
25, c) (compare footnote 2, p. 142), and therefore a variation PM N B can be found lor 
which A7<0. 

3 This agrees with the result derived by BLISS from the second variation (com- 
pare 30) , the latter method proves the necessity ot (32a) also in the exceptional case. 



CHAPTER VI 

ISOPERIMETKLC PROBLEMS 1 
39. EULEE'S EULE 

THE special example which has given tlie name to this 
class of problems has already been mentioned in 1. 

More generally, we understand by an isoperimetric prob- 
lem one of the following type: 

Among all curves joining 2 two given points and 1 for 
which the definite integral 



K= \ G(JC, y, jc', y r )dt 

takes a given value 1 9 to determine the one tvhich minimizes 
(or maximizes) another definite integral 



J= I F( x , y, x' ', y')dt 

Jt 

Concerning the two functions F and 6r we make the same 
assumption as in 24, 6) concerning F 1 alone. The "admis- 
sible curves" are here the totality of ordinary curves which 
join the two points and 1 , lie in the domain H of the fuiic, 
tions F 1 and 6r, and for which the integral K has the given 
value I. Aside from this one modification, the definition of 
a minimum is the same as in the unconditioned problem, 
24, c). We suppose that a solution has been found : 



and we replace the curve @ by a neighboring curve 



1 This chapter is based chiefly on WEIERSTE&SS'S Lectures of 1879 and 1882, and 
on chap, iv of KHBSEK'S book 

2 Or: joining a given point and a given curve, etc. 

206 
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where and ij are functions of t of class D' satisfying the 
following conditions : 

1. They vanish for t = t Q and t = t^ ; 

2. In the interval (/ ^i), they remain in absolute value 
below a certain limit p. 

3. The integral K taken along S from t Q to ^ has the 
same value as if taken along 6 (viz., =1), or, as we write it, 

&K = K 01 -K l = Q ; (1) 

a) Admissible variations: Our next object is to obtain 
an analytic expression for functions , rj satisfying these con- 
ditions, not necessarily the most general expression but one 
of sufficient generality for the purpose of deriving necessary 
conditions for the minimizing curve. 

Such an analytic expression can be obtained, according 
to WEIEBSTKASS, as follows : 

Let _p 1? J9 2 , Si? #2 k e four arbitrary functions of i of class 
D' vanishing at / and / x . Then we consider the functions 



where l9 e 2 are constants, and propose so to determine 2 as 
a function of e x that the condition (1) is satisfied for every 
sufficiently small value of e x . 

For this purpose we notice that the integral JT 01 is a func- 
tion of e x , e 2 which is of class C' in the vicinity of e 1 = , e 2 = , 
and which is equal to jST 01 for 1 = 0, e 3 = 0. Further, for 
= 0, e 2 = its partial derivative with respect to t has the 
value h 

N,= (G 9 p.+ 0yq t + a p t f +0 y ,q;)dt . 

JfQ 

Hence if we introduce the assumption 1 that the curve S is 
not an extremal for the integral K, the functions p 2 j 22 can 

ijf S were an extremal for the integral JT, the curve e (or at least sufficiently 
small segments of it) would in general minimize or maximize the integral JT and it 
would therefore be impossible to vary these segments without changing the value of K. 
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be so chosen that N% = , and the conditions of the theorem 
on implicit functions are fulfilled for the equation (1) in the 
vicinity of the point = 0, e 2 = 0. Accordingly, we obtain 
a unique solution e 2 of ^the form 1 

where (e 1 ) denotes, as usual, an infinitesimal. Substituting 
this value in , t] we get 

= ( - ^ } + ( ) 

TT "'"; ' w 

\ l A" 2 7 

These functions , r\ have all the required properties for 
sufficiently small values of e^. The same argumentation 
applies to "partial variations" which vary the curve only 
along a subinterval (t't") of (/ /i). It is only necessary to 
take the functions jp l9 p 2 > 2i> 22 equal to zero in the whole 
interval (Vi) "with the exception of the interior of the sub- 
interval (f t rr ). 

6) Eider's rule: According 2 to 25, the total variation 
A J for the variations (i) may be written 

AJ" = < 

where 



For an extremum it is therefore necessary that 

*,-**=<>. 

After a definite choice of the functions jp 2 > 2s has once been 
made the quotient M^/N^ is a certain numerical constant 
which we denote by X : 



1 Compare p. 35, footnote 2. 2 Compare, in particular, the footnote on p. 122. 
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We have then the result that the equation 

M l + \N, = (6) 

must be satisfied for all functions jp l9 q of class D r which 
vanish at t Q and ^ . This shows at the same time that the 
value of the constant X is independent of the choice of the 
functions p>? #2- 

If we put H=f + \&, (7) 

equation (0) becomes 

u q, + H.pl + H y g/) dt = . 



/ 

Jt* 



Hence we infer exactly as in 25 by the method of 6, that 
x and y mnsi satisfy the differential equations 

*,-*- = 0, *.-!*, = (>, (8) 

which are equivalent to the one differential equation 

H xll , - H x , u + H, (ary ' - oc ' y ) = , (I) 

where HI is defined by : 



-- f 

y 2 x ij x - 

We call, again, every curve which satisfies (I) an extremal 
for our problem (KNESEE) . 

The above deduction applies to so-called "discontinuous 
solutions" 1 as well as to solutions of class (7', and shows 
that the isoperimetrio constant X has the same constant 
value along the different segments of a "discontinuous 
solution" Moreover we obtain, exactly as in 9 and 25, 
at a corner t = tz, the "corner-condition:^ 

1 Compare 9, in particular footnote 3, p 37. 

2 This important remark is due to A MAYER, Mathematwcht, Annalen^ Vol. XIII 
(1877), p. 65, footnote; and WJGIERSTRAS&, Lectures. Even, if the minimizing curve 
contains imfree points or segrments, all those segments of the curve whose variation 
is unrestricted (apart from the condition A^" = 0) must satisfy the differential equa- 
tion (I) with the same value of the constant A.. 
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H v > H^ , H it H, 



(10) 



All these results may be summarized in the statement 
that, so far as the first variation is concerned, our problem 
is equivalent to the problem of minimizing the integral 

\F+XO)dt , 

the curves being subject to no isoperimetric condition. 

This simple rule, which is the analogue of a well-known 
theorem in the theory of ordinary maxima and minima, is 
usually called Eiders rule, according to EuLER, 1 who first 
discovered it. 

The rule still holds in the case where the point , instead 
of being fixed, is movable on a given curve 

For, a reasoning similar to that employed in 30, combined 
with the remark that for all admissible curves 



leads 2 to the condition ,_* 

' MJ 

T T U 

H.S'+Hrf =0. (H) 

c) EXAMPLE XIII: Among all curves of given length joining 
two given points A and B, to determine the one which, together 
with the chord AB, bounds the maximum area. 

Taking the straight line joining A and B for the sr-axis, with 
B A for positive direction, we have to maximize the integral 3 

''J'l/)clt 

lEuxEB, Methodus invemendi lineas curvas maximi mmimiue propnetate gau- 
tes, 1744; see STACKEL'S translation, p. 101. The first rigorous proof is due to 
Yv-miE&sTBASS, Lectures, and DTT BOIS-REYMOND, Mathematische Annalen, Vol XV 
(1879), p. 310. The proof given in the text is due to WEIERSTRASS. 

2 For details of the proof we refer to KNESEE, Lehrbucli, 33. 

* We substitute this analytical problem for the given geometrical one, without 
entering upon a discussion of the question how far the two are really equivalent. 
Compare J. I, Nos 102, 112, and II, Nos. 129-33. 
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while 



has a given value, say ?, which we suppose greater than the 
distance AB. 
Since 



we get 



(12) 



and therefore the differential equation (I) becomes 
acy -oc' i/ _ _ 1 

/ 1 / /g | r<2 \ ' A ^ ^ 

Hence the radius of curvature of the maximizing curve is constant 
and has the value | X | , while its direction is determined by the sign 
of X. 

Again, since HI never vanishes, there can be no corners, 1 and 
therefore the curve must be an arc of a circle of radius |X| . The 
center and the radius of the circle are determined by the condi- 
tions that the arc shall pass through the two given points and 
shall have the given length I . There are two arcs satisfying these 
conditions, symmetrical with respect to the jr-axis. 

d) EXAMPLE XIV : To draw in a vertical plane between two 
given points a curve of given length such that its center of gravity 
shall be as low as possible. 2 

Taking the positive #-axis vertically upward, we have to mini- 
mize the integral 



= f 

*Jt(> 



while at the same time 



= f Var" 

7/0 



has a given value, say I . 
Here 



1 Compare 25, c) and 28, fe) , m particular footnote 2, p. 142. 

2 Position of equilibrium of a uniform cord suspended at its two extremities, 
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Using the first of the two differential equations (8), we obtain at 
once a first integral 



On account of (10), c must have the same constant value all along 
the curve, 

If c = , we obtain l the solution 

x = const. , 

which is possible only if the two given points lie in the same ver- 
tical line. 

If c =|=0, we obtain as general solution of Euler's equation 
two systems of catenaries : 

*=.+#, 

y + X = ft COsh t . 

Determination of the constants.- If we suppose ar <sci, the 
constant /3 must be positive in order that we may have J < <fi 

Since the curve is to pass through the two given points, the 
following equations must be satisfied . 

X Q = a + /3t g / l/^+\ft cosh f , 
, 2/i + * = ft cosh / x . 



Moreover, the curve must have the given length Z ; this furnishes 
the further equation 

? (sinh ti smb. ) = I . 

From these five equations we have to determine the five constants 

a ? /J, X ? # 0? ti. 

If we introduce instead of t and ti the two quantities 2 



" 2 ~ 2/3 5 
we derive from the above equations the following : 

A = Is not a solution, since it does not satisfy the second differential equa* 



tion (8). 

S, Lectures, 1879. 
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yi y = 2/3 sinh p. sinh v , 
Z = 2/3 cosh /* sinh v . 
Hence we get 

tanh /x = ~^- (16) 

Since we suppose 

Z > \/(x l ~~x,Y+(y l -y^ >\y l -y*\ , 

each of the two equations comprised in (16) has a unique solution /*. 
Further, we obtain from (15) : 



and therefore 

sinh v 






Since Jc>l the transcendental equation (17) has one positive root v. 

After M and ? have been determined, the values of a, 0, X, , ti 
follow immediately. 

Each of the two systems of catenaries (14) contains, therefore, 
one catenary satisfying the initial conditions. 



40. THE SECOND NECESSARY CONDITION 

We suppose that the general solution 1 of the differential 
equation (I) has been found : 

a=/(f,a,)8,A) , y = g(t,a,P,x) . (18) 

It contains, besides the two constants of integration a, /3, 
the isoperimetric constant X. 

Moreover, we suppose that a particular system of values 
of these constants 

a = a , ft = fa , A AO 

has been determined 2 so that the extremal 

1 Compare the remarks in 25, a). 

2 There are five equations for the determination of the five unknown quantities 
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a: = 



passes through the two given points and 1 (for t / and 
/==/! respectively), and furnishes for the integral K the 
prescribed value I . 

"We suppose that the functions /, </, f t , g t , f it , g tt and 
their first partial derivatives with respect to a, /3, \ are con- 
tinuous functions of their four arguments in a domain 

where T < f and Ti > / 1( 

Further, we assume that for the particular extremal E 

in 



*o, 

and that ftg a fa,0t an( i/^% f&Sft are linearly independent. 1 
Finally we retain the assumption introduced in 39 that 

o is not an extremal for the integral K. 

a) A lem^ia on a certain typo of admissible variations: 

In 89 the existence of admissible variations of the form 

has been established, satisfying the conditions enumerated 
on p. 122, footnote 1, and besides the isoperimetric condition. 



for every sufficiently small value of je|. 

From the latter condition it follows that also 



Hence wo obtain in particular for e = 

i Compare glii, end. 
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(&.!> + G s q+G..p'+a,q')dt = Q , (22) 

7/ 

where 

j> = .(t,Q) , q = i.(t,Q) . (23) 

If we transform the left-hand side of (22) by integration by 
parts, and remember that, as in 25, a), 

G.-^G^y'U, e.-^o^-su. 

where 

U= G Vil G X ',j + Gi(x'y"x"y f ) > 



we obtain fi 



f n f f f 

y 2 x y x 

f 

f Uwdt = 

Jt (} 



where 

w = y'p x'q . 

Since jp and q vanish at / and f 1? the same is true of tr. 
T r /ce versa, the following lemma 1 holds: 
Let w be any function of class D r which satisfies the con- 

ditions 

w(t<>) = Q , to (*,) = (), (24) 

f l uwdt = ; (25) 

L/ 

then it is always possible to construct an admissible varia- 
tion of type (21) for which 



Proof: Since @ is not an extremal for the integral JT, it 
follows that 7^0; it is therefore always possible so to 
select a function w^ of class D', and vanishing at f and 1? 
that 

i Due to WEIERSTBASS ; see KNBSEE, Matheniattsche Annalen, Vol. LV, p. 100. 
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Now let 
and choose 



These functions vanish at / and / a for all values of the con- 
stants e, !, they represent admissible variations if, more- 
over, the condition 

A^ = (1) 

is satisfied. 

But by the same process as above, we find : 

=ft /*! 

-8^ 1= "=X Uwdt = > W 



^dt^O (26a) 

On account of (26a) we can apply the theorem on implicit 
functions to the equation ( 1) , and obtain for 1 a unique solu- 
tion which, on account of (26), is of the form 1 

Hence 

which proves our statement. 

b) Weierstrass 3 s expression for the second variation : 
Since AK Q, we may write 

Hence if we apply to the increment A.F+X A6r Taylor's 
formula, we obtain for every admissible variation of type (21) 



t 

' 



o e + + H yy .^) dt + ( 

1 Compare p. 35, footnote 2. 
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where H 

The first integral is zero since @ is an extremal. 

To the second integral we apply the transformation of 
27, a). We thus obtain the result : 



where H and H^ are derived from H in the same manner 

as F 1 and F 2 from F; see 24, 6) and 27, a). We shall 

denote the first term on the right-hand side by j 

For a minimum it is therefore necessary that 



and on account of the lemma proved under a) this condition 
must be fulfilled for every function ID of class D' which sat- 
isfies the equations (24) and (25). 

c) The second necessary condition: "Since we can con- 
struct admissible variations 1 which vary the arc @ only 
along any given subinterval (t't") of (Vi)j we can a ppty to 
the above integral the reasoning of 11, 6). Hence the sec- 
ond necessary condition for a minimum (maximum) is that 

H^Q 050) (II) 

along the arc o- 

This is the analogue of Legendre's condition. Also the 
second necessary condition for the isoperimetric problem 
coincides, therefore, with the second necessary condition in 
the problem to minimize the integral 



H (x, y, x', y f )dt 
without an isoperimetric condition. 



1 Com pare 39, a) 
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41- THE THIRD NECESSARY CONDITION AND THE CONJUGATE 

POINT 

We assume in the sequel that (II) is satisfied in the 
stronger form 

H, > along S* - (II') - 

It follows, then, by the method of 11, b), that (29) is sat- 
isfied, provided that the point 1 is sufficiently near to the 
point 0. 

We have next to determine how near the point 1 must 
be taken to the point in order that the inequality (29) may 
remain true. And it is at this point that the equivalence of 
the two problems, which we hare been comparing, ceases. 1 
In the unconditioned problem the inequality (29) must be 
fulfilled for all functions 10 of class D' which vanish at / 
and ti ; in the isoperimetric problem only for those which 
besides satisfy the equation (25). It is therefore a priori 
clear that the condition (29) is certainly fulfilled for the 
isoperimetric problem if it is fulfilled for the unconditioned 
problem. Hence if we denote by T r the upper limit of the 
values of 4 for which the inequality (29) remains true in 
the isoperimetric problem, by T" the corresponding tipper 
limit for the unconditioned problem, then T r is at least equal 
to T", but it may be greater, and in general it actually is 
greater, as will be seen later. 

a) Determination of the conj it gate point The point T' 
can be determined by a proper modification, due to WEIER- 
STRASS, of the method for the determination of the conjugate 
point in the unconditioned problem: 2 Since we consider 
only those functions w for which 

iThis has first been discovered by LUNDSTBOM, '"Distinction des maxima et des 
minima dans un. problem isop6rim6trique," Nova acta, req soc sc, ZTpiafcenM*, Ser. 
3, YoL VII (1869) ; compare also A. MAYER, Mathematische Annalen, Vol. XIII (1878), 
p. 54. 

^Compare g12, 13, 16, 27, 6). 
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/'i 

Jty 



Uwdt = Q , 

we may write S 2 J" in the form 
r*\ 

8V = 2 (H, w' 2 + H^ + fjnv U) dt , 

^o 

fji being an arbitrary constant. Transforming the first term 
by integration by parts (see 12) and remembering that ic 
vanishes at t Q and < 1? we obtain, if 10' is continuous in (f /i), 

5 2 J = e 2 f l w |> (w) + p. U~\ dt , (30) 

jt (] - j 

where *() = a.u-l^ir'). (31) 

To obtain the general integral of the differential equation 

*(w)+p.U = Q (32) 

we substitute in the differential equation 1 



for x and / the general integral (18), differentiate with respect 
to a, /3, X respectively, and finally put a a , j8 = /3 , X = X . 
If we denote 

0i(<) = flrt/a-/f0.) 



the result 2 is as follows : 



1J3" means here: 

2 For the computation compare 27, 6), In the differentiation with respect to A. 
an additional term appears on account of the factor A which occurs explicitly in 
3! . The immediate result of the differentiation is 



buf according to 25, equation (18), 

ff.-s 

hence the above result. 
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* (0, (t)) = , * (*,(*)) = , 
Hence we infer that the function 



U - . 



(33) 



in which C A and <? 2 are arbitrary constants, is the general 
integral of the differential equation (32). 

Now if it were possible to find values for c l5 c 2 , p and a 
value /' such that 

4) = , 
O = , 



w (f ) = ex <9> (f ) 



f Uwdt c, f UO.dt + c^ f UO^dt + p, f U0,dt = 

Jf */r /A> ^^o 



the second variation could be made equal to zero (and there- 
fore presumably AJ"<0) by choosing to equal to zero in 
(f'fi), and equal to this particular integral in (/ ^')- 

In order that 8 2 J r >0 /or aM admissible functions to, t<f 
/s therefore necessary 1 that 



r r 

stn ' ^h 



(34) 



for 



i WEIEESTEASS, Lectures, 1872 This condition, together with Hj =i=0 m (* /j), is 
also sufficient for a pet manent sign of $J (MAYER, Mathematische Annalen, Vol. XIII 
(1878), p. 53). The proof is based upon the following extension of Jacobi's for- 
mula (14) of 12 for the unconditioned problem : 
(pu+qv) * (pu + qv) = JS^ (p'u + q'vf 2q (p'm + g'n) 



where u^ v , m, n are the functions introduced below, under 5), and p and q are two 
arbitrary functions Compare BOLZA, u Proof of the Sufficiency of Jacobi's Condi- 
tion for a Permanent Sign of the Second Variation in the So-called Isoperimetric 
Problems," Transactions of 1he American Mathematical Society, Vol III (1902), p. 
303, and Decennial Publications of the University of t-hicago. Vol. IX, p, 21. 
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If we denote by / ' the root next greater than t Q of the 
equation 1 



the above inequality (34) may also be written 



The point / ' of the extremal @ is again called tlie conjinjcde 
of the point / . 

6) The third necessary condition The preceding result 
makes it highly probable 2 that the minimum cannot exist 
beyond the conjugate point. And indeed it can be proved 3 
by a modification of the method employed by WEIEKSTRAS^ 
for the analogous purpose in the unconditioned problem, 4 
that if /d<J?i) the second variation, and therefore also AJ, 
can be made negative. 

For thf* proof it is convenient to throw the determinant 
D(t, /o) into another form in which its properties can be 
more easily discussed. 

Let 

U = tfxfa) tf a (#) ~ <? 2 (4) !</) = U (/, / ) , 

v = c l e l (t) + c\A(t) - o.(t] = v(t, f ) , 

where the constants (7 1? C 2 satisfy the equation 



These two functions 5 satisfy the two differential equations 

1 D (t , t Q ) cannot vanish identically; see below, under 6). 

'^Compare remarks in 14, p 59. 

^The proof has been given by KNBSEK, Mathemattsche Annalen, Vol. LV (1902), 
p. 86. From the statements in HORMANN'S Desert afzon (Gftttlngen, 1887) it appears 
that WEIEESTEASS was in possession of essentially the same proof, but I have been 
unable to ascertain whether he has ever given it in his lectures. I reproduce in the 
text KNESER'S proof in a slightly simplified form. In 40 of his Lehtbuch, KNESEE, 
gives another proof which, however, presupposes that D t (tf ' , ) 4=0 

* Compare 16, p. 60, footnote 1. 

5 Neither u nor v can be identically zero. For since, according to (20), B l (t) and 
2 (t) are linearly independent and H l =1=0 in (# j), B l (f ) and 2 (# ) are not both zero. 
and therefore u^Q. v cannot be identically zero since 
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ty(u) =0 , *(r) = U (33) 

respectively, and both vanish at t Q : 

Hence the determinant D(/, f ) reduces, after an easy trans- 
formation, to 

where t t 

m = \ Uudt , n= I ?7ud , 

^ f,j *^fy 

From (35) follows : 

M>/\_ \I>M ~JTf ' M 

Integrating and remembering (36) we get 

TT / f r \ /OO\ 

JbLi(UV U V) = m (^^/ 

Again, we obtain by differentiating (37) with respect to t : 

D'=mi?' M' , 

and therefore 1 m 2 

Du r -~D f u (39) 

From the preceding equation it follows that D ft as at 
/o <7 ^e/'o y of an odd order., except ivhen u(f$ ) =0. 

After these preliminaries, we write the second variation 
in the form 



ilf we denote by /(,' the root next greater 1 than t Q of the equation u(t) =0, the 
relation (39) shows that t^ ^ ^'. For, since u has at a zero only of the first order, 
the quotient D/u vanishes for # , and therefore 



= - f * 

w Jt 



r ^ L u 
which proves that D 4= for t^ < t < t'^'. 

2D cannot vanish identically; otherwise m and therefore also u would vanish 
identically, which is incompatible with our assumptions. 
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whore 7v is an arbitrary positive constant and 



Now let u and v denote those particular integrals of the 
differential equations 

$(w) = , $() = 17 
respectively, which satisfy the initial conditions : 

u (f ) = u (t Q ) = , u (f ) = M' (f y ) , 
5 (f ) = v (4) = , ' (f ) = t/ (4) ; 

then it follows from a general theorem 1 on differential equa- 
tions containing a parameter that 

L (u(t) - u(tj) = , L (v(t) - v(t)) = , 

A=0 V X fc=0 V X 

uniformly loith respect to the interval (/Q'I) / ^ 
Hence, if we put 

m = I Uudt , u = I Uvdt , 

^0 ^0 

X> (# , # ) = mt? wi? , 
we have also 

LD(t,ta)=D(t, 4) , uniformly in (4, *i) 

A.=0 

Now suppose that 

<o < *i 
and that 

(<b')=t=0 . 

Then D(t, # ) changes sign at < ', as has been shown above; 
we can therefore choose two quantities t 3 and t satisfying 

the inequalities 

< t^ <t 4e <t 1 , 



, MGcanique celeste, Vol. I, p. 58; PICABD, Trait6 A' Analyse, Vol. Ill, 
p. 157; and E. II A, p. 205. The assumption 1^ =}=0 in (%) is essential for this con- 
clusion, 
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and so near to / ' that D(/, / ) has opposite signs at / 3 and / 4 . 
Now select k so small that also D(t, t Q ) has opposite signs at 
/ 3 and / 4 ; then jD(f, / ) vanishes at least once at a point 
?o between / 3 and f 4 . 

But since j5(/o, / ) i g equal to zero, we can determine two 
constants c 1? c 2 , not both zero, so that 



Now if we choose 

w Ci ie + c 2 v in ( 4' ) > 
w=0 in (fo'ij) , 

and give the arbitrary constant p the value 02 , then w sat- 
isfies the differential equation 



and the conditions (24) and (25). 

This function w makes S 2 J" negative, viz. 



/**! 

= -e*k \ 
Jt Q 



It remains to consider the exceptional case 1 when u (t^) = . 
This can only happen when at the same time m(#o)0 and 
r(/ ') = 0, as follows at once from (39) and (38}, if we remem- 
ber that IZi^O in (t ti) and that u and n' cannot vanish 
simultaneously. 

In this case we can make S 2 J~~0 by choosing /A = and 

w = u in (t Q to) , w=0 in (t^ti) , 

and by a slight modification of the method used by ScnwAEZ 2 
for the proof of the necessity of Jacobi's condition in the 
unconditioned problem, it can be shown that S 2 *7 can be 
made negative by choosing 

*For tins exceptional case, see BOLZA, Mathematische Annalen,\ol LVII (1903), 
p. 44, 

2 Compare 16, p. 65, footnote 1 
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/r = ze-fA t .s in (t Q t ( ' ) , tr = ks in (f 'fj) , 
where 

*ft,) = , *(*,)=<) , (/') =1=0 , 



i" 



We thus reach in all cases the result that the third neces- 
sary condition for a minimum is that 

f, f )=(=0 for t,<t<t l , (III) 



or 



c) Kneset \s form of the determinant D(f, f ); Let 5( t- M ) be 
a point on the continuation of the extremal @ beyond the point 0, 
taken sufficiently near to 0, or else the point itself. Then it fol- 
lows from our assumptions concerning the general solution (18) of 
the differential equation (I) that there exists l a doubly infinite sys- 
tem s of extremals passing through the point 5 : 

x = t(t,a,b) , y = t(t,a,b)., (40) 

and satisfying the following conditions : 

1. The extremal (S is contained in the system s, say for 

a= o> &"=6 . 

2. The functions 

<> <A> <&> & *^ 

and their first partial derivatives with respect to a and b are con- 
tinuous in a domain 

T^t^T, , la-OolS^, | & - Z> S ^ , (41) 

where jT < # 50 < fo < #1 < ^i and c?! is a sufficiently small positive 
constant. 

3. 0J + ^J 4= in the domain (41) . 

4. The value t = t& , to which corresponds on the extremal (a , b) 

lIfa;=f(,a,p,A.), ^ = <7(#,0i.,A) represents an extremal passing through the 
point 5 (say for 2= 5 ), the quantities a, /3 , A 7 Q must satisfy the two equations 
/(*5,a l j8,A)-/(* fl0 ,a ,/5 0) X )=0, 
Q(t$, ^, /5, X) -0( 80 , a ,^ Q , A ) =0 

Solving with respect to * 5 and A. and remembering (20), we obtain the results stated 
in. the text. 
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the point 5, is a function of a and b , of class C" in the vicinity of 
From the definition of f 3 , according to which, 



it follows by differentiation that 



55 



*- 









+* 



(42) 



5 X is a function of a, & of class C' in the vicinity of a,,, 60, 
and the two derivatives 

A! = A a (a, , b,) , X 2 = A 6 (a , & ) 

are not both zero, since #i(f) and B 2 (t) are two linearly independent 
integrals of *(u) = (compare (33)) . 
We shall denote by 

F(/, a,6), G(f, a, 6), H (#,,&), &,,(#, a, 5) , etc 

the functions of f, a, 6 into which J^ ? G, H, Q x , etc., change on 
substituting 



a?'=^(<, a, 6) , y f 

The integral -K" taken along any extremal (a, 6) of the system s 
from the point 5(t = t$) to an arbitrary point , is a function of 
/, a, &, which we denote by x(t, a, 6) : 

X(^a,6)= f G(#,a,6) . (43) 

/f c 

Finally we denote by A( if , a , ft) the Jacobian of <t> , ^ , x : 



? s function D(t, t^) differs from the Jacobian 
A(f , OQ, Z>o) on^ &3/ a constant factor : 

B o) = CA(#,a ,6o) . (44) 



41] 
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Proof. For the partial derivatives of x(t , a, 6) we obtain the 
following values 



r t 

\a= (G^a- 

*//-, 



9a " 



Applying the usual integration by parts and remembering that l 

d d 

Q*--Q = y'U, <?,--(?, = -*'rr, 






we get 

c f , 

y = I TJ (ij/f ff) (t <jf)^^ a ) dt - 
J l- t 

The terms outside of the sign of integration reduce to 



on account of (42) . 

A similar transformation applies to x& . 

We substitute these values of xt, x> %& in A (f, a, 6) and then 
put a = a , & = &o, which makes # 5 = 3 

Writing for brevity 



=x 



a=o 
b bn 



= f 
,/f. 



6=Z> 



we obtain for the Jacobian the expression 2 
A(f, a 0? & ) -MjB- 



(45) 

It is now easy to establish the relation (44) ; for if we substi- 
tute in one of the differential equations (8) for cc, y the functions 
<t>(t , a, 6), f(t, a, 6), differentiate with respect to a and then put 
a = oo, 6 = 6 7 we get 

( A) f A! 17 = ; 
similarly : 



i Compare equation (18) of 25. 

ematische Annalen, Vol. LV (1902), p. 95. 
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Hence if we set 

u = A 2 A. \i B , 

A. 



, s 

' 



7Z and v satisfy the same differential equations as the functions 
u v Introduced under b). Moreover, u and v vanish for t = tw> 
since, on account of (42) , 



Hence it follows that 

u = cu (t, t- M ) , v = r (t, Aj U ) + c'u (t, jf so ! 

wheie c and c' are constants. Taking now D(, foo) ni the form 
coi responding to (37) we obtain immediately the relation (44). 

d) Mayers law of reciprocity for isoperimetric prob- 
lems : The problem: To maximize or minimize the integral 
J while the integral K remains constant, and the "reciprocal 
problem" : To maximize or minimize K while J remains 
constant, lead to the same totality of extremals. 1 

For, if we distinguish the quantities referring to the sec- 
ond problem by a stroke and make the substitution 

A = ~ , (46) 

we have 



which shows that the differential equations for the two prob- 
lems become identical by the substitution X~ 1/X. 

Now suppose that in both problems the given end-points 
are the same and that, moreover, the values prescribed in 
the two problems for the second integral are such that one 
and the same extremal @ , for which X =t=0, satisfies the 

iThis remark had already "been made by EULBR; see STACKEL, Abhandlunqen, 
aus der I ai zationsrechnung, I, p. 102. 
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initial conditions for both problems. Then the equivalence 
of the two problems still holds for the second variation. 
For since 



H! has a permanent sign so long as HI has, and vice versa, 
The sign is the same if X is positive, the opposite if X is 
negative. 

Further, the conjugate to the point is the same in both 
problems : 



For the system 2 of extremals through the point is the 
same in both problems. 

Besides ___ 

U= T , 

hence since the extremal satisfies the differential equation 
we have, along @ : 



and therefore, according to (45), 

A t, oo, & ) = - *o * (*> <* *>o) , (49) 



which proves our statement* 

This result is due to A. MAYER, and has been called by 
him the law of reciprocity for isoperimetric problems. 1 

e) EXAMPLE XIII (see p. 210) : From the expression (12) for HI 
it follows that x must be negative in case of a maximum. Equa- 
tion (13) shows, then, that the vector from any point of the curve to 
the center must be to the left 2 of the positive tangent. Of the two 
arcs which satisfy the differential equation and the initial condi- 

iMathematische Annalen^ol. XIII (1878), p. 60; compare also KNBSBE, Lefcr- 
bucli, pp. 131 and 136. 

2 If, as we always suppose, the positive jy-axis lies to the left of tke positive o?-axis. 
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tions only the one above the x-axis satisfies this condition, This 
arc may be represented in the form 

* = -*. cosM _ t _ f]<M _ 2^ 

y rr fi^ A (j Sill / ) 

Hence we obtain 

1 (/) A () cos t , 

2 (t) = A,) sin t , 

Again, >'< " jc"i ' 

FIG, 45 U = r - 7 =======^ > , 




which is equal to lAo along @ 0? according to (13). This leads 
to the following expression for D(t, t ) : 

D (t } to) = 4A 2 sin o> (sin o> o> cos to) , (51) 

where 



Hence we easily infer that the parameter <J of the conjugate 

point is : 

. (52) 



The arc (So satisfies, therefore, the condition 

/I < *' - 

On the other hand, in the problem to maximize the integral 



without an isoperimetric condition, the conjugate point t^ is 
determined by the equation 



whence 1 

t" = 

i The same result follows from the geometrical interpretation of JacobTs cri- 
terion The extremals through A are circles of radius A ; their envelope is a circle 
about A of radius 2A , which is touched by each circle e through A at the point dia- 
metrically opposite to A on e . 
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bo that, in accordance with the general theory, 

/' ^ /" 
*-o ^ M> 

/) EXAMPLE XIV (see p 211) : We have here 



hence for a minimum it is necessary that 



Of the two solutions (14) of the differential equation (I) which sat- 
isfy the initial conditions, only the one in which the upper sign is 
taken in the expression for #+x, fulfils this condition. 

For this solution we obtain 
B l (t) = A smh i , #2 (*) = & (* smh # - cosh , B, (t) = fl, , 



Hence follows 



f U0*dt = [ ^1 * 

A> L cosh/J, o 

f U0 3 dt = [ tanhfT 

J f Q L Jf () 



and the expression for D(t, #) reduces to 1 
D (*, ft) = A 2 (2 cosh (* - ft,) - 2 - (t - ft,) sink. (# - /)) ? (54) 

or, if we put 

t - / = 2o) , 

j) (tf ? 4) = 4jQJ smh co (sinh w to cosh <*>) . (54a) 

The function smh w is positive for every positive ^, and the 

function 

< (a>) = sinh co co cosh co 

is negative for every positive <*>, since 0(w) = and 
<' (o)) = co sinh w , 

i First given by A. MAYER, Mathematische Annalen, Vol. XIII (1878), p. 67. 
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Hence tJiere exists no conjugate point, and the third necessary 
condition is always satisfied. 

The same result is even more easily obtained by using KNESEE'S 
method : l 

If we let the point 5 coincide 2 with the point and choose for 
the two parameters a, b the quantities 

a = tr , b = ? , 

the system of extremals through the point is represented by the 
equations 

x r = b (t a) , y ~ y Q = b (cosh t cosh a) , (55) 

Hence we obtain 

ft _ 
l/x" 2 + y r2 dt=:b(sinht~-smha) , (56) 

and therefore 

A (t , a, b) = fc 2 [2 cosh (t - a) - 2 - (f - a) sinh (tf - a)] , 
which for a = ao(=5fo)j & = &o(=A)) reduces to the expression (54) 



42. SUFFICIENT CONDITIONS 

The argumentation of 28 applies, with slight modifica- 
tions, 3 to the present problem, and leads to a fourth necessary 
condition for a minimum: 

i Compare KNESEE, Lehrbuch, p. 143. 2 Compare the introductory lines of 41, c)- 
** These modifications are 
1 The variations , ij must now satisfy the isopenmetric condition: 

K"o* "^~ -^42 ~ -^02 ' 
In addition to the conditions stated in 28, a). To obtain sucn variations, let 

JV ,(* = !, 2, 3) 
be arbitrary functions of of class C' satisfying the conditions 



> "JP8 <*a) 

having the same signification as in 39, cr) Then the functions 



will satisfy all the required conditions if 1 , e 2 , e 3 are determined by the equations 



which is always possible under the above assumptions concerning p , g . 
2 A J has to be replaced by A J"+ \) Aj ST* 
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If we denote by E(,r, \j ; p, q ; p, q\\) the function de- 
rived from H=~ F -j \G exactly in the same manner in which 
the E-fimction for the unconditioned problem is derived from 
the function P (see equation (48) of 28), then the fourth 
necessary condition for a minimum consists in the 'hieqiiality 

E (*, U, P,q] l>,q AO) ^ (IV) 

which must be fulfilled along 2 the arc G for every direction 

I>> 5- 

The question arises now whether the four conditions 

(I)-(IV) are sufficient for a minimum. 
a) Weierstrass* s construction Let 

6 x = $ ($) , y = $($) , B ^8^ s l , (57) 

be any curve of class (7' 5 different from @ , joining the points 
and 1, lying in the region 3 H and satisfying likewise the 
isoperimetric condition 



for # we take for simplicity the arc of the curve (L 
We propose to express the difference 



in terms of the E-f unction. 

For this purpose we take a point 5 on the continuation of 
the arc beyond 0, but not on S, and consider with KNESEK* 
the doubly infinite system 2 of extremals through the point 5 : 

, &), y = t(t,a,b) (58) 



introduced in 41, c), the arc @ being given by 
x = $(t 9 OQ, b ) , y = \j/(t, Oo, 6u) 



1 WEIEKSTBASS, Lectures, 18T9. 

2 In the same sense as in 28, a) 3 Compare 24, 5) and 39. 

* WEIEKSTKASS considers instead the set of extremals through 0. Compare p. 
240, footnote 1. 
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We shall say that for the curve Weiersfras^s eonsfnicfion 
is possible 1 if the point 5 can be so chosen that the follow- 
ing conditions are fulfilled : _ 

A) Through every point 2 of the curve S there passes a 
uniquely defined extremal G> of the system 2 : 

lying wholly in the region % and such that the integral K 
taken along @ 2 from 5 to 2 has the same value as when taken 

from 5 to along @ and then from 

to 2 along @ : 




& 

and when 2 coincides with or 1 , the 
* 46 extremal @ 2 coincides with @ . 

This means analytically: There 
exists a system of three single-valued functions 

t=t(s) , a = a (s) , b = b (s) 
such that _ 

*(*(),(),&(*);==*(*) , 



where %(/, a, 6) has the same signification as in equation 
(43), and 



Moreover : 

t (SQ) t Q , Ot (S ) = CX , (^oj = DO , /QO\ 

' V,OZ) 

B) The three functions (s), a(s), 6(s) are of class C" in 

i Compare KNESER, Lehrbuch^ p. 133 
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C) If s 2 be any value of s of the interval ($ Q s L ) and we 
denote : 1 

^2 = t (*) , 2 = a (s 2 ) , b 2 = b (s 2 ) , / M = f B ( 2 , 5 2 ) , 
then the functions 



and their first partial derivatives with respect to a and 6 are 
continuous in the domain 



f/ 2 being a sufficiently small positive quantity, and moreover 
the function 2 X(a, ft) is continuous at (a 2 , 6>). 

These conditions admit of the following geometucal 
interpretation: 8 

We adjoin to the two equations (58) the equation 

s = X (*,,&) (38a) 

Interpreting then x, y, z as rectangular co-ordinates in 
space, the equations (58) and (58a) represent a curve in 
space, @', whose projection upon the #*, 7/-plane is the ex- 
tremal @, and whose ^-co-ordinate indicates at every point / 
the value of the integral K taken along @ from the point 5 
to the point /. 

We thus obtain, corresponding to the system 2, a doubly 
infinite system S' of curves in space, all passing through the 
point 5 : 

x = x 5 , y y^y z = Q . 

The particular curve @ ' adjoined to the curve @ passes, 
besides, through the two points 0' and 1' : 

0' : x == x , y y Q , z = Z Q = KM , 

T x = x l , y = y l , z = z l = K^ + I . 

In like manner we adjoin to the curve (S a curve in space, 

iFor the notation see 41, c). 2 Compare 41, c), 

3WBIEESTRAS9, Lectures, 1879; compare also KNESER, Lehiluth, p HO- 
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(', "by combining with the two equations (57) the third equa- 
tion 

K - (57a) 



The curve S' passes likewise through the points 0' and 1'. 

The above assumptions A) and B) may then be couched 
in geotnetrical language as follows : 

Through every point 2' of the curve S' there passes a 
uniquely defined curve of the set 2' ; it changes continu- 
ously as the point 2' describes the curve 6' from 0' to 1' and 
coincides with S ' when 2' coincides with 0" or 1'. 

Under the assumption that Wei erstr ass's construction 
is possible for the curve (, we consider as in 20, 6) and 
28, (I) the integral J taken from 5 to an arbitrary point 
2(3=82) of S along the uniquely defined extremal @ 2 , and 
from 2 to 1 along 6, and denote its value regarded as a 
function of #2 by S($$) : 

Then as in 20, 6) 



The integral K taken along the same path has the constant 
value Z-j-jr 50 : __ 

K 50 + Z = JT 52 -f- K 21 , 



since j5T 01 = K^ + J" 21 = Z and ^52 = ^02 + ^*50- Hence it 
follows that we may write 

(63) 



Proceeding now as in 28, d) and remembering that the 
extremal @ 2 satisfies the differential equations 



where 

we obtain the result 
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s 

the direction-cosines j; 2 ? (fe and jp 2 , ^ 2 referring to the curves 
@ 2 and 6 respectively. 

The result can again easily be extended to curves G hav- 
ing a finite number of corners. 

Thus we finally reach the result 1 that whenever Weier- 
strass^s construction is possible for the curve (5, Weier- 
strass's theorem also liolds 






Xi _ _ _ __ 

E (x 2 , ^/ 2 , pi, g,; ^; 25 g 2 1 A 2 ) ds 2 . (64) 

- 



ft) Hence we infer that A<7iiEO whenever 
E (x 2 , ]/ 2 , p 2 , g 2 ; $>2, ^2 1 AS) 5 throughout (SQ^) . 

J/, moreover, the 'E-f auction vanishes only when pz = P*ii 
q, 2 q>, and if besides 

A (^> a, ^2) =1= along < , 
A J cannot be zero, and therefore 



Proof 2 If we differentiate equations (61) with respect to 

s, we obtain 

dt <* 



dt da db ~, 



Now if jp2=Jfl2> 2a ^^^j we have at the point 2 : 

'=*&, $'=Wt, (k>0) 
and therefore, since 8 

i WEIEESTEASS, Lectures^ 1879 ; compare KNBSJER, Lehrbuch, p. 134. 

a Due to KNESEB, Lehrbuch, p. 134. 3 Compare 41, c). 
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also 1 



on account of tlie homogeneity of G . 

Substituting these values in the above equations, we see 
that either 

or else 



Hence if 



#2 and ?> 2 must be constant along (5, and, on account of (62), 
their constant values must be 

a (s) = a () , & (s) = b (} , 

that is : G is identical with the extremal @ , which is in con- 
tradiction to our assumption that 6 shall not coincide with 
@ . Hence the statement is proved. 

c) In many examples the above theorem is sufficient to 
establish the existence of an extremum. 

EXAMPLE XIII (see p. 229) : The system S is the totality of 
circles through the point 5 : 

x x$ = b (cos t cos a) , 
y ~~ ^5 = fr (sin sin a) , 

the parameters being a = t& , 6 = X . 

The ordinate 2? erected at the point t of the circle (a, 6) is the 
length of the arc of this circle from the point 5 (t = a) to the point t : 

z = \b(t-a)\ (66) 

The system S' of curves in space is therefore a system of helices. 
Through every point (x, y, z) for which 



z > V(x - O 2 + (y - y.f > , (67) 

iThls means geometrically: If Qr 2 touches 1 , then also (* 2 ( touches <?'. 

2 The result remains true if A (f 2 , a 2 , 6 2 ) =0 at a finite number ot points. 
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there passes one and but one cuive of tlie system S' for which 
a < t < a + 2?r , b > (68) 

Moi eover the inverse functions t , a , 6 of x, y,z thus defined are 
regular 1 in the vicinity of every point (j? 2 , 2/ 2 , # 3 ) satisfying the ine- 
quality (67), and take, at the points (,r , 2/0, #o) and U' u ^, #1) the 
values f , a , 60 and 1, a , 5 ( > respectively. 2 

Now we join the two points and 1 by an ordinary cmve @, 
whose length has the given value I and which does not pass 
through 5. 

Then for every point 2 of ( the sum of the lengths of the arc 
50 of the circle (So and of the arc 02 of (S is greater than never 
equal to the distance between thejwo points 5 and 2, which in 
its turn is greater than zero, since G does not pass thiough 5, L e., 
the condition 

1 Proot On setting 

t+a t-a 

__ =y ^ __,, 

the equations for the determination of t , a , b become 
a r 5 = 26 sm y sin <> , 
V ~ 1/5 = %b COS Y sin <> , (69) 

z - 26to 
Hence it we put __ 

V (x - 3c%f -r ( '/ - V r , )* - tc , 
and suppose 

< w < IT , we get w = 25 ^.111 ca , 

and therefoie we obtain lor the determination of w and y the equations 



where v = M/! . Since, according to equation (67) , < v < 1 , the transcendental equa- 
tion for ot has one and but one solution in the interval : < < v , 

Moreover it 0<v z <t be any particular value of ^^ this solution w is regular in 
the vicinity of v = -u 2 1 since the derivative of the function sin fo/w is 4= for < w < v. 

Similarly the equation for y has a unique solution in the interval 0^7<2r, 
which is a regular function of if, y in the vicinity of every point (j* 2 ^2) differentlrom 

(J- fi ,l/ fi )' 

The values of <o and y bem#? found, the quantities tf, a , ?> are obtained immedi- 
ately. They satisfy the inequalities (6H) and are regular functions of a . y , # in the 
domain (67) 

2 "For, of the two arcs of circles of the system 2 which pass through the point (#, y} 
and have the given length z, the one is descubed in the positive sense (so that the 
center is to the left) if we start from the point 5 , the other in the negative sense. 
For the former the inequalities (68) are fulfilled, for the latter, they are not. 

On the other hand the arcs 50 and 51 ot % are > according to 41, e), described in 
the positive sense, and are therefore contained in the above system ot uniquely de- 
fined solutions. 
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z, > l' (x 2 - x,) 2 + (fo - ij*y > 
is fulfilled. 1 

Hence it follows that We ierstrass\s construction is possible 
for the curve (L 

Further we find easily that 

E (#2, 2/2 ; jp a > #2 , P 2 , g 2 1 Ao) = A 2 (l cos a 2 ) , (71) 

where a 2 is the angle between the positive tangents to the two 
curves g 2 and ( at the point 2 . 

X 2 is negative in (s Si) (since it is equal to > 2 ) , and a a cannot 
vanish identically in (s u $i) . 

For, according to (51) , 

A (f 2 , a , &a) = -4 A| sin o> 2 (sin w 2 o) 2 cos o> 2 ) , 

and therefore 

Aff 2 , a 3 , b s ) 4=0 in ( i) > 
since O 2 < TT . 

Hence it follows that 



and thus we reach the result that the arc of circle @ furnishes a 

greater value for the area J than any other ordinary curve of the 

same length which can be drawn between the two points and 1. 

The same reasoning, slightly modified, 2 leads to the theorem 

1 If \ve had taken, instead of the system ot extremals through 3 , the system 
through 0, the above inequality would be true only with certain exceptions which 
would require a special discussion. Compare p. 233, footnote 4 

2 The curve e Is now closed; accordingly the points and 1 coincide. If we let 
also the point 5 coincide with and consider two points 3 and 4 of is for which 

< Sj , we obtain by tho same reasoning as above 



X* 
J 



Now let s 3 and $ 4 approach * and s^ respectively, then we get 



J Ql bemg the area of a circle of the given perimeter I Hence 



The previous method is not applicable when the curve t~ begins at the point 
with a segment of a straight line, because then the inequality (67) is not satisfied tor 
the point 3. In this case, take the point 3 beyond the end-point 6 of this rectilinear 
segment and let 3 approach 6. Then 8(3^ approaches again 7 01 with the same result 
as before. 
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that among all closed curves of given length the circle includes 
the maximum area. 

EXAMPLE XIV (see p. 231) : Any admissible curve (f being 
given, we choose the point 5 so that for every point 2 of (f 



Then through every point 2 ' of the space curve & one and but 
one curve of the system l s ' : 

x x 5 b (t a) , 

y / 5 = b (cosh cosh a) , (72) 

z = b (sinh f sinh a) , - \* 

can be drawn for which FIG 47 

t>a , 6>0 

This follows from the determination of constants given in 
39, d). At the same time it is easily seen, in the same manner as 
in the preceding example, that all the conditions for Weier- 
s t r a s s ' s construction are fulfilled. 

Further we find 




E ( T 2> 2/2 5 l>a, #2 J J^2> 5 2 1 AS) = (2/2 + ^3) (1 cos OB) , (73) 

where a 2 has the same signification as in (71). But, according to 

,/), 

z/ 2 + A 2 = 6 2 cosh 4 > , 

since 62 > 0, and a 2 cannot vanish identically along (5 since 



alongr 6 . Hence we infer that 



^/ie catenary @ t ) ftos ife center of gravity lower than any other 
ordinary curve of equal length which can be drawn between the 
two points and 1. 

d) "Field" about the arc @ ' : Returning now to the 
general case, we meet with a peculiar difficulty which has 

i Compare equations (55) and (56). 
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no analogue in the unconditioned problem. Suppose that 
for the arc @ , which we assume to be free from multiple 
points, the conditions 

T!>O an 

and 

*i<tf (HI': 

are fulfilled. 

Does it follow, then, that the arc @ can be surround ec' 
by a neighborhood (p) such that for every admissible curve 
(5 which lies wholly in this neighborhood, Weiers trass's 
construction is possible ? 

In the unconditioned problem and under the analogous 
assumptions, this question could be answered in the affirma- 
tive; 1 for the isoperimetnc problem the question has not 
yet been answered. 

Only the following milder statement can be proved . 

If conditions (II') and (III') are fulfilled, a neighbor- 
hood 2 (p') of the space curve @ ' adjoined to the arc (S can 
be assigned such that Weierstrass's construction is possible 
for every admissible curve 6 whose corresponding space 
curve lies wholly in the neighborhood (p r ) of @ '. 

The proof proceeds by the following steps : 

1. If conditions (II') and (III') are fulfilled, we can take 
the point 5 so near to that for the system of extremals 
through the point 5 not only the conditions enumerated in 
41, e) are satisfied, but, besides, the following: 3 

A (f, oo, 6 ) 4= for 4 ^ t ^ f, . ' (74) 

1 Compare 28, d) and 34 

2 We understand by the neighborhood (p') of the arc <5 " the portion of space 
swept out by a sphere of ladius. p' whose center describes the arc (?</. 

3 For the proof remember (44), and notice that the condition for a permanent 
sign of 6 2 J may also be written 

!>(*!,<) =4=0 for t Q ^t<t 1 , 

(compare 41, a)). The statement follows then by a slight modification of the 
analogous proof given by C, JOEDAN, Cows d" 1 Analyse, Vol. Ill, No. 393. 
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2. By an extension of the method of 34 we can now 
prove the existence of a Afield" >% about the arc (' : 
If Bfc denotes the domain 



a a fl 



6 5a ^ A? , 



and fti, the image of !,, in the ;r, ?/, s-space defined by the 
transformation 

jr = <(f, a, &) , y = $(t, a, 5) , * = x^ a > 6 ) > 



then the two positive quantities k and e can be taken so 
small that the correspondence between S fc and 9 is is a one- 
to-one correspondence, and that at the same time 

A(*,a, 6)4=0 (75) 

in S fc . 

The single-valued functions /, a, 6 of r, y, z thus de- 
fined are of class O f in ft/, and a neighborhood (p'j of the 
arc @o can be inscribed in ft, 

It follows now easily that for every admissible curve (5 
?r//os<? adjoined space curve hes wholly m the "field" ft/, 
Weierstrass's construction is possible. 

<>) Sufficient conditions for a semi-strong minimum' 
Suppose now that in addition to the conditions (II") and 
(III') the inequality 



holds along the arc @ for every direction J>, g except 
jj=p, q~^q. 

Then it follows from continuity considerations that we 
can take k so small that 

E (J a , y a ; #2, & ; Pa, 5a| ^2) > 

along every admissible curve S satisfying the above addi- 
tional condition, except at the points where J^=p 2t , # 2 =#2> 
at which E vanishes. 
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From Weierstrass's theorem and the inequality (75) 
it follows now that for every such curve (S 

A J > . 

Hence, if we modify our original definition of a minimum 
and say : "The arc Q? furnishes a semi-strong minimum for 
the integral J if there exists a neighborhood (p f ) of the 
adjoined arc @ ' such that AJ^O for every admissible curve 
@ whose adjoined space curve ($' lies wholly in this neigh- 
borhood (p r )^ we can enunciate the 

Theorem." Tlie extremal <S (which we suppose free from 
multiple points) furnishes a semi-strong minimum for the 
integral J with the isoperimetric condition J"^7, if the 
conditions (H r ), (III'), (IV) are fulfilled. 

It must, however, be admitted that the restriction which 
we impose in the "semi-strong" minimum upon the varia- 
tions of the arc (? , is rather artificial and alters completely 
the character of the original problem. 2 



RAbS, Lectures*, 1882, compare KNBSER. Lcht buch, 36 and 38 
Mayer s law of reciprocity extends to the sufficient conditions tor a semi-strong 

extremum, since, in the notation, of 41, d), K = 1/AE. Compare KNESER, Leh 1 )- 

buch, % 36. 

2 As a matter of fact the preceding? theoiem does not contain a solution of tlio 

isoperimetric problem originally propobed, but a solution ot the tollowing- problem, 

which is usually (but unjustly) considered as equivalent to the isoperimetric prob- 

lem, viz : 

Among all curves in space which pass through the two points 
j; = ar , y ya, z = Q and x i\ , ?/= t/ l , z= I 

and satisfy the differential equation 



to determine the one which maximizes or minimizes the integral 
J = 



C' 1 

r= I P(x, y,x', y') dt . 

J t 



CHAPTER VII 

HILBEB/T'S EXISTENCE THEOREM 
43. INTEODUCTOEY EEMAKKS 

IF a function f(x) is defined for an interval (ah), it has 
in this interval a lower (upper j limit, finite or infinite, which 
may or may not be reached. If, however, the function is 
continuous in (a&), then the lower (upper) limit is always 
finite and is always reached at some point of the inter- 
val : the function has a minimum (maximum) in the interval. 

Similarly, if the integral 

rh 
J= I JF(x, y, or', y')dt 

c/r,, 

is defined for a certain manifoldness Jtt of curves, we can, in 
general, not say a priori whether the values of the integral 
have a minimum or maximum. But the question arises 
whether it is not perhaps possible to impose such restric- 
tions either upon the function F or upon the manifoldness 
JH (or upon both), that the existence of an extremum can be 
ascertained a priori. 

In a communication to the "Deutsche Mathematiker- 
Vereinigung" (Jahresberichte, Vol. VIII (1899), p. 184), 
HILBEET has answered this question in the affirmative. He 
makes the following general statement : 

"Bine jede Aufgabe der Variationsrechnung besitzt eine 
Losung, sobald hinsichtlich der Natur der gegebenen Grrenz- 
bedingungen geeignete Annahmen erfullt sind "and notigen- 
falls der Begriff der LSsung eine sinngemasse Erweiterung 
erfahrt," and illustrates the gist of his method by the ex- 
ample of the shortest line upon a surface and by Dirichlet's 

245 
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problem. In a subsequent course of lectures (Q-ottingen, 
summer, 1900) he gave the details of his method for the 
shortest line on a surface, and some indications 1 concerning 
its extension to the problem of minimizing the integral 

J= 

We propose to apply, in this last chapter, Hilberf s 
method to the problem of minimizing the integral 2 

F ( x > u> x '> y') dt > 

with fixed end-points, under the following assumptions, 
where JJ denotes, as before, a region of the ,r, //-plane, and 
H a finite closed region contained in the interior of U : 

A) The function F(x, y, #', y f ) is of class C" f and sat- 
isfies the homogeneity condition 

F(x, y, kx r , ky f ) = kF(x 9 y, x f , y') , & > 
throughout the domain 

SI (x,y) in ft , x' 2 + / 2 ^0 . 

B) Thefmiction,F(x, y, cos 7, sin 7) is positive through- 
out the domain 

ar. (a, y) in So , 0^y^27r . 

G) T kef unction FI(, y> co&7, sin 7) is positive through- 
out the domain 8T . 

iln his thesis, Eine neue Methode indei Variationsrechnuncj (GOttmgen, 1901), 
3~14, NOBLE has discussed the details ot the proof for this case But his con- 
clusions do not possess the decree of rigor which is indispensable in an investiga- 
tion of thi^ kind. In particular, the reasoning in 9, 10 and 13 ib open to serious 
objections. 

2 For the special case where F is of the form f(x, y}V V 2 +^' 2 , LEBEBGRJEJ has 
given a rigorous existence proof by an elegant modification ofHilbert's method 
in a recent paper, "Integrale, longueur, aire," Annah di Matematica, (3), Vol. VII 
(1902), pp. 342-339. LEBESGITB applies Hilbert's method also to the more difficult 
case of a double integral of the form 



/ / , 

J J T/EG-JF*dudo. 
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D) The region $ is convex (i. e., the straight line join- 
ing any two points of 3J lies entirely in the region & ) and 
contains the two given points which we denote 1 with HIL- 
BERT by J. and A 1 . 

Under these assumptions we propose to prove 

1. That for every rech fictile curve in the region SS the 
generalized integral Jf (according to WEIEBSTBASS'S defini- 
tion) lias <i determinate finite value. 

2. That there always exists, in the region 3J , at least one 
rectifiable curve S , joining the two given points A and A 1 , 
which furnishes for the generalized integral Jf an absolute 
Minimum with respect to the totality of all rectifiable curves 
which can, be drawn in It /rom -4 to A 1 . 

3. That this minimizing curve 2 is either a single arc of 
an extremal of class <7, or else is made up of a finite 
number or of a numerable infinitude of such arcs separated 
by points or segments of the boundary of tb region H . 

44 THEOREMS CONCERNING THE GENERALIZED INTEGRAL Jf 

In 31 we have considered "Weierstr ass's extension of 
the meaning of the definite integral 



r'i 
=J 

fy 



to curves having no tangent. 

Another definition of the generalized integral has been 
given by HiLBERT 2 in his lectures. This definition, while 

!The advantage of this notation will appear in 45 

2HiLBEKi's own definition is as follows (see NOBLE, loc. cit , p. 18}. Let IIj be a 
partition of the arc A B of a continuous curve into segments. Consider the totality 
of all analytic curves which can be drawn from A to JB and which have at least one 
point in common with each of the segments. Let J l denote the lower limit of the 
values of the integral J taken along these curves. Next, let H 2 be a new partition 
derived from IIj by subdivision, J 2 the corresponding- lower limit, and so on. Then 
HILBEET defines the tipper limit of the quantities: J"j, J 21 J^, , J n , if it be 
finite, as the value of the definite integral J taken along the arc A B. 



248 CALCULUS OF VAEIATIONS [Chap. VII 

leading to the same value for the generalized integral as 
Weierstr ass's definition, is better adapted to our present 
purpose, especially in the simplified form which has been 
given to it by OsGOOD. 1 

a] Hilbert-OsgoocVs definition of the generalized 'inte- 
gral: We shall use the following notation: P' and P" 
being any two points of the region IK , we denote by 
JB(P'P") the totality of all ordinary curves which can be 
drawn in the region JB from P' to P", and by i(P'P") the 
lower limit of the values which the integral 



takes along the various curves of IHfP'P"). 

Tliis lower limit is always positive. For, according to 
A) and B), the function F(x, y. cos7, sin 7) has a positive 
minimum value m in the closed domain 3F . Hence, if @ be 
any curve of U!(P'P"), we obtain, by taking the arc as 
independent variable on the curve 6, 

< m | P'P" l^ml^Jt (P'P") , (1) 

where I denotes the length of the curve S and [P'P"| the 
distance between the two points P', P". Hence it follows 

that 

0<m[ P'P" \ ^ i (P'P") . (2) 

After these preliminaries, let 
g- or 



be a continuous curve lying wholly in the region 2J - If 
the functions <(f), ^r(f) are not differentiable, the integral J 
taken along S has no meaning. In order to give it a mean- 
ing also in this case, we consider any partition II of the 
interval 



i OSGOOD, Transactions of the American Mathematical Society ^ Vol. II (1901), p. 
294, footnote. 
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H f < T, < T 2 - - - < T n _! < t, , 

and denote by 

A. = -P , -Pj , jP 2 , , -P u _i , .5 = JP n 

the corresponding points of the curve . 
Then we form the sum 

n i 
Su = I 



The upper limit of the values of $ n for all possible parti- 
tions II we define as the value of the integral J taken 
along the curve S from A io B, and we denote it by 
Jf*(A), or simply J"**. 

It is easily seen that S n may also be defined i as the lower 
limit of the values of the integral J taken along all ordinary 
curves which can be drawn in 1 from A to B and which 
pass in succession through the points P l9 P 2 , , P n -i- 

Hence it follows that it is always possible to select a 
sequence {(} of ordinary curves joining A and B, lying in 
BO, and such that 



The above definition of the generalized integral is a 
direct generalization of PEANO'S S definition of the length of 
a curve. For, in the particular case 



the sum S n reduces to the length of the rectilinear polygOD 
with the vertices A, P 1? P 2 , -, P W -IJ -B- 

We must next investigate under what conditions the gen- 
eralized integral Jf * is finite, and show that for ordinary 

i This is the form which OSGOOD gives to Hilbert's definition; see the refer- 
ence on p. 248, footnote 1 

2PBANO, AppUcaziom geometriche del Calcolo Infimtesimale^ p. 161. 
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curves the generalized integral is identical with the ordi- 
nary definite integral. 

6) Conditions for the fniteness of the (je)iemlized inte- 
gral: The function F(x, y, cos 7, smy) has a finite maxi- 
mum value M in the domain 3f . Hence it follows that for 
every curve S of IB (P'P") 

/ (P'P") Es / {P'P") ^ AH , (2a) 

7 denoting again the length of the curve G. We may choose 
for the curve 6 the straight line P'P", since, according to 
assumption D), the line P'P" lies wholly in the region ffi . 
Then we obtain the further inequality 



From (2) and (3) follows at once 



V 



But the upper limit of the sum 



is, according to Peano's definition, the length of the curve 
. Hence we obtain the 

Lemma: In order that the generalised integral Jf* may 
be finite, it is necessary and sufficient that the curve 2 shall 
have a finite length (m Peano's sense}. 

We confine ourselves, therefore, in the sequel to continu- 
ous curves having a finite length ("rectifiable curves' 5 in 
JOEDAN'S terminology). 1 From (4) it follows further that 

m\AB si, 



where L denotes the length of the curve S. 

U.I, No 110. 
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c) Properties of the generalized integral: From the two 
characteristic properties of the lower limit it follows readily 
that for any three points P, P', P" of K the inequality 
holds : 



Hence it follows that if II -L denotes a partition derived from 
n by subdivision of the intervals of II, then 



Hence we easily infer that we get the same upper limit */** 
for the values of S n if we confine ourselves to those parti- 
tions II for which 

r v+l r v < 8 , 
(v = 0, 1, 2, , ;/ 1; r y = # , r^^) , 

S being an arbitrary positive quantity. 

Following now step by step the same reasoning which 
JORDAN uses in his discussion of the length of a curve, we 
can easily establish the following properties of the general- 
ized integral, always Tinder the assumption that the curve X 
is rectifiable : 

1. The generalized integral J"f*( A JE?) is at the same time 
the limit which the sum S u approaches as all the differences 
T P+I T V approach zero. 1 

Combining this result with the inequality (4) we obtain 
the new inequality 



2, If P be a point on the curve between A and _B, 
dividing the arc into the two arcs % and S 2 , then also the 
integrals J$*(AP) and JJJ*(PjB) are finite, and 2 

J** (AJB) = JT?* (AP) + /{* (PB) . (8) 

3. The generalized integral Jf*(AP) is a continuous 3 

i Compare J. I, No. 107. 2 Compare J. I, No. 108. 3 Apply (8) and (5). 
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function of the parameter t of the point P and increases 
continually as P describes the arc AB from A to B. 

d) Comparison with Weierstr ass's definition of the gen- 
eralized integral : If P' and P" are two points of U whose 
distance from each other is less than the quantity /> defined 
at the end of 28, e) , P' and P" can be joined by an extremal 
@ of class C" which furnishes for the integral J a smaller value 
than any other ordinary curve which can be drawn in the 
region S from P r to P". If the extremal itself lies 
entirely in the region Ifo, the value which it furnishes for 
the integral,/ is equal to i(P'P") ; if @ lies partly outside 
of UQ, this value is equal to or less than i(P'P"). 

Now consider any partition II for which 

r v+l - r v < 8, (v = 0, 1 , - - - , n - 1) , 

S being chosen so small that |P'P" <p for an 7 two points 
P', P" of S whose parameters f , f ' satisfy the inequality 
jf _/"| <S. Then we can inscribe in the curve S a JM%- 
$on of minimizing extremals with the vertices 

-A, Pa, P., ,Pn-i,-B - 

As in 31, d), let U n denote the value of the integral J 
taken along this polygon of extremals. 

If the curve S lies entirely in the interior of HQ, S can be 
taken so small that the polygon lies in the region H , and 

therefore 

U u -Sn . 

Hence Jjjf* may in this case also be defined as the limit 
of C7 n . 

If has points in common with the boundary of JR , I7 n 
may be less than $ n . 

Nevertheless, also in this case the limit of U" n for 
Z.AT = is J** 

In order to prove this statement we consider, along with 
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the two sums S n and f7 n , the sum V u defined in 31, c)> 
i. e., the value of the integral J taken along the rectilinear 
polygon APiPz - P n ^iB. Since the region S is convex, 
this polygon lies entirely in H 01 and therefore we have the 
double inequality 

Uu^Su^Vu . (9) 

From the first part of this inequality it follows that U n has 
a finite upper limit ^ J"f*. This upper limit is at the same 
time the limit which J7 n approaches for AAr^O, as can be 
inferred 1 from the fact (proved in 31, e)} that if II' be a 
partition derived from II by subdivision, then ZTn'S ETn- 
Hence it follows, according to 31, c) and d), that F n ap- 
proaches the same limit as U u ; therefore we obtain, on 
account of (9), and remembering the equations (77) and (80) 
of 31: 

Jf* = Jf , (10) 

i. e., we have the result that Hilbert-0sgood?s definition 
leads for the generalized integral to the same value as 
Weierstrass's definition. 

Hence it follows, according to 31, 6), that for an "ordi- 
nary" curve the generalized integral coincides with the 
ordinary definite integral. 

45. HILBEET'S CONSTRUCTION 

We are now prepared to apply HILBERT'S method to the 
integral 2 Jf. 

Accordingly we consider the totality of all rectifiable 
curves 8 which can be drawn in the region S from the 
point Jt to the point A 1 . The corresponding values of the 
integral Jf have a positive 3 lower limit. We propose to 

1 Compare J. I, No. 107. 

2 On account of (10) we may use the symbol J$ instead of /$*. 
<* According to (5). 
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prove that tinder the assumptions A)-Dj enumerated in 
43, there exists at least one rectifiable curve S drcnm ui 
So /row A to A 1 for which the integral Jf actually reaches 
its lower limit. 

a) Construction of the point A* . We consider the totality 
of ordinary curves M(AA 1 ) which can be drawn in the region 
2to from JL to A\ and denote the lower limit i(A Q A l ) of the 
corresponding values of the integral </by -K7* 



We can then select 1 an infinite sequence of curves 
^,62, -,&,-, 

belonging to titi(A*A l ) such that the corresponding sequence 
of values of the integral J", which we denote by 

/j > t/2 j " > *J v i ' ' * ) 

approaches K as limit : 

LJ V = K . 

V=ZCQ 

On the curve @ v there exists 2 one and but one point A* such that 



These points JJ are infinite in number;'* they lie in the finite* 

1 Compare JORDAN'S definition of "point limite,' loc. cil., No 20, and an analo- 
gous remark in E II A, p. 14. 

2 Since W is positive along the integral J taken along the curve <& v from A to 
a variable point P, increases continually as P describes the cm ve $ v from JL to A 1 * 
hence it passes through every value between and J v once and but once. 

s They need not all be distinct; the conclusion holds even it there are only a 
finite number of distinct points among them. For in this ca^e an infinitude of the 
points A& must coincide with at least one of the distinct points , this point has then 
the properties of the point A% . 

4 The existence of the accumulation point A% can also be proved without making 
use of theflnitenew of U . From (1) it follows that 



Hence if we select &> J y (v = l, 2, 3, ), which is always possible since ^JF V is 
finite, the points A\ lie in the interior of the circle U, Qf/2i), and therefore have 
an accumulation point 
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closed region U ; hence there must exist at least one 
point A* in ffi such that every vicinity of A* contains an 
infinitude of the points A\. Moreover, we can select a sub- 
sequence \& v } of the sequence $<} such that 

LA* = A* . 



A =co 



h) Hilberfs lemma concerning the point A^: We con- 
sider next the totality of curves 

fl(AAi) . 

Then the fundamental lemma holds that the lower limit of 
the corresponding values of the integral J"is ^K: 

1 * ( A^A 1 ) = 4 K . (11) 



Proof: We denote by <S^ the curve made up of the arc 
*. of the curve < and of the straight line A* k A*; the 
latter lies entirely in ilo since So is convex. 

According to (2a) the integral J taken along the straight 
Jine A\ t A* is at most equal to M\A\ k A*\. Therefore 



since 

and L AlA*\=Q . 



Hence it follows from the characteristic properties of the 
lower limit that 



In the same way we prove that 



But, on the other hand, according to (6) : 

i (A 9 A*) + i (ASA 1 ) ^ i (A^A 1 ) . 

The three inequalities are compatible only if separately: 
i (AA*) =%K and i (A* A 1 ) = i K . 
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c) The points A^ n Repeating the process of section a) 
with the points A and A* we obtain a new point, A 1 , lying in 
the region 25 and having the characteristic property that 

= K . 



In like manner we derive from the two points A 1 and A 1 a 
point, A*, satisfying the relation 

i (A*A*) = i (A* A 1 ) = 1 2 (A^A 1 ) = %K . 

By an indefinite repetition of this process we obtain an 
infinite set of points 



il 
\ 



=0,1,2, 



all lying in the region 8Jo and having the characteristic 

property that / <L *i\ 

i(A*>A*) ^% n K . (12) 

More generally x 

B J f (A^'A T ") = (T"- r')K , (13) 



where w', n" are integers, g', g" odd integers, and 

0^r'<r"l . 
For, reducing r f and T" to the same denominator 



2 /J ? 2 W ' 

we obtain, according to (6) and (12), 



5 * ^A.2 re A ^ = K , 






-a r 
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whence , a \ / 5. OJL\ gi 

1 + i \A* n A a ) + f ( A 2^ A 1 ) ^ ^ . 



But on the other hand, we have, on account of (6), 

/ \ / -i\ / JL o 

Js: = (A? A 1 ) ^ * (^iMav + i (A*A * L 

The two inequalities are compatible only if in each of the 
above three formulae the equality sign holds, which proves 
(13). 

From (2) and (13) follows the important inequality 

A*-A*"|5E(r"-r')f , (14) 

where | A r 'A r "\ denotes again the distance between the two 
points A r \ A 7 ". 

Let us now denote by 



the rectangular co-ordinates of the point A T , r being one of 
the fractions q/% n considered above. Then 



and therefore on account of (14) 




(I) TJie remaining points of Hubert's curve: The mean- 
ing of the two functions x(t), 2/(0> which so far have been 
defined only for values of t of the set 

q ) g = 0, 1,2, ...,2-l , 



can now be extended to all values of t in the interval 

O^tf^l 
as follows: 

From the inequalities (15) we infer by means of the gen- 
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eral criterion 1 for the existence of a limit, that if the inde- 
pendent variable t approaches in the set 8 any particular 
yalue t a of the interval (01), then the functions nr(t), y(t) 
approach determinate finite limits. In symbols, the limits 2 

Lx(t) and Ly(f) 

t\s t\s 

f=tt t=(t 

exist and are finite. 

Moreover, if a itself belongs to the set 8, then 

Lx(t)=x(a) , Ly(t) = y(a) . (16) 

t)S t]S 

t-a ta, 

If a does not belong to the set 8, ice define, according to 
Hdbert, the functions x(t} and y(t) for t = a ly the equa- 
tions (16). 

The two functions x(t) 9 y(f) thus defined for the whole 
interval (01) are continuous and "of limited variation" 9 
For, the two inequalities (15), which have been proved for 
values T'<T" of the set S, can easily be shown to hold for 
any two values t' <t" of the interval (01), by considering 
two sequences \T' V \ and {r' v r } belonging to the set 8 and 
such that 

if tt I f r 4.' r 

L T v = t , L T v = t . 

= 3O I/=00 

From the inequalities (15) thus extended, it follows at once 
that the two functions x(t) 9 y(t) are continuous and "of 
limited variation." 

1 Compare E. II A, p. 13. 

2 The notation according to E. JEL MOOBE, Transactions of the American Mathe- 
matical Society, Vol. I (1900), p, 500. 

'<* Compare J I, No. 67. Let /() be finite in the interval (f(^i)> an< i -^ 
H: * <r 1 <r a - . ^r^^ij 

be a partition of this interval. If then the upper limit of the sum 



(Vfl) -/(<V) I (^0= *0 T u = <!> 

for all possible partitions n is finite, f(t) is said to be "of limited variation." 
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Hence the curve S defined by the two equations 
2 * = x(t), y = v(t), O^f^l (17) 

is continuous and has a finite length, 1 /. e., it is a rectifialle 
curve. As t increases from to 1 the point (j% y) describes 
the cnrve S from the point A Q to the point .A 1 . Moreover, 
the curve S lies entirely in the region 85 , since S is cJosed. 

46. PKOPERTIES OF HILBERT'S CURVE 



It remains now to prove that the curve S actually mini- 
mizes the integral J* and has the further properties stated 
in 43. 

a) Minimizing property of Hilbertfs curve: The funda- 
mental equation (13) which has been proved for values 
T", T" of the set S only, can easily be extended 2 to any two 
values f < t" of the interval (01) : 

^(A t> A t ") = (t ff -f)K . (13a) 

But from (33a) it follows immediately that the generalized 
integral 

1 Compare J T, Nos 105, 110 

2 For the proof, we introduce the same two sequences | r^ , ^ r^ as above. 
Then we have, on account of (6), 



Passing to the limit v = oo we obtain, on account of the continuity of the functions 



, L \A 

J'=OQ 



and therefore, on account of (3), 



L i (A r A T ' v } = , Li (A^A*") = . 



Moreover 



on account of (13) . Thus we obtain 



And by the method employed in proving (13) we finally show that the inequality sign 
is impossible, 



260 CALCULUS or VARIATIONS [Chap, vil 



taken along HILBEBT'S curve S is finite and that Us value 
is equal to i(A?A*). 

For let II be any partition of the interval (01) : 

H . TU = < n < r 2 < T tt _ t < 1 = r n . 

Then we obtain, according to (13a), 



Hence also the upper limit of the values of $n is equal to 
K, that is J$(A*A l ) = i (AA l ) . (18) 



From the definition of the symbol i(A Q A 1 ) as lower limit 
it follows now that if be any ordinary curve drawn in S 
from J. to J. 1 , then 



.Moreover, if S be any rectifiable curve drawn in iS 
from JL to JL\ and e any preassigned positive quantity, we 
can always find, according to 44, a), an ordinary curve 6 
of M(A Q A 1 ) such that 



Hence it follows that 

J%(A*A>)^Jf(A'A*) . (19) 

This proves the theorem enunciated at the beginning of this 
section: 

If the conditions A)D) enumerated in 43 are fulfilled, 
then there always exists at least one rectifiable curve join- 
ing the two points A and A 1 and lying entirely in the region 
So, which furnishes for the integral 



generalized, an absolute minimum with respect to the totality 
of rectifiable curves which can be drawn in W^from A to A 1 . 
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V) Analytic character of Hilberfs curve: Let T' denote 
the totality of those Tallies of t In the interval (01) which 
furnish points of the curve S in the interior of the region 
K 0? T" the totality of those which furnish points of 2 on 
the boundary of 58 . From the continuity of S it follows 
that every point 3 V of T' is an inner 2 point of T'. Hence 
an interval (a/3) contained in (01) and containing f in its 
interior can be determined such that all points in the inte- 
rior of (a/3) belong to T r , whereas the end-points belong to 
T r ' except when they coincide with the points or 1 . The 
set T f consists, therefore, of a finite or infinite number of 
such intervals (a/9) which do not overlap. According to a 
theorem of CANTOR'S,* the totality of these intervals is 
numerable, so that we may denote them by 



The curve S consists, therefore, either of a finite number or 
of a numerable infinitude of interior arcs separated by points 
of the boundary of U 

We are going to prove, according to HILBERT, that each 
interior arc of S * s an arc ^ an extremal of class 4 C ff . 

For let P(t) be a point of Hilberfs curve S in the 
interior of the region JS . Then according to 28, e) a 
circle (P, cr) can be constructed 5 about P such that any two 
points P', P" in the interior of the circle can be joined by 
an extremal of class C" which lies entirely in the region 
35 an d which furnishes a smaller value for the integral J 
than any other ordinary curve which can be drawn in Ho 
fromP'toP". 

1 Except the end-points of the interval (01) in case they should belong to T'. 

2 Compare J. I, No. 22. 3 MathematiscTie AnnaUn, Vol. XX, p. 118. 

4 From our assumption C) it follows according to 6, c) that every arc of an 
extremal of class C' which, lies in H , is tpso facto also of class C". 

5 Let d be a positive quantity, taken so small that the circle (P, e) lies in the 
interior of EQ , and let P O be defined for the region H as in %&> e )' T k en choose for 
<r the smaller ot the two quantities eZ/3 and Po/3. 
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On account of the continuity of the functions *'(/) 5 y(f) 
there exists a vicinity (t S, t + &) of t such that the arc of 
the curve 2 corresponding to the interval 1 (/ S, f + S) lies 
wholly in the interior of the circle (P, cr). Let Pjfa) and 
P 3 (/ 3 ) be two points of this arc (/j< / 3 ), 
and denote by 3 the minimizing ex- 
,, tremal joining PI and P v 

We propose to prove that the CUT 
PiP 3 of HILBEET'S curve S is identi- 
cal with the extremal @ 2 . 

Consider any point P^(tz) of the arc 
FIG 48 denote b @ 5 @i the 




minimizing extremals joining P l5 P 2 and P 2 , P 3 respectively. 
Then it follows from the minimizing properties of the 
extremals @ 1? 2? @a and from (13a) that 

^ 3 (PiP 2 ) = ^(Pi p 2 ) = (t* - - > 
J (?l (P 2 P 3 ) = i (P 2 P <3 ) - (fa - U) K , 

^ 2 (PiP.) = '* (PiPO = ft ~ " ; 
hence, adding: 



The extremal @ 2 furnishes therefore the same value for 
the integral J^ as the curve made up of the two arcs 3 and 
@ x . But this is in contradiction to the minimizing prop- 
erty of @ 2 unless the compound curve @ 3 , @j coincides with 
( 2 . Therefore the point P 2 must be a point of (? ; moreover 



Conversely, every point of the extremal @ 2 belongs at the 
same time to the arc P]Ps of & . For, let P 4 be any point 
of (^ between PI and P 3 , and let 

u^J^P.P,) . 
Then 

i Or (0, 8), or (1 - 8, 1) in case P coincides with the point A Q or A 1 . 
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Hence i we define / 4 by the relation 
" = <f*-f,).K: , 

/ 4 lies between f and / 3 and is therefore the parameter of 
some point P 4 of S between Pj and P 3 . The point P 4 be- 
longs therefore also to @ 2 an( i we have 



Hence it follows that P 4 must coincide with P 4 since F is 
positive along @ 2 . 

Prom the relation between / 4 and the quantity u (which 
may be taken as the parameter on 2)5 it follows, moreover, 
that the points are ordered on both arcs in the same manner, 
which completes the proof that the arc PiP 3 of S is iden- 
tical with the extremal (> 

Hence it follows that Hilbert's curve ^ is of class C" 
and satisfies Euler's differential equation in the vicinity 
of every interior point P, and therefore every interior arc of 
S is indeed an arc of an extremal of class C" . 

From the assumption B) that F is always positive it fol- 
lows finally that Hilbert's curve S can have no multiple 
points. 



ADDENDA 

P. 58, L 5: In order to justify the terms "next greater, " "next 
smaller," it must be shown that an integral u of a homogeneous 
linear differential equation of the second order 

du . 



can have only a finite mimber of zerox in an interval (a 6) in 
which p and q are continuous. 

Proof: According to the existence theorem (compare footnote 
1, p. 50), 'ii is of class C" in (ab). Suppose u had an infinitude of 
zeros in (a b) ; then there would exist in (a 6) at least one accumu- 
lation point (compare footnote 1, p. 178) for these zeros. Now 
either ^l (c) =)= ; then a vicinity of c can be assigned in which 
/f(ar) 4= 0. Or else i*(c) = 0; then u'(c) =}= (compare footnote 3, 
p. 58), and 



hence a vicinity of c can be assigned in which c is the only zero of 
a(x). In both cases we reach therefore a contradiction with the 
assumption that c is an accumulation-point. 

The same lemma has to be used, p. 108, L 6 up; p. 135, 1. 13; 
p, 200, L 4; p. 221, L 1. 

P. 59, 1. 11. Simpler as follows: 

Choose x% so that Xi < a? 2 < o?o and at the same time o? 2 < -3Ti (the 
quantity introduced on p, 55). Then A(cc, x 2 ) and A(x, & ) are two 
linearly independent integrals of (9). Applying STUEM'S theorem 
to these two functions we obtain the result that 

A(x,cc 2 )=(=0 in (a? , #0 . 

P. 62, L 6. Simpler proof: < v (x, TO) and A(as ? a? ) are integrals 
of JAOOBI'S differential equation; both vanish for &XQ without 
being identically zero. Hence they can differ only by a constant 
factor. Compare footnote 2, p. 58, and footnote 1, p. 137. 

P. 81, L 18. From what has been proved in the first paragraph 
of p. 81, it follows that fc is indeed a region in the specific sense 

of 2, a). 

* ' ' 265 
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P. 83, 1. 13. Add: 

d} The Field- Integral for the set of extremals through the 
pomt A. 

Let P0r 2 , 2/2) be any point in the field ^ formed by the set of 
extremals through the point A(eT 5 , 2/5), and let 72 = ^(^"2, 2fe) be the 
value of 7 for the unique extremal of the field which passes thiough 
the point P. Then the integral J taken along this extremal 



from the point A. to the point P is a single-valued function of 
x 2 , y<2 which we denote by J(o? a , 2/2). Its value is 



, &) = ) 

/a 






where it is understood that 72 is replaced by its expression <A(cc 2 , 2/2) 
in terms of x 2 and 1/2 . 

The partial derivatives of J(x%, 2/2) with respect to cr 2 and 7/ 2 
have the following values: 



= F(x 3 , y 2 , P2 ) -pJFrfr, y,, u.) , 

(15a) 



where p 2 denotes the slope of the extremal @ 2 at the point P. 
For 



If we transform the integral as in 20, c), and make use of ^12) we 
obtain (15a). 

In many respects it would have been preferable first to prove 
the formulae (15a) and to make use of them in the demonstration of 
WEIERSTRASS'S theorem. 

Compare the analogous formulae (44) in 37, and the still more 
general formulae (14) in 34. 

P. 142, 11. 4 and 5. After o insert: +2mir where m is an integer. 
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F. 151, 1. 14. Add: This result is due to ERDMA.XN; compaie 
Journal fur Mathematik, Vol. LXXXII (1877), p. 29. 

P. 152, 1. 8. WEIEBSTEASS himself gives the condition in the 

following slightly different form- 

+ 
Let S 2 and 5 2 denote the numerical values of the angles which 

the directions p<2, Qz and^ 2 , <-h respectively make with the diiection 

-V _ 

P%-> $25 so measured that S 2 and 5 2 are ^ IT. Then 



sin 2 sin 2 = E(x 2 , 7/ 2 ; p^, q 2 ; p 2J g 2 

E(r 2j # 2 ; p 2 ,# 2 , jp 2 i </a) - (fi-ia) 

This form of the condition follows immediately from (64). For on 
account of (48) equation (64) may be written 



P*F*> (a* a 2/2 , P2 , 
But ^ 

p 2 = Z [sin 

+ _ - + 

5 2 = Z [sin 8 2 c/ 2 + sin 8 2 g 2 ] , 

where Us a factor of proportionality. Substituting these values in 
the last equation, we obtain (64a). 

P. 169, 1. 7, and p. 175, 1. 15. Instead of "region" read u domaln. ? 
Compare 2 ? a). 

P, 169, 1. 8. Instead of: "of the set," read: "to the set." 

P. 172, 1. 13. Add reference to KNESEE, Lehrbuch, p. 48. 

P, 178, 1. 18, After "abgeschlossen" add the reference: E, I, 
p, 195. 

P. 180, 1. 18. Add: Hence it follows that % is a region in the 
specific sense of 2, a). 

P. 182, 1. 7, and p. 185, 11. 4 and 6. The image of a region by a 
transformation of the kind here considered is again a region. 
Hence , 8T & , are indeed regions. 

P. 200, 1. 7. Add: to is therefore identical with the quantity des- 
ignated on p. 155 by J'. The use of the notation ?<5 in the present 
discussion is justified by the fact that in KNESEB'S theory the con- 
jugate point appears as a special case of the focal point correspond- 
ing to the case when the transversal Z degenerates into the point A. 

P. 246, 1. 1. HILBERT has published the details of his proof of 
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Dirichlet's principle in the Festschrift zur Feier des 1^0-jdhrigen 
Bestehens der kdnigl. Gesellschaft der Wissenschaften zu Gdttin- 
gen 1901, and in the Mathematische Annalen, Vol. LIX (1904), p. 
161. 

P. 24:6, 1. 2. I had at my disposal a set of notes of this course 
for which I am indebted to PKOFESSOB J. I. HUTCHINSON. 

P. 24:7, L 17. After "numerable" add the reference: E. I, A, 
p. 186. 

P. 253, 1. 17. After a result" add: due to OSGOOD; see the ref- 
erence on p. 24:8, footnote. 
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ABSOLUTE MAXIMUM, MINIMUM, 10. 

ACCUMULATION-POINT, of a set of points, 
178 1, 254;[ . 

ADMISSIBLE CURVES, 9, 11, 104, 121, 206. 

AMPLITUDE, of a vector, 9 

BLISS'S CONDITION, for the case of two 
variable end-points, 113. 

BOUNDARY CONDITIONS- along- segment 
ot boundary, 43, 149; at points of tran- 
sition, 42, 150, 267; when minimizmsr 
curve has one point in common with 
boundary, 152, 267. 

BOUNDARY, of set of points, 5. 

BRACHISTOCHRONE, 126, 135, 146 ; determi- 
nation of constants, 128 ; case of one 
variable end-point, 106!. " 

CATBNOID (see Surface of revolution of 
minimum area). 

CIRCLE, notation for, 9. 

CLASsC,C',C" . .D',D". .: functions 
of. 7 ; curves of, 8, 116 ; curves of class 
K, 161. 

CLOSED region, 5 , set of points, 178, 267. 

CONJUGATE POINTS, 60, for the case of 
parameter-representation, 13") ; tor iso- 
perimetric problems, 221, geometrical 
interpretation, 63, 137 ; case where the 
two end-points are conjugate, b5 x , 204. 

CONNECTED SET OF POINTS, 5. 

CONTINUOUS FUNCTIONS : definitions and 
theorems, on existence of maximum 
and minimum, 13 4 , 80 a ; sign : 21 j? uni- 
form continuity, 80 fl ; continuity or com- 
pound hinctions,2l s ; integrability,12 . 

CONTINUUM, 5. 

CONVEX KEG-ION, 247. 

CO-ORDINATES : agreement concerning 1 
positive direction ot axes, 8. 

CORNER: defined, 8, 117; corner-condi- 
tions, 38, 126, 210. 

CEITICAL POINT, 109 V 

CURVES (a) representable in form 
y =/(<), 8, of class C, C', .. D', 8; (&) 
an parameter -representation, 115 2 : or 
class C', C", 116 ; ordinary, 117 , regular, 
117 , rectifiable, 116 2 ; of class K, 101 ; 
Jordan curves, 180 

CURVILINEAR CO-ORDINATES: in general, 
181; Kneser's, 184. 

DEFINITE INTEGRALS : theorems on . in- 
tegrable functions, 12 B , 89 2 ; first mean- 
value theorem, 24*: connection with 
indefinite integral, 89 2 j integration by 
parts, 20j ; differentiation with respect 
to a parameter, 16 3 . 

DERIVATIVES: notation, 6, 7; progres- 
sive and regressive, 7, ; reversion, or the 
order ot differentiation in partial de- 
rivatives of higher order, 18 3 . 



DIFFERENTIAL EQU \TIONS : existence 
theorem, 28 4 , dependence ot the gen- 
eral integral upon the constants of m- 
&>f rafclc>n ' 5 ^ 3 > upon parameters, 71 e , 

DISCONTINUOUS SOLUTIONS, 36, 125, 209. 
DIST4NCE: between two points, nota- 
tion, 9. 
DOMAIN, 5. 

END-POINTS, variable (see Variable end- 
points). 

ENVELOPE- of a set ot plane curves in 
general, 62 4l 137 4 ; of a set of extremaK 
62; theorem on the envelope of a set of 
geodesies, 166, extension ot this thf- 
orem to extremals, 174 ; case when the 
envelope has cusps, 201 ; case when the 
envelope degenerates into a point, 204. 

EQUILIBRIUM, ot cord suspended at its, 
two extremities, 211, 231, 241. 

EQUIVALENT PROBLEMS, 183, 197, 22$ 

ERDMANN'S CORNER CONDITION, 38. 



of, 123, assumptions concerning- ~ its 
general integral, 54, 130, cases of re- 
duction ot order, 26 1T 29 

EULER'S ISOPERIMETEIC RULE, 210. 

EVOLUTE, of plane curve, 174 3 . 

EXISTENCE THEOREM for a minimum 
im Kleinen," 146; for a minimum "im 
Urossen," 245; for differential equa- 
tions, 28; in particular for linear dif- 
ferential equations, 50. 

EXTRAORDINARY VANISHING OF THE E~ 

FUNCTION, 142. 

EXTREMAL: defined, 27, 123, 209; con- 
struction of extremal through given 
point in given direction, 28, 124; set of 
extremals through given point, 60; set 
of extremals cut transversely by a 
given curve, 111; construction ot ex- 
tremal through two points, sufficiently 
near to each other, 146 ; problems with 
given extremals, 30, 

EXTREMUMC: defined 10 (compare Mini- 
mum, Maximum). 

FIELD : defined, 79 ; theorem concerning 
existence of, 79 ; applied to set of ex- 
tremals through "A, 82, improper, 83* ; 
for case of parameter-representation, 
144, 176, for isoperimetrac problems, 
241; field-integral, 266. 

FIRST NECESSARY CONDITION (seeEuler s 
differential equation) . 

FIRST VARIATION : defined, 17; vanishing 
ot the, 18 ; transformation by integra- 
tion by parts, 20, 22; for case of 
variable end-points, 102 X ; tor case of 
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parameter-representation, 122, 123; foi 
iteoperimetric problems, 209 
POCAL POINT* of a transyerse curve on 
an extremal defined, 109; equation 
lor its determination, according to 
Bliss, 10S, 155 ; according to Rneser, 200 , 
geometrical Interpretation, 111, lf>6; 
case where end-point B coincides with 
local point, 204. 

FOURTH NECESSARY CONDITION (&ee 
under Weierstra&s). 

FREE VARIATION, points of, 41. 

FUNCTION E (ar, y ; p, p) . defined 34, 73, 
relation between E (x, y; p, p) and 
jry?/', 76, geometrical interpretation 
of this relation, 77. 

FUNCTION E! (a?, y; jp, p), 76. 

FUNCTION E (#, v; p, q ; p , g") : defined, 
138; homogeneity properties, 140, rela- 
tion between B-f unction and Fn 141; 
ordinary and extraordinary vanishing, 
142; Kneser's geometrical interpreta- 
tion, 195. 

FUNCTION B! Or, #; #, a ; 2s 5"), 145, 

FUNCTION FI, 121. 

FUNCTION JF S , 132 

FUNDAMENTAL LEMMA, of the Calculus 
of Variations, 20. 

GENERALIZED INTEGRAL, 157, 248 (com- 
pare Integral taken along a curve). 

GEODESIC CUEVATUKE, 129. 

GEODESIC DISTANCE, 176. 

GEODESIC PARALLEL CO-ORDINATES, 164. 

GEODESICS, 128, 146, 155; Gauss's theo- 
rems on, 164, 165 , theorem on the en- 
velope of a set of, 166. 

HILBERT'S : construction, 253 ; existence 
theorem, 245 ; invariant integral, 92, 195 

HOMOGENEITY CONDITION, 119; conse- 
quences of, 120. 

IMPLICIT FUNCTIONS, theorem on, 35 2 . 

IMPROPER: field, 83 3 ; maximum, mini- 
mum, 11. 

IN A DOMAIN, use of the word explained, 
5,6. 

INFINITESIMAL, 6, 

INNER POINT, 5. 

INTEGBABILITY CONDITION, 29. 

INTEGRABLE FUNCTIONS, theorems on, 
12 5 , 89 S . 

INTEGRAL., taken along 1 a curve, defini- 
tion and notation, 8; for case of par- 
ameter-representation, 117; condition 
for invariance under parameter-repre- 
sentation, 119; extension to curves 
without a tangent, (a) Weierstr ass's, 
157, (d) Hilbert-Osgood's, 248. 

INTEGRATION, by parts, 20, 20 X . 

INTEEVAL, defined, 5. 

INTAE.IANCE, of B and F^ 183. 

ISOPEEIMBTBIC CONSTANT, 209; Mayer's 
theorem for case of discontinuous solu- 
tions, 209 x . 



ISOPEHTMETEIC PROBLEMS, in general, 
208-44, special, 4, 210, 229, 238, with 
variable end-points, 113 2 . 

JACOBIAN, 57 3 . 

JACOBI'S CONDITION, 67, proofs of its 
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tor isoperimetnc problems, 225, 226 

JACQBI'S criterion, 60, 135 , differential 
equation, 49, 133, theorem concerning 
the integration of Jacobi's differential 
equation, 54, 135, transformation ot 
the second variation, 51. 

JORDAN CURVE, 180. 

KNESER'S theory, 164-205; curvilinear 
co-ordmatefe, 184, sufficient conditions, 
187 , theorem on transversals, 172 

LA GRANGE'S DIFFERENTIAL EQUATION, 

LEGENDEE'S CONDITION, 47; Weier- 
strassN torm ot, 133; ior isoperimetnc 
problems, 217 ; Legendre^s differential 
equation, 46. 

LENGTH OP A CURVE- Jordan's defini- 
tion, 157 j , Peano's definition, 249 2 . 

LIMIT' definition and notation, 7 ? , uni- 
form convergence to a, 19 a ; criterion 
tor the existence of, 258 1. 

LIMITED VAEIATION, functions of, 258 3 . 

LIMIT . lower and upper, 3 3 , 10 a ; attained 
by continuous function, 13 4 , 80 2 . 

LIMIT-POINT (see Accumulation-point), 

LlNDELOP'S CONSTRUCTION, 64. 

LINEAR DIFFERENTIAL EQUATIONS OF 

THE SECOND ORDER, existence theo- 
iem, 50 X ; Abel's theorem, 58 3 ; Sturm's 
theorem, 58 2. 

LOWEK LIMIT, 3 3 , 10 S . 

MAXIMUM (see Minimum). 

HAYEK'S LAW of reciprocity for isoperi- 
metnc problems, 229, 244 lt 

MEAN-VALUE THEOREM, first, for definite 
integrals, 24 4 . 

MINIMUM: of a continuous function, 13 4 , 
80o ; of a definite integral, absolute and 
relative, 10, proper and improper, 11: 
weak and strong, 69, 70; ior case of 
parameter-representation, 121, semi- 
strong in case of isoperimetnc prob- 
lems, 244, existence of a mmimiim u im 
Klemen," 146; Hilbert's a-pnon exis- 
tence proof of a minimum "im Gros- 
sen," 245-63. 

NEIGHBORHOOD OP A CURVE, 10; neigh- 
borhood(p) of a curve, 13, 121, 

NEIGHBORING CURVE, 14^ 

NUMERABLE SET OF POINTS, 261, 268. 

ONE-SIDED VARIATIONS (see also Boun- 
dary conditions) *. analytic expression 
for, 42, 148, necessary conditions tor a 
minimum with respect to, 42, 149; suf- 
ficient conditions, 42, 

OPEN REGION, 5. 

ORDINARY CURVES, defined, 117. 
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ORDINARY VANISHING OF THE E- FUNC- 
TION, 142, 256. 

OSGQOD'S THEOREM concerning a char- 
acteristic property of a strong mini- 
mum, 190 

PARAMETER REPRESENTATION, curves in. 

115 

PARAMETER-TRANSFORMATION, 116. 
PARTIAL DERIVATIVES (see Derivatives). 
PARTIAL VARIATION, of a curve, 37. 

POINT-BY-POINT VARIATION, of a CUXVe, 

41 

POINT OP A SET, 12 4 . 

POSITIVELY HOMOGENEOUS, 119. 

PROGRESSIVE DERIVATIVE, 7 X . 

PROPER MINIMUM, 11. 

RECTIFIABLE CURVES, 116,, 250^ 251^, 
251 a , 251 3 (compare Lengta). 

REG-ION: defined, 5; open, 5, closed, 5. 

REGRESSIVE DERIVATIVE, 7 1 . 

REGULAR CURVES, 117; functions, 21 3 ; 
problems, 29, 40, 97, 125. 

RELATIVE MAXIMUM OR MINIMUM, 10, 10 4 . 

SECOND NECESSARY CONDITION (see Le- 
gendre's condition). 

SECOND VARIATION, 44-67; Legendre's 
transformation of, 46; Jacobi's trans- 
formation ot, 51, f or a case of variable 
end-points. 102i ; Weierstrass's trans- 
tormation ot, for case of parameter- 
representation, 131 , for case of variable 
end-points in parameter-representa- 
tion, 102, 155; for isoperinietric prob- 
lems, 216-25 

SEMI-STRONG EXTREMUM, 244; sufficient 
conditions tor, 244. 

SET OF POINTS: definition, 10 t , inner 
point of, 5 ,- boundary point of, 5 , accu- 
mulation points of, 178 t , closed, 178, 
267; numerable, 261 t 268; upper and 
lower limits of one-dimensional set, 3 37 
10 2 ; connected, 5 ; continuum, 5. 

SIGN OF SQUARE BOOTS, agreement con- 
cerning:, 2 X . 

SLOPE RESTRICTIONS, 101 1. 

SOLID OF REVOLUTION, of minimum re- 
sistance, 73 a , 142 a . 

STRONG- EXTREMUM: denned 70; suffi- 
cient conditions for (see Sufficient con- 
ditions). 

STRONG VARIATION, 72. 

STURM'S THEOREM, on homogeneous lin- 
ear differential equations ot the second 
order, 58 2 . 

SUBSTITUTION SYMBOL, 5, 6. 

SUFFICIENCY PROOF, tor geodesies, 165. 

SUFFICIENT CONDITIONS FOR WEAK MINI- 
MUM, 70. 

SUFFICIENT CONDITIONS FOR STRONG 
MINIMUM: when i independent vari- 
able, in terms of E-function, 95; in 
terms of Fy y', 96; for one-sided varia- 
tions, 42, ; in case of one movable end- 
point, 109; in case of two movable 
end-points, 113 2 



SUFFICIENT CONDITIONS FOR STRONG- 
MINIMUM for case of parameter-repre- 
sentation, Weierstrass's, 143-46; exten- 
sion to curves without a tangent, 
Weierstrass's proof, 161, Osgood's 
proof, 192, Kneser's sufficient condi- 
tions for case of one movable end- 
point, 187; for isoperimetric problems, 
Weierstrass's, 237, 243 

SURFACE OF REVOLUTION OF MINIMUM 
AREA, 1, 27, 48, 64, 97, 153 

TAYLOR'S THEOREM, 14, 

THIRD NECESSARY CONDITION (see Ja- 
cobi's condition). 

THIRD VARIATION, 59* 

TOTAL DIFFERENTIAL, 25 3 

TOTAL VARIATION, 14. 

TRANSVERSE : curve ^transverse to an ex- 
tremal, 106 ; condition of transversality, 
36, 106, in parameter-representation, 
155 ; for isoperimetric problems, 210 

TRANSVERSAL: to set of extremals, 168; 
degenerate, 169, Kneser's theorem on 
transversals, 172,. 

UNFREE VARIATION, points of, 41. 

UNIFORM CONTINUITY, &0 2 . 

UNIFORM CONVERGENCE, to a limit, 19 a . 

UPPER LIMIT, 3 3 , 10o. 

VARIABLE END-POINTS: general expies- 
sion of first variation for case of, 102 x , 
ot second variation, 102 3 ; one end-point 
nxed, the other movable on given curve, 
treated (a) by the method of differen- 
tial calculus, 102-113, (&) by Kneser's 
method, 164-203 (for details see Trans- 
versahty, Focal point, Sufficient con- 
ditions) ; case when both end-pointb 
movable on given curves, 113. 

VARIATION of a curve, 14 X ; total, 14, 
definition for first, second, etc., 16, 
special variation oi type eij, 15 ; ot type 
w (sc , e), 18 , for case ot parameter-repre- 
sentation, 122, 122j ; weak and strong, 72. 

VARIED CURVE, 14j.. 

VICINITY (S) OF A POINT, 5 

WEAK EXTREMUM: defined, 69; sufficient 
condition for, 70. 

WEAK VARIATIONS, 72. 

WEIERSTRASS'S: construction, 84, 144, 
234; corner-condition, 126 j E- function. 
35, 138 ; form of Euler's equation, 123, or 
Legendre's condition, 133, ot Jacobi's 
criterion, 135; fourth necessary condi- 
tion, 75, 138, 233; lemma on a special 
class of variations, 33, 139 ; transforma- 
tion of second variation, 131. 

WEIEJRSTRASS'S SUFFICIENT CONDITIONS, 
95, 96, 143 ; extension to curves without 
a tangrent, 161; for isoperimetric prob- 
lems, 237, 243. 

WEIERSTRASS'S THEOREM (expression of 
AJ m terms of the E-f unction), 89, 144; 
Hilbert's proof of, 91 ; for cae of vari- 
able end-points, 189, 194, 195; for iso- 
perimetric problems, 237* 

WRONSKIAN DETERMINANT, 57*. 

ZBRMELO'S THEOREM, on the envelope of 
a set of extremals, 174. 
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